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Lui mé dau

Trong bdi canh khoa hoc mdy tinh hién dai, cdc bai todn t6i uu t& hop ngly cang giif vai trd then chbt
trong nhiéu linh vuc ing dung quan trong nhu hoc mdy, khai pha dit liéu, va hé théng khuyén nghi. Mot bai
toan tbi uu t& hop c6 thé dudc phat biéu nhu sau: Cho mot tap hop hitu han € goi 14 tip nghiém kha thi
(hodc trang thdi chdp nhén duoc), va mot ham muc tiéu f : Q — R. Muc tiéu ctia bai toan tdi vu t& hop 1a:
s* = argmax(min)scq f(s), tly theo bai toan la cuc dai hay cuc ti€u.

Mot trong nhitng hudng tiép cin ndi bat trong viéc gidi quyét cdc bai toan toi uu td hop 1a khai thac
cAu tric dic biét ctia ham muc tiéu. Trong s6 d6, ham Submodular — vé6i tinh chét "1i ich cin bién giam
dan" — da thu hit nhiéu su quan tim trong cong dong nghién ctiu nhd kha niing cho phép thiét ké cac thuat
toan xap xi hiéu qua, di kem véi dam bao 1y thuyét viing chic. Cu thé, mot ham f : 2¥ — R dudc goi la
Submodular néu véimoi A C B C V vae € V\ B, taco: f(AU{e})— f(A) > f(BU{e}) — f(B). Tinh
chit nay phan 4nh hién tuong lgi ich cdn bién gidm ddn (diminishing returns), mot dic trung thuong thiy
trong cac hé théng, noi cac yéu td nhu su phdi hop, anh hudng giita cac thanh phan déng vai trd quan trong.

Do phan 16n cdc bai todn trong tbi uu t& hgp 1a NP-khé , trong trudng hop bai toan c6 kich thuée 16n
ma thuit todn chinh x4c khong kha thi va heuristic thiéu bao ddm, thuit toan xap xi trd thanh lya chon phu
hop, dic biét khi bai toan c6 ciu triic hAm muc tiéu thuan 1¢i nhu submodular. Chinh vi vdy, huéng tiép can
ctia nghién ciiu sinh 1 tp trung dé xuét céc thuat todn x4p xi cho bai toan tdi vu ham Submodular va cu thé

tén luan an: "Phat trién thuét toan xap xi cho bai toan toi da ham submodular".

Bang 0.1: Ma tran mot sb bai toan tiéu biéu t6i wu ham submodular.

L6p bai toén t6i da ham submodular
Rang budc Sub. don diéu Sub. khong k-Sub. don k-Sub. khong DR-Sub. DR-Sub.
don diéu diéu don diéu don diéu khong don
diéu

Khong rang budc - v v v - v
Luc lugng v v v v v Bai Z)én 3
Chi phi v Bai t/ogm 1 v v v ?
Matroid v v ? ?
Chi phi nhém ? ? ? Bai t?)én 2 ? ?
Ldép bai toan phii submodular
Luc lugng t6i thiéu v v v ? ? ?
Chi phi t5i thiéu Bai ‘t/oén 4 v ? ? ? ?

v Céc bai todn di c6 thut todn dé xuit —  Céc bai todn tAm thudng khong cin dé xuét thuat toan

? Céc bai toan chua c6 thuat toan dé xut

- Bai todn 1,2,3,4 12 bdn bai toan nghién cttu ctia luan an. Sub. 1a viét tit cia submodular.

Trong tbi uu t& hop, cdc bai toan lién quan dén ham submodular xuit hién du6i nhiéu hinh thic, tiéu
biéu 1a cdc bai toan tbi da va dbi ngiu ctia bai toan tbi da — phi ham submodular. Song song véi su

phét trién cda ly thuyét nén tang, nhiéu mé rong ctia ham submodular da dugc dé xuét nham mo ta tot hon



cac mo hinh thuc té c6 cAu triic phic tap. Trong d6, k-submodular dugc dung cho céc bai toan phan hoach
nhiéu nhém, con DR-submodular cho phép md rong mién xic dinh sang ludi nguyén. Ngoai dic trung ham
muc tiéu, bai toan tdi uu con bi chi phdi béi cac rang budc di kém nhu chi phi, luc lugng, hodc ciu tric,
v.v. Su két hop gifta cic rang budc nay vdi tinh don diéu (hoic khong) ctia ham muc tiéu tao nén mot hé da
dang cac bién thé. Mic du da c6 nhiéu nd luc xiy dung céc thuit toan xAp xi hiéu qua, vin con khong it
truong hgp chua c6 161 gidi thod dang (xem Bdng . Mot s6 bai todn du da dudc tiép cAn nhung hé sb xip
xi con thip hodc do phiic tap chua phut hop thuc tién, phan anh sy thiéu hut trong hé thdng ly thuyét hién
nay, nhét 1 v6i cc truong hop ham khong don diéu va da rang budc. Dua trén ma tran phan loai bai toan
theo loai ham (submodular, k-submodular, DR-submodular), tinh don diéu va dang rang budc (Bdng ,
nghién ciu sinh tiép can van dé theo hai hudng bé trg: Véi cac bai todn da c6 két qua trudc d6, muc tiéu 1a
cai thién hiéu ning thong qua ting hé sb xAp xi, gidm do6 phc tap truy vén, hodc ti uu cd hai; véi cac bai
to4n chua dugc nghién ciu, trong tam 1a xdy dung phuong phdp mdi cling bdo dam 1y thuyét rd rang vé hiéu
ning va tinh ding din. Cu thé, nghién ctu sinh lua chon bon bai tean tiéu biéu d€ khio sét va phat trién
thuat toan, bao gdom:

- Bai toan nghién ciru 1: Bai toan tdi da ham submodular vé6i rang budc chi phi.

- Bai todn nghién cittu 2: Bai toan tdi da hAm k-submodular véi rang budc chi phi nhém.

- Bai toan nghién ctru 3: Bai toan t6i da hAim DR-submodular véi rang budc luc luong.

- Bai toan nghién citu 4: Bai toan phii submodular vé6i chi phi tdi thi€u (Pbi ngiu cia bai toan tdi da
ham submodular véi rang budc chi phi).

Viéc lua chon bbn bai todn néu trén 1a hop ly, bdi ching dai dién cho su da dang trong khong gian
céc loai ham muc tiéu (tit submodular ¢& dién dén cdc ham md rong nhu k-submodular va DR-submodular),
ciing nhu trong cdc dang rang budc thuc tién (chi phi, chi phi nhém, luc luong). Dong thdi, viéc két hop gitta
hai bai toan da c6 hudng nghién citu nén tang va hai bai toin mdi chua dugc khai thac gitp can bing giita
chiéu sau ly thuyét va kha ning déng gép méi cho cong dong nghién ctiu. Cach tiép can nay hita hen mé ra
cac huéng ting dung tiém niing trong hoc mdy, khai pha dit liéu va t6i uu hé théng mang. Luin 4n dit muc
tiéu phat bi€u bai toan mot cach chit ché, thiét ké cac thuat toan x4p xi méi c6 dam bao 1y thuyét, va trién
khai thuc nghiém trén céc tap di liéu ¢ y nghia thuc tién. Mdi bai todn dugc phan tich riéng biét, nhung
dong thdi gop phan hinh thanh mét khung 1y thuyét chung cho t6i vu submodular mé rong véi rang budc.

Luén 4n huéng dén viéc xdy dung cac thuat todn tdi wu hiéu qua cho cic bai toan Submodular va cic
mé rong clia né trong nhiing bdi canh phiic tap hon. Véi cich tiép can toan dién, két hop gitta 1y thuyét va
thuc nghiém, cac muc tiéu va déng gép ctia luan an c6 thé dudc phan loai nhu sau: (1) Vé mat ly thuyét: bé
xudt cac thudt toan xép xi méi cho bbn bai toan nghién ctu va phan tich chat ché ti 1& xép xi dat dugc va do
phtic tap tinh todn clia cc thuit toan, tif d6 cung cip dam bao ly thuyét rd rang cho hiéu qua ctia ching. (2)
Vé mit thue nghiém: Trién khai va kiém ching céc thuat toan duoc dé& xuét trén nhiéu bo dit liéu thuc té
c6 cu tric khac nhau va so sanh hiéu qua ctia cac thuét todn véi cac phuong phap tot nhit hién nay, nham
danh gia gia tri thuc tién va tinh 8n dinh cta I5i giai thu dugc. (3) Vé mét hoc thuét: Céc két qua trong luan
4n da dudc phan bién va cong bd tai cac hoi nghi va tap chi qudc té c6 uy tin trong linh vuc téi wu t& hop va
hoc mady, gép phan khang dinh tinh méi, gia tri khoa hoc va mitc d6 déng gop clia cong trinh nghién ciiu.

Luin 4n gdm bdn chuong chinh va phan két luan, dudc bd tri theo trinh tu tir Iy thuyét nén tang dén
két qui nghién ctiu cu thé: Chueng 1 trinh bay tdng quan vé bai toan ti uu td hop va vai trd clia ham

submodular trong céc ting dung thuc tién. Chuweng 2 nghién cifu bai toan tdi da ham submodular véi rang



budc chi phi - Bai todn nghién ctiu 1. Chuweng 3 nghién cifu bai toan t6i da ham k-submodular véi rang budc
chi phi nhém - Bai to4n nghién ctiu 2 va bai toan tdi da ham DR-submodular véi rang budc luc luong - Bai
toan nghién cdu 3. Chueng 4 nghién ctu bai toan phi submodular véi chi phi t6i thi€u - Bai toan nghién

ctiu 4.

Chuong 1 Gi6i thiéu vé t6i wu ham submodular

1.1. Gidi thiéu vé ham submodular
1.1.1. Pinh nghia ham submodular

Pinh nghia 1.1 (Pinh nghia ham submodular ). Cho mét tip hitu han V' ¢6 n phan td, mot ham tap hop
f:2Y — R (mét anh xa tit khong gian céc tip con ctia V' sang tap sd thuc) dudc goi 1a ham submodular
néu: f(A)+ f(B) > f(AUB)+ f(ANnB), VYA BCV.

1.1.2. Bién thé ham submodular
1.1.2.1. Pinh nghia ham k-Submodular

Dinh nghia 1.2 (Pinh nghia ham k-submodular). Cho mét tap co s V' va mot s6 nguyén duong k, quy udc
k] ={1,2,....k}va(k+1)V ={(Vi,Va,..., V&) | Vi CV, Vi€ [k], V;NV; =0, Vi # j} laho k tap
doi mot khong giao nhau, dudc goi 1a k-tap (k-set). Ham f : (k4 1)V — R 1a k-submodular khi va chi khi
véi cac bién x,y € (k+ 1), tacé:

fx)+ fly) = f(xNy) + f(xUy),

trong d6: xMy = (X3 NYq,..., XpNYy), vaxUy = (Z1,...,Z),v6i Z; = X; UY; \ (U; (X, UY))).
1.1.2.2. Dinh nghia ham DR-submodular
Cho V' 1a mdt tp c6 sG hitu han va ham tap hgp f : ZK — R.V6imdie € V, vecto don vi 1, € ZK
dugc xdc dinh bdi 1.(t) = 1néut = e va 1.(t) = 0 néu t # e. V6i moi vecto x,y € ZY, 1oi ich can bién
cia f khi cong thém y vao x dugc ky hiéu nhu sau: f(y | x) = f(x+y) — f(x) vaky hiéu {x} 1a tdp hgp
cdc phan ti e € V sao cho x(e) > 0. Khi d6 tinh chét submodular trén ludi nguyén va ham DR-submodular
dudc phat biéu nhu sau:

Dinh nghia 1.3 (Tinh chit submodular trén luéi nguyén). Mot ham f : Z_‘ﬁ — R dudgc goi 1a submodular
trén ludi nguyén néu véi moi x,y € ZY, f(x) + f(y) > f(xVy)+ f(xAy), trong d6 (x V y)(e) =
max{x(e),y(e)} va (x Ay)(e) = min{x(e), y(e)}.

Pinh nghia 1.4 (Dinh nghia ham DR-submodular). Ham f goi 1a diminishing-return submodular (DR-

submodular) néu v6i moi x,y € ZY saochox <yvamoie € V, f(x+1.) — f(x) > f(y+ 1) — f(y).
Hé qué bing quy nap: f(kle | x) > f(kle|y) VkeZy, x<y,ecV.

1.2. Céc bai toan tiéu biéu t6i wu ham submodular
1.2.1. Bai toan tdi da ham submodular

Dinh nghia 1.5 (T6i da ham submodular véi rang budc Z). Cho mot tap co s6 hitu han V = {e1,...,e,},
mot ham submodular khong am f : 2¥ — R, va mot ho tip kha thi Z C 2V, bai todn dudc phat biéu nhu

sau: maxgerz f(5).



Dinh nghia 1.6 (T6i da ham DR-submodular véi rang budc Z). Cho mot tip cosd hituhan V' = {e1, ..., e,},
mot ham DR-submodular khong am f : ZK — R0, va mot tap kha thi tong quat Z C ZK, bai toan dugc

phét bi€u nhu sau: maxye7r f(X).

Dinh nghia 1.7 (Tbi da ham k-submodular v6i rang budc Z). Cho mot tip cd s hituhan V' = {eq, ..., e, },
motham f : (k+ 1)V — R, 1a k-submodular va mot tap céc cAu hinh kha thi Z C (k + 1)V, bai toan dugc
phat biéu nhu sau: maxgez f(s), trong d6s = (S1, ..., Sk) la cdc tap con rdi nhau S; C V, S;NS; = 0 véi
moi i # j.

1.2.2. Bai toan phu Submodular

Pinh nghia 1.8 (Bai toan pht submodular). Cho mét tip co s6 V' = {ey,...,e,}, mdt ham submodular
f 2V — Ry véi f(0) = 0, va mdi phan ti e € V c6 chi phi c(e) > 0. Chi phi cda mot tip con
S C Viac(S) = Y .cqcle). V6i mot ngudng chit lugng 7' > 0, muc tiéu la tim tap S C V sao cho:
f(S)>T wva ¢(S)lanhé nhat. Bai todn nay dugc phat bi€u nhu sau: mingcy, s(s)>71 ¢(S).

Pinh nghia 1.9 (Bai toan phi DR-submodular). Cho mot tdp cd s6 V' = {ey,...,e,}, mt ham DR-
submodular f : ZY — R4 v6i £(0) = 0, mot lui nguyén bi chin bdi B va mbi phan tit e € V' ¢6 chi phi
c(e) > 0. Chi phi ctia mdt vector x € ZY 1a ¢(x) = Y .oy, c(e)x(e). V6i mdt ngudng T > 0, bai toan dudc

phét biéu nhu sau: minyezy | > ¢(X).

Pinh nghia 1.10 (Bai toan pht k-submodular). Cho méttap coséV = {ey, ..., e, }, mot ham k-submodular
f:(k+1)Y — R, vamdiphan ti e € V c6 chi phi ¢(e) > 0. Chi phi ctia mot k-tap s = (S1,...,S;) la
c(s) = Zle Y ees; c(e). V6i mot ngudng T' > 0, bai toan dudc phat bi€u nhu sau: ming_(g, . s,), f(s)>7 €(8),
trong do cac tdp S1, ..., Sk C V d6i mdt rGi nhau.

1.3. Céc rang budc phd bién ctia bai toan t6i wu ham Submodular
1.3.1. Khong rang budc

Khoéng rang budc (unconstrained) thudng chi dugc nghién ctru trong ngtt canh ham submodular khong
don diéu. Trong trudng hop ham don diéu, 15i giai toi uu sé ludn 1a toan bd tap V, do d6 khong mang nhiéu
y nghia thuc tién. V6i ham f khong don diéu, bai toan van mang tinh t6i wu va c6 d phic tap cao. Bai toan
c6 dang: maxgcy f(5), trong d6 f la ham submodular khong don diéu, V' la tap co s6 hitu han. Luan an
xem xét bai toan tdi da ham submodular khong don diéu khong c6 rang budc trong Chuong 2| d€ gidi quyét

mot bai todn con.
1.3.2. Rang budc vé luc lugng

Rang budc luc lugng (cardinality constraint hoic size constraint) gii han s6 lugng phﬁn tt dudc chon
trong tap 10i gidi S. Py 1a mot rang budc phd bién trong cdc bai toan tbi uu vi gidi han vé sb luong tai
nguyén. Bai toan c¢6 dang: maxgcy, i<k f(5), v6i k € Z, 1a s6 phan ti toi da dugc phép chon, V 1a tap
cd s8. Luan an xem xét rang budc luc lugng trong Bai toan nghién ciu s6 3, v6i muc tiéu 12 t6i da ham

DR-submodular véi rang budc luc luong. Cac ndi dung chi tiét sé dudc trinh bay trong Chuong
1.3.3. Rang budc vé chi phi
Rang budc chi phi (knapsack constraint) yéu cau tdng chi phi clia cdc phan ti dudc chon khong vugt

qua mot ngan sich cho truée B. Pay 1a mo hinh phi hop cho cic dng dung thuc té nhu ngan sach tiép thi,
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thai gian, hodc tai nguyén tinh toan. Bai todn c6 dang: maxgcy, o(sy<p f(95), trongdd c : V' — R+ la ham
chi phi, chi phi cia mot tdp con S C V' 1a ¢(S) = Y g c(e) va B > 0 la ngn sach, V 1a tap co sd, mo6i
mot phin ti e € V' duge gan mot chi phi duong c(e) > 0. Khi chi phi ctia tit c cic phan tit e € V déu dugc
cai dit bang 1, lic d6 rang budc chi phi sé suy bién thanh rang budc luc lugng.

Luén 4n nghién ctu rang budc chi phi trong nhiéu bai toan tdi wu Submodular. Cu thé, Bai toan
nghién ctu s6 1 tap trung vao viéc toi da ham submodular khong don diéu véi rang budc chi phi; noi dung
chi tiét dudc trinh bay trong Chuong 2| Tiép theo, mot bién thé mé rong clia rang budc chi phi, goi 12 rang
budc chi phi nhém, dugc dp dung cho ham k-submodular va dugc khai thac trong Bai toan nghién ciu s6
2, ndi dung dugc trinh bay trong Chuong 3| Ngoai ra, Bai toan nghién citu s6 4 nhim tim tap hop phit ham
submodular dat mot ngudng gid tri cho trude T' véi tdng chi phi 1a nhod nhit, dudc trinh bay trong Chu0ng

Chuong 2 Bai toan t6i da ham submodular véi rang budc chi phi

Chuong nay tap trung vao bai toan T6i da ham submodular véi rang budc chi phi (viét tait SMK)— Bai
toan nghién ciru s6 1. Péng gdp chinh ctia Chuong 2 1a dé xut ba thuat todn xip xi méi d€ giai bai todn
SMK hiéu qua hon so véi cac thuat todn hién hanh:(1) DLA: thuat todn tit dinh dat hé s6 x4p xi 1/6 — € v6i
do phuc tap truy vén tuyén tinh O(n log(1/¢)/€). So véi thuét todn tat dinh t6t nhit hién nay SMKDETACC
c6 ciing hé sb x4p xi nhung do6 phiic tap cao hon O(nlog(k/¢)/¢). (2) RLA: thuit todn ngiu nhién dat hé
s6 xap xi 1/4 — ¢, tuong duong véi thuat toan tot nhit hién nay (SMKRANACC c6 do phic tap truy van
O(nlog(k/€)/€)), nhung cai thién vé mit tdc do khi sd phan tif kha thi & ting 16n, nhd gilt nguyén do phiic
tap truy van tuyén tinh nhu DLA. (3) AST: thuat todn song song c6 kha ning tan dung cAu tric hé thong
tinh toan hién dai, dat hé sb6 x4p xi 1/7 — ¢, cdi thién so vé6i thuat toan tot nhét trudc d6 c6 hé s6 1/8 — ¢

trong khi vin duy tri do phtic tap song song t6i tu O(logn) va do phiic tap truy vin O(nk).
2.1. Mo ta bai toan
2.1.1. Dinh nghia bai toan

Dinh nghia 2.1 (Bai todn Tbi da ham Submodular véi rang budc chi phi -SMK). Cho mdt tap cd s8 V =
{e1,...,e,} v mOt ham muc tiéu submodular f : 2V +— R, dung d€ danh gia chit lugng ctia tap con
S C V. M&i phan tii e € V dugc gan mot chi phi duong c(e) > 0, va ham chi phi ¢ : 2V +— RT 1a mot ham
tuyén tinh (modular), tic 1a ¢(S) = > g c(e) va ¢(S) = 0 khi va chi khi S = (. Bai toan SMK yéu cau
tim mot tap con S C V sao cho ¢(S) < B nham tdi da gia tri f(.S). Mot bai todan SMK dudc biéu dién béi
bo ba (f, V, B). Khong mét tinh tdng quat, gia dinh ring f 12 ham khong 4m va chuén héa, tic 1a f(X) > 0
véimoi X C V va f(0)) = 0. Ngoai ra, gia st ton tai mot oracle c6 thé truy van gia tri f(.S) véi mot tap S
bit ky.

2.1.2. Nghién citu lién quan

Cac thuit toan tat dinh, Gupta(2010) 1a tic gia du tién dé xuét thudt toan dat hé s 1/6 véi O(n®)
truy van bang cach két hop thuat todn ctia Sviridenko véi gidi phdp cho bai toan khong rang budc. Sau
d6, nhiéu nd luc da dugc thuc hién dé giam s6 lugng truy van. Thuat toan FANTOM dat hé s6 1/10 trong
O(n?log(n)/e) truy vin. Cong trinh cla Li(2018) dua ra thuat toan dat hé s6 1/9.5 — € véi do phiic tap
O(nk) max{e~!,loglogn} cho nhiéu 16p rang budc. Trong mo hinh thuat toan dong, Cui(2021) dé xut

thuat toan véi hé sd m, do phiic tap phu thudc vao thuit toan offline Alg va sé phan ti k. Ngoai ra,
: g



Han(2021) ciing trinh bay mot thuat toan tAt dinh khéc véi hé s6 1/6 — € trong O(nlog(k/e€)/€) truy van.
Thuat todn c6 hé sb tét nhét hién nay 1a 1/4 — e cia Sun(2022), tuy nhién can O(n?log(n/€)/¢) truy van.

Cic thuat toan ngiu nhién. Cong trinh diu tién dugc dé xuét béi Lee(2010) dat hé s6 xAp xi 1/5 — e,
sau d6 dugc cai thién con 1/4 — € bdi Kulik(2013). Nhiéu nghién ctiu tiép theo da nang cao hiéu qui x4p
xi vdi mic 1/e — e. Cong trinh ctia Buchbinder(2019) dat hé s6 tot nhét hién tai 1a 0.385 — ¢ bing cach
st dung mé rong da tuyén va k§ thuat 1am tron. Tuy nhién, phuong phdp niy c6 do phic tap truy van rit
cao. D€ cai thién hiéu ning, Amanatidis(2020) da dé xut thuat todan SampleGreedy v6i hé s6 1/5.83 — €
va O(nlog(n/e)/e) truy van. Sau d6, Amanatidis(2021) tiép tuc phat trién thuat todn song song vdi hé sb
1/9.465 — e trong O(n? log?(n) log(1/€)/€*) truy vén. Gan day, Han(2021) gi6i thiéu thuat toin ngiu nhién
¢6 tbc do nhanh nhit véi hé s6 1/4 — e va O(nlog(k/e)/e€) truy van.

Cac thuat toan song song. Trong mo hinh tinh toan song song, khai niém do phic tap song song
dugc gi6i thiéu boi Balkanski(2018), dai dién cho s6 vong tuan tu can thiét néu cdc truy van c6 thé thuc
hién song song. Trong bai toan SMK, Ene(2019) trinh bay thuat todn vdi hé s6 1/e — € va do phiic tap song
song O(log2 n), nhung c¢6 do phic tap truy vén cao do st dung da tuyén tinh md rong va "gradient”. Sau
d6, Amanatidis(2021) cai thién d6 phic tap song song xudng O(logn) v6i hé sb 1/9.465 — e. Gan day,
Cui(2023) dua ra mot thuét toan song song hiéu quéa dat hé s6 1/8 — e vé6i do phiic tap song song O(logn)
va truy vin O(nk). Ho ciing cung cAp phién béan cai tién dat hé sb 1/7.83 — e nhung cin do phtc tap song

song O(log? n), va hién tai 12 két qua tot nhat trong nhém thuit toan song song hiéu qua.

Bang 2.1: Bang so sanh cac thuat toan cho bai toan SMK.

Thuét toan Hésbxipxi  DPT Song song PPT truy van Phan loai
SMKDETACC 1—¢ - O(nlogk) Tét dinh
SMKSTREAM € - O(nlog B) /¢ Tét dinh, dong
DLA (Thuét tozinEl} T - O(nlog(1/€)/e) Tatdinh
Alg.1 trong Buchbinder(2019) 5% - poly(n) Tét dinh
FANTOM = —€ - O(n?log(n)/e)  Ngau nhién
SAMPLEGREEDY =tz — € - O(nlog(n/e)/e) Ngiu nhién
SMKRANACC 1€ - O(nlogk) Ngiu nhién
RLA (Thuat toénH) 3¢ - O(nlog(1/€e)/e)  Ngiu nhién
Alg.4 trong Ene(2619) 1_e O(log® n) O(n?) Song song
ParKnapsack 5455 — € O(logn) O(n?) Song song
Alg.3 trong Cui(2023) R O(logn) O(nk) Song song
ParSKP2 e —€ O(log? n) O(nk) Song song
AST (Thuét toén|g|) 1-¢ O(logn) O(nk) Song song

Céc nghién ciu hién tai vé bai toan SMK da déng goép nhiéu thuit todn c6 hé s6 x4p xi hing s6 véi do
phtic tap truy vin va do phic tap song song khéc nhau, phiit hgp véi cic ting dung trong moi trudng dit liéu
16n hoic yéu cau tinh toan song song. Tuy nhién, van ton tai khoing cich dang ké giita cac thuit toan c6 do
phtic tap song song thip (tiic kha niing song song cao) va cdc thuét toan dat hé s xAp xi t6t nhat. Hau hét cac

thuit toan hiéu qua vé do phiic tap song song hién nay van yéu cau truy van & miic gan da thiic, khién chiing
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khé 4p dung trong cic ting dung thuc té véi han ché tai nguyén. Bén canh d6, mot s thuat todn gan day van
ton tai han ché trong viéc xit ly ham muc tiéu khong don diéu hoic khong ddm bao hiéu qua khi trién khai
trén nén tang song song. Nhiing han ché nay mé ra huéng nghién citu méi cho viéc phat trién thuat todn vira
dat dudc hé sd xAp xi gan tdi wu, vita ddm bao do phic tap truy vin va do phiic tap song song thip, huéng
tdi kha ning ing dung rong rai trong thuc tién.

2.2. Thuét toan tat dinh
2.2.1. Thuat toan LA

Thuét toan LA (Algorithm chia tap co s6 V' thanh hai tap con V; va Vs. Tap Vi bao gdbm céc phan
tl c6 chi phi khong vudt qua B/2, trong khi V2 bao gdm cdc phan ti con lai. Chién Iugc chinh cta LA 1a
phan chia tip co s& d€ nhanh chéng udc lugng cén trén ctia nghiém t6i uu bang s truy van tuyén tinh, sau d6
chon céc phan tif tiém niing vao hai tip con d€ dam bao hé s6 x4p xi hing s6 cho bai toin SMK. Do nghiém
kha thi trén V5 chi chia tdi da mot phan ti, thuat toan udc luong gia tri tdi vu bdi phan tir don 18 t6t nhat
emaz = arg maxecy f(e). Poi véi V1, thuat todn khéi tao hai tap rdi nhau X va Y, mbi tip c6 mot ngudng
dé xét viéc thém phan tir méi dua trén ty 1é gitta 1gi ich can bién va chi phi (tic 12 mdt do loi ich). Mot phan
tl dugc thém vao tap Z € {X, Y} néu né c6 mat d6 1gi ich 16n hon ngudng f(Z)/B. Vi téng chi phi ctia X
va'Y c6 thé vuot qua B, thut todn chi giif lai phan tif cudi ciing dugc thém vao mbi tip ma van gan nhit véi
gi6i han chi phi B (dong[S]6). Thuat toan tra vé nghiém kha thi c6 gid tri f 16n nhit trong ba tap: phan ti don
emaz> X, hodc Y sau khi cit. Cu thé cdc budc cia thuat toan dudc trinh bay tai Thuit toan (1, Khong giéng
nhu phuong phap trong Li(2022), von chi 4p dung cho him muc tiéu don diéu va khong cung cip nghiém
kha thi, thuat todn LA xi Iy dudc ca ham khong don diéu bing cach duy tri tinh roi nhau ciia X va Y, két
hgp v6i bt déng thic dusi day: f(O1) < f(XUO;)+ f(YUOy), vatitdd suy ra £(O) < f(O1)+ f(Os2),
trong d6 O1 va O 1a nghiém tbi wu tuong tng trén V; va Vo. Mot vu diém khac cta LA 1a c6 thé st dung

gid tri f(emaz) d€ thiét ké va phan tich can ly thuyét cho cdc thuat todn dugc dé xuét sau nay.

Algorithm 1 LA Algorithm Algorithm 2 DL A Algorithm
Input: An instance (f,V, B). Input: An instance (f,V, B), €
Vi {eeV:cle) <B/2},X < 0,Y < 0, emar <1: 8" LA(f,V,B),T < f(5'),€ + 5
arg maxcev f(e) 2 A 28U/ 9 19T /(6¢'B), X + 0,Y «
: foreach e € V; do 3 while § > I'(1 — ¢')/(6B) do
Find Z c {X,Y} such thatt Z =, foreache € V \ (X UY) do
AGMAX /¢y 3y £C12) 5 1(2) fE?L)Z) 5: Find T € {X,Y} such that: ¢(TU{e}) < B and
If exist such set Z then Z < Z U {e} T =arg MAXpe (x,yy, LoD >g %g)
: X'« argmax y(j).0<j<|x|,e(x(j)<B (X (4)) 6: If exist such set 7' then T < T'U {e}
Y argmaxy (jo<j<iyev ()<B <Y (5)), where, | g (1 ¢yg
T(j) is a set of last j elements added in T" € {X,Y'}. B
$ S ¢ Argmaxze(x7,y" {emas}} £(Z) s for =010 A do
return 5. 9: | X{jy ¢ argmaxyii(xiy<e B(1+¢),i<|X| |
10: Y(’l) < argMaXy i, o(yi)<e B(14¢)l,i<|X| ¢
1: ex ¢« argmaxeeye(xy, u{e)<s f (X U {e})
12: ey < arg maXeEV:c(Y(’Z)U{e})gB f(Y(/l) U{e})
13: B X(l) — XEZ) U {ex}, if(l) — Y'(/l) U {ey}

14: S 4= arg MaXTe {8/, X,Y, X0, X(a) . Y(0)» Yoy} (1)
15: return S.

B6 dé cung cAp mot gidi han trén ctia nghiém t6i wu Vi thong qua hai tip roi nhau X va Y, day la
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yéu t6 then chét trong viéc phan tich gidi han 1y thuyét ctia Thuét todn
B6 dé 2.1. Tui thoi diém két thiic vong ldp chinh ciia Thudt toa’n taco: f(O1) <3(f(X)+ f(Y)).

Dinh 1y 2.1. Thudt todn |l| la mot thudt todn tdt dinh, dat duoc ti 1¢ xdp xi bang 1/19 va yéu cdu O(n)

truy vén.
2.2.2. Thuat toan DLA

Thuat todn DLA (Thuat toan [2)) 12 mot thuat todn x4p xi tit dinh v6i do phic tap truy van tuyén tinh,
dat dudgc ti 1& xap xi 1/6 — e. Chién lugc chinh ctia DLA 1a két hgp céc thudc tinh ctia hai tap roi nhau véi k§y
thuat tham lam c6 ngudng d€ xay dung nhiéu nghiém tng vién, tit d6 phan tich dugc tinh chit cia ham muc
tiéu khong don diéu. Thuat todn DLA nhan dau vao 1a mét bai toan (f, V, B) ciing tham sb e. Thuat toan
gdm hai pha chinh. Trong pha dau tién (dong , thuat toan goi LA nhu mot thi tuc con d€ thu dudc mot
nghiém tng vién S’ va mot khodng xap xi cho gid tri toi vu [[', 19T, v6i I' = f£(S’) (dong 1). Sau d6, thuat
toan 4p dung k¥ thuat tham lam c6 ngudng dé thém céc phan tif c6 mat do 10i ich cao vao hai tip rdi nhau
X va Y. Cu thé, pha nay bao gdm nhiéu vong lip, mdi vong duyét toan bd tip co sé mot 1an (dong 3-7).
Mot phan ti s& dugc thém vao tap T € {X,Y} c6 mat do 1gi ich cao hon (va khong vugt qua rang budc chi
phi), mién 1a mat do 1¢i ich d6 khong nho hon ngudng 6. Ngudng nay duge khéi tao 1a 19T /(6¢') va gidm
dan theo hé s6 (1 — €) sau mdi vong 1dp, cho dén khi nhé hon T'(1 — €')/(6B), v6i € = ¢/14. Pha thi
hai (dong nhim céi thién chit lugng clia nghiém tng vién 7' € {X, Y} dugc tao ra & cudi pha 1. Goi
T" 1a tap gém ¢ phan tif dau tién dudc thém vao T trong pha 1. Quan sit chinh trong phan tich 1a hiéu qui
clia thuat toan phy thudc vao chi phi cia 7" = arg maxpi..(7i)< g—e(y) (1), trong d6 r = arg max,eo c(0)
va ludn thod ¢(r) < B. Thuat toan thuc hién quét cac gid tri kha di cho ¢(1”) tit ¢/ B dén B va nang cao chit
luong ctia 77 bang cach thém vao phan tif e = arg maxcy.o(rufeh)<p f (I"U{e}) (dong 11-13). Hai B dé
sau ddy cung cAp gidi han duéi cho nghiém cudi cling clia thuat todn trong hai trudng hop: c(r) < (1—¢€)B
vac(r) > (1—-¢€)B.

B dé 2.2. Néu c(r) < (1 — €)B, mot trong hai diéu sau xdy ra: a) f(S) > opt; b) Ton tai

6(1+ D
tdp con X' C X sao cho f(OUX’) < 2f(S )—l—maX{HE, (S ) (1= 6)opt} Tuong tu, mot trong hai

opt; d) Ton tai tdp con Y' C Y sao cho f(OUY') < 2f(S) +

diéu sau xdy ra: c) f( ) >

opt}

B dé 2.3. Néu c(r) > (1 — ¢')B, mot trong hai diéu sau xdy ra: e) f( ) > (A=c) 6 opt ) Ton tai tap
1

con X' C X sao cho f(O UX’) <2f( )+max{%af( ) + 5

) >

6(1—|—e

max{“'e/ (S )

} deng tu, mot trong hai

diéu sau xdy ra: g) f(S opt h) Ton tai tdp con Y' C Y sao cho f(OUY’') < 2f(S) +

max{i(1 %)OPt,f(S) + E%pt}.

Dinh 1y 2.2. Vi moi e € (0, 1), thudt todn DLA la thudt todn tdt dinh c6 do phiic tap truy vdn O(nlog(1/€) /€)
va dat duogc ti 1¢ xdp xi 1/6 — .

2.3. Thuit toan ngiu nhién
2.3.1. Thuat toan LAR
Thuét toan LAR (Thuat toan 3)) 1a phién ban ngiu nhién héa ctia Thuat toan |1} Thuat todn LAR chon

tap Vj, tt V1 bing cdch chon tiing phan tif e € V} v6i xdc sult p > 0, sau d6 xdy dung tap tng vién S i V,
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thay vi duy tri hai tip rdi nhau nhu trudc. Mic dit LAR 13 mot thuit toan ngiu nhién, nhung né cung cép ti
1¢ x4p xi tét hon so véi LA va c6 thé dugc sit dung 1am nén tang cho viéc thiét ké thuit toan ngiu nhién héa
sau nay la RLA.

Algorithm 3 LAR Algorithm Algorithm 4 RLA Algorithm
Input: An instance (f, V, B), parameters p, a Input: An instance (f,V, B), ¢
€maz < Maxeey f(e), Vi < {e € V|c(e) < B/2} 8"« LAR(f,V,B,p=v2—1,a =2+ 2V2)
V, V1 : Select ith probabilit , S ) : .034.T €
f(fr;ci{leeee‘}d(fec e with probability p}, S <0 . S]f—0,3<—0,1“/<—f(5’),9<—1642,33 .
P 3: while § > T'(1 —€¢)/(4B) do
L If f(e]S)/c(e) = af(S)/B then S - S U {e} 4 foreache € V' \ {uq,uq,...,u;} do
S' < argmaxg(jy.o<j<|x|e(x()<B ¢(S(j)), wheres, if % > 6 and c(S;) + c(e) < B then
S(j) is a set of last j elements added into S. 6 uj e
S < arg maxre(s: {ema,}} £ (1) 7: With probability 1/2 do: S;1 < S; U {e}
return S. otherwise Sjy1 < 5;

8: j—i+1

o | B (1—-¢€)0

10: for I =010 [log(1/€')/€'] do

| Sy ¢ Aargmaxg . (s;)<e B(1+¢),i<|S| i
12: €l e arg MaXeeyic(s), U{e})<B f(Shy u{eh)
13| Se Siy Y {el wu}

14: S AT MAX X €{7,5;,5(0) -5 [1og(1 /') /ey } f(X)
return S.

—_
4

Luén 4n phan tich Iy thuyét cho thuat toan LAR qua cic b3 dé va dinh 1y sau:

B6 dé 2.4 (B3 dé 2.2 trong Feige(2011)). Cho f : 2V — RY la mét ham submodular. Ky hiéu A(p) la mot
tdp con ngdu nhién ciia A trong do moéi phan ti xudt hién vdi xdc sudt nhiéu nhdt p (khong nhdt thiét déc

ldp). Khi dé ta cd E[f(A(p))] = (1 —=p)f(0) +p- f(A).

B6 dé 2.5 (BS dé 2.2 trong Buchbinder(2014)). Cho f : 2V — R la mét ham submodular. Ky hiéu A(p)
la mot tdp con ngdu nhién cia A trong dé mdi phan tit xudt hién vdi xdc sudt nhiéu nhdt p (khong nhdt thiét
doc ldp). Khi do ta co E[f(A(p))] = (1 — p) f(D).

BGdé2.6. f(S') > -2 (9).

Pinh ly 2.3. Thudt todn yéu cau O(n) truy vdn va dat dugc ti 1¢ xdp xi bing 1/16.034 véip = /2 — 1 va

a=1+2+2V2
2.3.2. Thuat toan RLA

Thuét toan RLA (Thuét toan E[) 1a mot thuat todn xap xi ngiu nhién véi d6 phiic tap truy van tuyén
tinh), dat dugc ti 16 x4p xi 1/4 — €. Thuat todn RLA ké thita khung thuét toan ctia DLA va thuc hién mot sb
diéu chinh. Cu thé, thuat todn két hop phuong phdp tham lam c6 ngudng véi mdt qua trinh ngau nhién dé
xdy dung day cac nghiém ung vién S;.

Pha déu tién ctia thuat todn bao gdm mdot vong 13p (dong 3-9) thyc hién t6i da [log(4/€')/€'] vong
1ip, mbi vong 1ip duyét qua toan bd tap co s& mot lan, trong d6 € = ¢/10. Vong ldp nay dong thdi xay dung
mot tdp ving vien U = g, ..., u; va mot nghiém S; nhu sau: méi phan tif e khong thudc tap dng vién hién
tai, néu c6 mat do 1gi ich khong nhé hon ngudng 6, sé dudc thém vao tap U va tiép tuc dudc dua vio Sit1

v6i xédc suét 1/2. Tap U déng vai trd quan trong dbi v6i hiéu qua cla thuat toan RLA.

9



Trong pha thi hai, thut todn tdng cudng chat lugng ctia nghiém tng vién S; bing céch sit dung chién
lugc tuong ty nhu trong DLA (dong [TOHI3).

Tiép theo, luan 4n tién hanh phan tich hiéu ning ctia RLA. Xét tai thdi di€ém két thic ctia thuit toan,
trude tién ta dinh nghia mot s6 ky hiéu sau: V6i mdi u; € U = {uy,us,...,u;}, dinh nghia 7(u;) = i,
S<i = G; 1;v6imoie € V\U,ddt7(e) = +oo. Ky hiéu T = j, néu c(S;_1 U{u;}) < B —c(r). Ngugc
lai, T =min{i: 0 <i<j—1,¢(S;U{uit1}) > B —c(r)}.
B6 dé2.7|cung cip mot cong cu hitu ich d€ udc lugng f(.S;) véi moi i < j, tit d6 hd trg phan tich va chiing

minh hiéu ndng ctia RLA.

B& dé 2.7. Vdi mdi u; € {ui,...,u;}, ta dinh nghia: O<; = {e : e € O,7(e) < i}, Os; = {e: e €
O,7(e) > i} va

1, eEOSi\Siho_dceGSi\O,

0, nguoc lai.

1, e€ O\ (S;U{r}) hodcu e S;\ (O\{r}),

0, nguoc lai.

a) Voimoi S; ta c6 E[f(S;)] = E[>_ oy Xe - f(e]S<°)].
b) Véi moi S; théa man ¢(S;) < B — ¢(r) ta co B[f(S;)] = E[>_ ey Ye - f(e]S<)].

Dinh Iy 2.4. Vi moi € € (0,1), RLA la mot thudt todn ngdu nhién c6 do phiic tap truy vdan O(nlog(1/€)/¢)
va dat dugc ti 1¢ xdp xi 1/4 — € theo ky vong.

2.4. Thuat toan song song
2.4.1. Mt s6 khai niém lién quan

Dé xay dung dudc thuat todn AST, luin 4n phai gidi quyét hai bai toan con bén trong: Bai todn tbi uu

ham submodular khong rang budc va Ngudng mat do. Pugc phat bi€u cu thé nhu sau:

Dinh nghia 2.2 (Bai todn t6i vu ham submodular khong rang budc (UnSubMax)). Bai toan yéu ciu tim tip

con S C V sao cho f(.S) 1a16n nhét, khong c6 bat ky rang budc nao.

Pinh nghia 2.3 (Ngudng mat do (Density Threshold, DS)). Bai toan nhan mét bd (f, V, B), mdt ngudng
b dinh 7 va tham s € > 0, yéu cau tim tap con S C V thda man hai diéu kién: (1) £(S) > ¢(S) - 7; (2)
S oevs S(€lS) < e opt.

B§ dé 2.8 (BS dé 1 trong Cui(2023)). Cdc tdp A, L dugc sinh béi RandBatch(0,1, M, ¢, f(-),c(-)) thoa
man E[f(A)] > (1 — €)?0 - E[c(A)] vae- M -3, f(ulA) < opt.

BG dé 2.9 (B6 dé 2 trong Cui(2023)). RandBatch cé O(é(log(m -B(I))+ M)) dé phiic tap song song, va
d¢ phikc tap truy vdn cia né la O(|1|k) ldn do phiic tap song song, trong dé B(I) = maxy,, % Néu ta sit
dung tim kiém nhi phdn tai Dong 10 ciia RandBatch, thi né cé O(i(log(m -B(I)) + M)log(k)) do phiic

tap song song, va dé phiic tap truy vdn cia né la O(|I) lan dé phiic tap song song.

Bé dé 2.10. Cdc tdp A, L dugc sinh béi RandBatch(0,1, M, e, f(-), c(-)) théa man E[f (a;] Ai_1)] > (1 —
€)°Elc(a;))0, véi A = {a1, as, . .. sa)a ), Ai = {a1, a2, .., a4}
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2.4.2. Thuat toan AST

Thuat todn AST (Thuat todn [S) nhan du vao 1a mot bo ba (f, V, B) ciing cac tham sb hing 6, €, a,
va bao gom hai pha chinh: (1)Trong pha dau tién, thuat todn chia tip co sd V thanh hai tip con: V gdm
céc phan ti ¢6 chi phi nhd va V; 1a phan con lai. Sau d6, thuit todn goi thd tuc phu ParSKP1 tif cong trinh
Cui(2023) dé thu dugc mot nghiém x4p xi (1/8 — §) trong O(log n) vong song song. Dua trén nghiém nay,
thuat toan tao ra O(log(1/€)/¢) gid tri du doan ctia nghiém t6i uu, mbi gia tri dugc st dung trong mot vong
1dp chinh. Trong mdi vong ldp, thuat todn xay dung luin phién hai tip 15i giai roi nhau X va Y: X dugc cap
nhat & cac vong 18 va Y & cc vong chin. Tai mdi budc, thuat toan thiét 14p mot ngudng 0x hoic 0y, goi thi
tuc RandBatch d¢€ sinh tdp con méi A; hoic B;, rdi cip nhat 18i giai va tap con lai. (2) Pha thit hai nham
tdng chét lugng 16i gidi. Néu ¢(X1 U Vp) < eB, thut todn dp dung thuat toan UnSubMax trén tap nay dé tao
161 giai ting vién S;. Sau d6, thuit todn xét cic tap con dau tién gdm i phan ti trong X va Y, chon phan ti
t6t nhat khong vi pham ngén sach, va tra vé 10i giai tot nhét.

AST dugc xay dung theo khung thuat toan tham lam ngudng luin phién, ndi hai 16i gidi dugc cap nhat
luan phién qua cac vong lip. Khung nay khac biét véi cac thuit toan gan ddy nhu ctia Amanatidis(2021) va
Cui(2023), vdn cip nhat ca hai tip 10i gidi trong mot vong song song duy nhit, va ciing khac v6i phuong
phép "twin greedy” bdi Han(2020), noi ca hai tap dudc cip nhat dong thdi. Phan tich ly thuyét ctia AST tap
trung vao (1) mbi lién hé giita X va Y sau mbi vong va (2) vai trd ctia phan tii chi phi 16n nhit r nham kiém

soat hé s6 xAp xi. Xem xét hai tip X va Y sau khi két thiic vong Lip thif nhat (dong ¥H12). Lu4n 4n st dung

Algorithm 5 AST Algorithm

Input: An instance (f, V, B), parameters «, €, 0
Vo{ecV:cle)<eB/n}, Vi + VAV, I+ Vi,p+1

So ¢ ParSKP1(%,68, f(-),c(-)), I + ﬁi’;iisg
X+ 0Y +0 A« [IOgL%—I+1’MH€%(%+1)

1—e

fori =11 Ado
if 7 is odd then
6% «+ T(1 —¢)?
(A;, Uy, L;) < RandBatch(6X, I, M, p, e, f(-]X),c(-))
X+ XUA, I+ T\X
else
0Y < T(1 —e€)’

(Biv U?vLL) — RandBatCh(ayﬁlv Mvpa€7f('|Y)7C('))
Y« YUBL T« T\Y

For T € {X, Y}, define: T; is T after the iteration i of the first loop, 7" is the set of first i elements added into 7.
if C(Xl U V()) S eB then
L Sy < UnSubMax(X; U Vp)
fori =11 |X|do
L a; < argmaXecv:c(XiUe)<B f(XZ U {e})’ X"+ X"U {al}
fori =11 |Y]|do _ ' _
L b; < argmaXecv:c(Yiue)<B f(Y’L U {6}), Y+ Y'U {al}

S AIGMAX 1 ¢ xriyIX| ey} Y U(X,Y,51} f(T)

. return S

mot s6 ky hiéu sau d€ trinh bay cac bd dé va dinh ly:
- X*, Y 1atap hop gom i phan tif dau tién dudc thém vao X va Y tuong ving.
- X, Y; la trang thai cia X va Y sau vong ldp thit ¢ trong vong 1ap chinh; mic dinh Xy = Yy = 0.
- O7 1a nghiém t6i uu cla bai toan SMK trén b dit lidu con (f, V1, B).
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-0 =01\ X1,0" =01\ {r},vaO™ = O"\ {r}, véi r 1a phan i c6 chi phi 16n nhit trong O;.
- V6i modt phan tire € X UY, ky hidu X ., Y., 0X, 0¥ tuong ting 1a trang thai ctia X, Y, ngudng 6%,

e e

Y ngay trudc thdi diém e dugc thém vao X hoidc Y. Ky hiéu [ (€) chi s& vong Idp tai d6 phan i e dugc chon.

B§ dé 2.11. Sau bdt ky vong ldp i ndo ciia vong Idp thii nhdt (Dong 4-12) ciia AST, ta co:
a)Néui > 1, ilasolévac(X;) < B—c(r). Voi T C Y1 NOy, taco Yy o flelX;) <
E[f(e]Y<e
e S o
b)Néu i > 2, i la s6 chin va ¢(Y;) < B —c(r). Voi T C X;-1 N O, taco Yy opfle|Vi) <

cr 55 4 c-opt.

B6 dé 2.12. Néu c(r) > (1 — €)B, thi mot trong hai ménh dé sau xdy ra

a) E[f(S9)] > (1 — €)>aopt.

b) Ton tai mét tdp con X' C X sao cho f(X' UO') < (1 + ﬁ)E[f(S)] + (2¢ + 17 )opt.
Tuwong tu, mot trong hai ménh dé sau xdy ra:

c) E[f(S)] > (1 — ¢)5aopt.

d) Ton tai mét tdp con Y’ C 'Y sao cho f(Y' UO') < (1 + ﬁ)E[f(S)] + (2¢ + 37 )opt.
Bo dé 2.13. Néu c(X,) < eBva ¢(Ys) < €B, ta co:

- Néuc(r) < (1 —¢)B, thi f(O') < < SEUGN 4 copt

EEDLE
- Néu c(r) > (1 — €) B, mét trong hai truong hop sau xdy ra:

) =
a) E[f(S)] > (1 — €)>aopt.
b) £(0') < HLS 42 (2¢ + J7) opt.

Pinh Iy 2.5. Vi o = 1, € € (0,1), 6 € (0,3), Thudt todn E] can O(logn) dé phiic tap song song va
O(nklog® n) do phiic tap truy vdn, va trd vé mot nghiém S théa man E[f(S)] > (1/7 — €)opt.

Chuong 3 Bai toan t6i da ham k-submodular véi rang budc chi phi nhém
va bai toan t6i da ham DR-submodular véi rang buéc luc lwgng

Chuong ndy, lun 4n trinh biy hai huéng nghién cifu chinh vé hai 16p ham k-submodular va DR-
submodular dudi cac rang budc luc lugng va chi phi:

Thit nhét, luin 4n khao sat bai toan tdi da ham k-submodular véi rang budc chi phi nhém — Bai
toan nghién ciru s6 2. & giai bai todn nay trong moéi truong dif liéu 16n, luin dn dé& xuit mot thuit toan

ludng mang tén STR, chi yéu cau hai ludt quét qua di liéu va st dung bo nhé gidi han. Thuit toan dat hé

2k 5 cho ham khong don diéu, v6i do phic tap truy van

O(nklog(B)/e€) vabd nhé O(Blog(n)/e), trong d6 B la tdng chi phi va e € (0, 1) lam tham s chinh xdc.

s6 xap xi (k ~Sy cho ham muyc tiéu don diéu va

Két qua thuc nghiém cho thiy thuit toan niy vuot trdi hon so v6i cidc phuong phap tot nhat hién nay trong
ca chit luong nghiém va s6 luong truy van.

Thit hai, chuong nay tip trung vio bai toan tdi da ham DR-submodular véi rang budc luc lugng —
Bai toan nghién ciru s6 3. Hai thudt todn dugc dé xuit 1a FastDrSubva FastDrSub+, 1an lugt dat hé sb x4p
xi 0.044 va i — € v6i d6 phic tap truy vin O(nlog(k)), danh d4u lan dau tién c6 thuat todn xap xi hing s6
cho bai todn nay véi chi phi tinh todn thip. Ca hai thuat todn dugc kiém ching hiéu quéa qua céc bai toan
thuc nghiém t6i da doanh thu véi ham muc tiéu dang DR-submodular, cho thiy hiéu ning vugt trdi ca vé toc

do va chit lugng so véi cac phuong phdp hién tai.
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3.1. Bai toan t6i da hiam k-submodular véi rang budc chi phi nhém
3.1.1. Pinh nghia bai toan

Dinh nghia 3.1 (Bai todn t6i da ham k-submodular véi rang budc chi phi nhém —kSMIK). Cho mdt tap cd s&
V = {e1, ez, -+, e, } gdm n phin td, mot sb nguyén k > 0, va mot ham k-submodular f : (k+1)V — Ry
xdc dinh trén khong gian cta cédc k-tdp s = (S1,S2,...,Sk) v6i S; CV, S;NS; = O néui # j. Mbi phan
th e € V dugc gdn mot chi phi duong c(e) > 0. V6i méi vi tri i € [k] = {1,2,...,k}, tong chi phi cla tap
S; dugc dinh nghia l1a ¢;(s) = > .5 c(e), va mbi vi tri ¢6 mdt ngan sach riéng B; > 0. Khong mit tinh
téng quat, ta gia st ring véi moi e € V, ¢(e) < B, trong d6 B = Zle B;. Muc tiéu cta bai toan kSMIK

1a: arg maXge (541)V e, (s)> B, vic k] f (5)-
3.1.2. Nghién ctru lién quan

T6i wu ham k-submodular. Bai todn t5i vu k-submodular dugc khéi ngudn tif cdng trinh cla
Ajit(2012), trong dé tdc gia gidi quyét trudng hop & = 2, con goi 12 t6i da ham bisubmodular. Sau d6,
bai todn dudc md rong cho moi gid tri k. Pang chi ¥, khi & = 1, bai todn trd thanh bai toan t6i da ham
submodular ¢ dién, vén da dugc chiing minh 13 NP-khé. Diéu nay kéo theo ring bai toan k-submodular
ciing thudc 16p bai toan NP-khé. Déi vé6i trusng hop khong rang budc, Ward(2014) dé xuit mot thuit toan
tham lam mang tinh quyét dinh véi hé s6 xép xi 1/3. Tiép theo, Iwata(2016) cai tién bang mot phién ban
tham lam ngau nhién, dat hé s6 xip xi k/(2k — 1) thong qua viéc két hgp phan phdi xédc suit véi cich lya
chon céc phan tit ¢6 1di ich can bién 16n. Sau d6, Hiroki(2017) loai bé tinh ngiu nhién trong thuat todn, tuy
nhién diéu nay 1am ting s6 lugng truy van can thiét. C4c bai todn k-submodular ¢6 rang budc ciing da dudc
nghién ctiu & nhiéu huéng. Naoto(2015) tip trung vao bai toan tdi da ham k-submodular don diéu véi rang
budc luc luong, va dé xuit mot thuat toan tham lam dat hé s6 x4p xi 1 /2 trong trudng hop rang budc tdng
luc lugng, va 1/3 trong trudng hop don luc lugng. Chao(2018) gidi thiéu mot thuat todn tién héa da muc
tiéu cho bai todn t6i da k-submodular don diéu véi rang budc téng kich thuéc. Trong khi d6, Leqian(2021)
nghién ctfu bai todn v6i ham muc tiéu dugc xap xi bdi mot ham k-submodular gan ding, nham phuc vu
cho céc bai todn c6 rang budc vé kich thudc. Ngoai ra, bai todn tdi uu k-submodular dudi cdc rang budc
phtic tap khic ciing da dudc quan tAm. Shinsaku(2017) trinh bay mot thuét todn tham lam véi hé sé xap xi
1/2 cho bai toan c6 rang budc ciu tric. Tiép d6, Rafiey(2020) dé xuat mot phuong phap tham lam lién tuc
riéng biét, ciing dat hé sd x4p xi 1/2 cho cung bai todn. Gan day, nhiéu nghién cttu da tap trung vao bai toan
k-submodular véi rang budc chi phi va dat dugc cac hé s6 xp xi hang s6 dang ké.

Thuét toan lufmg cho ham k-submodular. D6i v6i cac ham k-submodular, Ward(2014) va Iwata(2016)
da phat trién céc thuat ton ludng mot ludt quét. Trong d6, Iwata va cong su(2016) ap dung Iwa chon ngau
nhién, va cdc nghién ciu tiép theo di cai tién bing cach sit dung phan phdi chon phan tit méi dua trén chi
phi khic nhau va thiét 1ap mdi quan hé giita nghiém hién tai va nghiém t6i wu. Rafiey va cong su (2020)
12 nhitng ngudi dau tién dé xuat thuit toan ludng cho bai toan tdi da k-submodular vé6i rang budc tdng kich
thudc trong diéu kién c6 nhiéu. Ho dua ra hai thuat todn véi hé s xip xi O(e(1 — €)~2B) cho ham don diéu
va O(€(1 — €)~3B) cho ham khong don diéu. Gan diy, Canh va cong su(2022) dé xuit hai thuat toan ludng
mot Iugt quét cho bai toan tdi da k-submodular véi rang budc chi phi, véi do phiic tap O(nklog(n)/e) va
hé sb xap xi ky vong lan lugt1a 1/4 — e va k/(4k — 1) — e.

Theo tim hiéu ctia nghién ciu sinh, hién chua c6 cong trinh nao nghién ctiu cu thé bai toan toi da ham

k-submodular v6i rang budc chi phi nhém. Diéu nay chi ra mot khodng tréng nghién ciiu dang ké va nhin
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manh su can thiét phai phét trién cic phuong phap va thuit toan méi. Viéc 1ap day khoang tréng nghién ctiu
ndy sé gép phan quan trong vao viéc hoan thién ly thuyét t6i uu k-submodular va ting dung né vao céc bai

todn thuc tién ¢6 rang budc chi phi nhém.
3.1.3. Thuét toan dé xuét
3.1.3.1. Thuét toan luong STROPT

Thuat toan STROPT dudc xay dung dua trén y tudng st dung mot gid tri xip xi v ciia gia tri tbi uu opt

nhu mot ngudng d€ huéng din qud trinh lua chon phin ti vao tap 15i gidi. Cu thé, thuat toan danh gia mdi
phan ti tif ludng dif liéu dua trén hai tiéu chi: gia tri 10i ich cAn bién khi thém phan ti d6 vio mot trong cic
tap con hién tai va tuan thi rang budc ngan sach. Bén canh d6, d€ tranh trudng hop khong chon dudc phan ti
nao trong toan bd ludng, thuat todn ludn duy tri va cip nhat mot cip phan ti don (emax, imax) €6 gid tri muc
tiéu cao nhét quan sat dudc tinh dén thoi di€ém hién tai. Thuit toan nhan diu vao 12 mot thé hién (f,V, k)
clia bai toan, ciing v6i gia tri xip xi v sao cho (1 — €)opt < v < opt, bd ngan sich (By, Ba, ..., By), va
cac tham s diéu khién a, e € (0,1). Qud trinh x& 1y dit liéu dudc thuc hién trong mot lugt quét duy nhét
(single-pass), v6i mdi phan tii e 1an ludt dugc xét dén theo thi tu xuit hién. Tai mbi budc, thuit todn xic
dinh vi tri i, trong s6 k tap con sao cho phan tif e mang lai 1¢i ich cn bién 16n nhét khi dudc thém vio vi tri
d6. Dong thoi, thuat todn so sanh gia tri f((e,i.)) v6i gia tri cao nhét hién c6 va cap nhat cip (emax, imax)
néu can. Néu phan tif e thoa man ca hai diéu kién: (i) khong vuot qua ngan sach nhém tai vi tri 4., va (ii) Igi
ich cén bién du 16n so véi ngudng aw/B (trong d6 B = Zle B;), thi cép (e, i) s€ dugc thém vao tap ing
vién s. Sau khi két thiic qua trinh quét, thuit todn tra vé nghiém tot nht giia tap dng vién s va phan tir don
(€max; imax ). Chi tiét cdc budc clia thuat todn dugc trinh bay trong Thuat todn @ Luén 4n tién hanh phan
tich hé s6 cla thuat toan STROPT. Trudc tién, mot sb ky hiéu quan trong dudc st dung trong qué trinh phan
tich dudc trinh bay nhu sau:

e 0 12 nghiém t&i uu cla bai todn trén tp V, véi gid tri tdi uu tuong dng 1a opt = f(o).

e ¢ 12 56 luong cip phan tif dugc thém vao tip s sau khi két thiic vong Lip chinh.

est = {(e1,i1),..., (es,ir)}: k-tap s sau khi vong 1dp chinh két thic, véi t = |supp(st)|.

os/ = {(e1,i1),...,(ej,i;)}: k-tap s tai budc thd j trong vong ldp chinh, véi 1 < j < ¢; ban diu
s¥ = 0, va sau cung s = s.

o0/ = (olUs)) s,

e v la gia tri du doan cla opt, thod man: (1 — e)opt < v < opt.
B4 dé 3.1. Vdimoi j, 0 < j < t, taco: (1) Néu f la ham don diéu, thi f(0) — f(0?) < f(s7); (2) Néu f la
ham khong don diéu, thi f(0) — f(07) < 2f(s7).
B dé 3.2. Sau khi két thiic vong ldp ddu tién, néu véi moi cap (e,i) théa man e € supp(o) \ supp(s?)
va i € [k] sao cho ci(s') + c(e) > Biva A ;) f(s') < cle)av/By, thi: (1) Néu f la ham don diéu, ta cé
f(st) > v(1 — ak)/2; (2) Néu f la ham khéng don diéu, ta cé f(st) > v(1 — ak)/3.
B§ dé 3.3. Néu ton tai mot phan tit e € supp(o) \ supp(st) va mét sé nguyén i € [k sao cho c;(s*) + c(e) >
Biva A f(s') > c(e)av/B;, thi f(s) > av/2.
Pinh ly 3.1. Vdi €, a € (0,1) va gid tri xdp xi v sao cho (1 — €)opt < v < opt, Thudt todn|6|cé d¢ phiic tap
truy van la O(nk) va: (1) Néu f la ham don diéuva o = 1/(k+1), thi dat dugc ti 1é xdp xi (1—¢) /(2(k+1));
(2) Néu f la ham khong don diéu va o = 2/(2k + 3), thi dat dugc ti 1é xdp xi (1 — €)/(2k + 3).
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Algorithm 6 STROPT Algorithm Algorithm 7 STR algorithm

l: Input: V, f, k, B1,Ba,..., B, an approximate value v 1: Input: V, f, k, o, B1, Ba, ..., Bx(Vi € [K]).
of opt such that (1 — e)opt < v < opt, parameters 2: Output: A solution s
a,e € (0,1). 3: M « 0, (emax, tmaz) < (null,0)

2: Output: solution s. 4: foralle € V do

3: s+ 0, (emaxs tmax) + (null,0) 50 e +— argmax;cqx) f((e,7))

4: foralle € V do 6:  (Emazsimae) ¢ ATGMAXyE {(e,ir),(emansiman)} f (X)

50 e < argmax;cqy) f((e,7)) 7. M+ f((emaz,imaz))

6 (emaz;imazr) — ATEMAXxe {(emas imas),(erie)} S (X) 8 O« {v=0+¢!:M<(1+¢ <BM}

7 if c(e) + ¢i. (s) < B;, then 9: forallv € Odo

8 if Ay f(s) > % then 10: Gy 4= AIEMAXie (k] c; (sy)+e(e) <B; D(e,i) [ (Sv)

9: s« sU (e, i) © 11: if Aein)f(s0) > c(e)av/B;, then

10: end if 12: Sy < Sy U (e,1y)

11:  endif 13: end if

12: end for 14: end for

13: 8 <= argMaxy e {(emanimas)st J (5) 15: end for

14: return s 16: foralle € V' \ supp(s,) do
17:  forallv € O do
18: fe < QTG MAX e (k] c; (su)+c(e)<B; D(e,i) f(Sv)
19: if A(e,i)f(sv) > 0 then
20: Sy < Sy U (e, )
21: end if
22: end for
23: end for
24: s < arg MmMaXxe {(emazimaz)}U{sy:v€O} f(X)
25: return s

3.1.3.2. Thuit toan luong STR

Sau khi di trinh bay thuit to4n dau tién vé6i gia dinh biét trudc gia tri t6i uu opt, luan 4n tiép tuc gisi
thiéu thuat toan chinh mang tén STR (Thuét toan , trong d6 gia dinh vé opt dudc loai bd. STR khdi tao
mot tap cac gid tri udc lugng cho opt theo cong thiic O <+ {v = (1 +€)/ : M < (1 +¢€)? < BM}, trong
d6 B = Zle B; va M la gi4 tri 16n nhit cla cac phan t& don 18 (emaz, imaz) dugc gip cho dén thai diém
hién tai. Thuit toan STR bao gdm hai lugt quét dit liéu: Trong lugt thit nhéat (dong [4H15), thuat toan xay
dung mot tip cac nghiém ting vién s, tuong tng véi mdi gia tri v € O. Vi mdi phan ti dén e, thuit toan
thuc hién hai thao tac: (1) Cap nhit gi4 tri M va tap O dua trén cdc phan tif da nhan (dong . Cu thé, M
s& dugc cap nhat theo gia tri t6t nhét hién tai cla cdp don 1 (emaz, imaz ), va til d6, tap O dudc téi tao tuong
ting. (2) Thém phan ti e vao cic nghiém ting vién s, véi v € O, néu phan tif ndy c6 do 1gi bién dd 16n va
viéc thém né khong vi pham rang budc ngan sach. Trong lugt thit hai (dong [1623)), thuat todn tiép tuc cai
thién chit lugng 16i gidi. V&i m&i phan tit dén e, thuat todn tim vi tri t5i uu i, d€ chén e (dong|[18). Sau d6,
néu cip (e, i.) c6 do 19i bién duong, thuat todn sé thém vao nghiém dng vién s, tuong dng (dong .
Chi tiét cdc budc c6 thé theo ddi & ma gia clia Thuit todn |7, Luan 4n phan tich ddm bio 1y thuyét ctia Thuat

toan [7|qua Dinh ly

Pinh ly 3.2. Thudt todn E] thutc hién hai lugt quét qua tip co sd, cé d phiic tap truy vin O (nklog(B)/¢)
va yéu cdu b nhé O (Blog(B)/€). Vé hé sé xdp xi: (1) Néu f la ham don diéu va o = 1/(k + 1), thi dat
dugc ti ¢ xdp xi (1 —€)/(2(k +1)); (2) Néu f la ham khong don diéu va o = 2/(2k + 3), thi dat dugc ti 1¢
xdp xi (1 —¢€)/(2k + 3).
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3.2. Bai toan téi da ham DR-submodular véi rang budc luc lwgng
3.2.1. Pinh nghia bai toan

Dinh nghia 3.2 (Bai todn t6i da DR-submodular v6i rang buodc kich thuéc — DrSMC). Cho mot ham
DR-submodular f : ZK — R, mot ludi nguyén bi chin bdi B, va mot sd nguyén duong k& > 0. Bai
toan yéu cau tim vectd x < B sao cho tng kich thude ||x|; < k va gid tri f(x) dat cuc dai, tic 1a:
maxyczy Jx) st x[1 <k, O0<x<BVSiB=~k-1va|x|1 =7 yx(e).

Gan day, Ene va Nguyen da dé xuit mot ky thuat 4nh xa d€ chuyén bai todn t6i wu DR-submodular
thanh bai todn tdi wu submodular tiéu chuén, tit d6 cho phép 4p dung céc két qua hién c6. Cu thé, sau khi
ap dung phép anh xa, bai toan DrSMC dugc chuyén thanh bai todan SMK (Chuong 2): maxgscy:  g(S) véi
diéu kién: ¢(S) < k, trong d6 V' = (J,c\ {(e,4) : j € [te]} 1a tAp co s8 mb rong dudc tao biang cach phan
ra moi bién nguyén x(e) thanh tng cdc trong s6 nho hon a, ; < ek. Ham submodular g(S) dugc dinh nghia
la g(S) == f(x) vdix(€) = > ;. jes @e,j VA ham chi phi 1a ¢(S) := }_, ;) e ;- Do phép dnh xa nay,
kich thudc khong gian tim kiém méi trd thanh O(n log k) thay vi O(n) nhu ban dau. Déi véi bai todan SMK,
nhu d trinh bay trong Chuong 2 ctia luin 4n, trong s6 céc thuat toan c6 do phic tap truy vén tuyén tinh, hai
thuat toan ngiu nhién RLA (Thuét toan (1)) va SMKRANACC dat ti 1¢ x4p xi t6t nhét 1a (1/4 — ¢). Tuy i
1é x4p xi dudc bao toan sau anh xa, nhung do phic tap truy van ting ding ké do md rong tap co sé (xem
Bang [3.1). Diéu nay lam suy gidm tinh m& rong thyc té ctia cdc thuat todn, dic biét khi & 16n hodc € nhd.
Dic biét, mot diém yéu clia cic thuat todn ngau nhién 1a chiing chi dam bao ti 1& x4p xi theo ky vong va két
qué thuc nghiém trén tap dif liéu thuc té c6 thé khong 6n dinh.

Theo hiéu biét ctia nghién ctiu sinh, dén thdi diém hién tai chua c6 cong trinh nao gidi quyét truc tiép
bai todn t6i da ham DR-submodular khong don diéu véi rang budc kich thuée. Tir thuc té d6, hai cAu héi
nghién ctiu quan trong dudc dit ra: (1) Liéu c6 thé thiét ké cac thuat todn méi dat ti 1& xap xi tuong duong
nhung cai thién ddng ké do6 phiic tap truy van? (2) Liéu c6 thé xay dung mdt thudt toan tht dinh cho bai toan
DR-submodular véi rang budc kich thuée c6 ddm bao x4p xi tuong duong véi cic phuong phap ngiu nhién

hién c6? Céc thuat todn dudc dé xuit trong phan tiép theo sé nham giai quyét hai ciu hdi nay.
3.2.2. Nghién ctru lién quan

Ham DR-submodular don diéu. Soma va Yoshida(2015) 1a nhiing ngudi dau tién mé rong khdi niém
ham submodular 1én luéi nguyén bang cach gidi thiéu khai niém DR-submodularity va dé xuit mot thuat
toan x4p xi hai tiéu chi, dong thdi xét dén ca ham muc tiéu va ham chi phi. Sau d6, trong mot cong trinh
tiép theo, Soma va cong su(2018) di phat trién hai thuat todn xac dinh dat dugc ti 1& xdp xi 1 — % — € cho
bai todn t6i da cdc ham DR-submodular don diéu va cac ham submodular trén ludi tdng quét. Lai va cong
su (2019) da gidi thiéu mot thuat toan ngau nhién. Gan diy hon, Schiabel va cong su (2025) da dé xuit
thuat toan Stochastic Greedy Lattice (SGL), md rong chién Iudc chon ngiu nhién tham lam cho cdc ham
DR-submodular don diéu trén luéi nguyén.

Ham DR-submodular khong don diéu. Gottschalk va Peis (2015) da dé xuét thuat todn tham lam kép
d€ tbi da cdc ham submodular trén ludi nguyén bi chin, dat dugc ti 1& xp xi %, mac du c6 do phuc tap gia
da thifc. Ene va cong su (2020) da phat trién mot thuat toan song song cho bai toan tdi da DR-submodular
khong don diéu, nhung bi gidi han trong mién lién tuc. Li va cong su (2023) tiép tuc cai thién hiéu qua thuat
toan bang cach sit dung phuong phap song song.

Nhu da dé cap trong phan md dau, bang cich 4p dung k¥ thuat rit gon dugc d& xuit bdi Ene va
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Nguyen, bai todn DrSMC c6 thé dudc chuyén d6i thanh mot bai toan tdi da submodular véi rang budc chi
phi (SMK). Trong phan tiép theo, luin 4n diém qua huéng nghién ctiu tip trung vao bai toan SMK. Cong
trinh dau tién giai quyét bai toan SMK trong trudng hop khong don diéu dudc dé xuit bdi Lee(2010), dat
dudc ti 1& xAp xi £ — € v6i do phiic tap truy van da thic. Sau d6, nhiéu nghién ctu tiép theo da hudng dén
viéc cai thién hiéu qua thuét toan. Trong sd d6, phuong phap trong do Buchbinder(2019) dé xuét dat i 1& xap
xi tot nhat 1a 716, miic du chi phi truy van oracle rit cao. Ngudc lai, thuat toan do Pham(2022) dé xuit dat do

phtic tap truy van thdp nhit—tuyén tinh theo kich thudc diu vao—trong khi van dat dudc ti 1¢ xip xi 1 — €.

Bang 3.1: Bang so sanh cac thuit toan cho bai toain DrSMC.

Thuét toan Tilé xdp xi Do phiic tap Phan loai
RLA +Reduction 1€ O (Zlog(k)log(t)) NgAu nhién
SMKRANACC+Reduction % — ¢ O (% log(k)log(%)) Ngiu nhién
FastDrSub 0.044 O(nlogk) Tt dinh
FastDrSub+ i- O(Zlog(1)log(k))  Tétdinh

MBbi thuat toan dudc danh gia dua trén bio dam xap xi va sd lugng truy van can thiét. Trong d6 € > 0 1 tham s6 d6 chinh x4c, k 1a
rang budc kich thuédc, va ||b||e = & 1a gi6i han toa do 16n nhét. Dic biét, dd phiic tap ciia RLA v SMKRANACC dugc x4c dinh
lai bang cach st dung khung gidm ctia Ene va Nguyen, trong d6 kich thudc tip cd s& dudc ting 1én thanh n(2log k + 1).

3.2.3. Thuit toan dé xuét
3.2.3.1. Thuat toan FastDrSub

Thuét toan FastDrSub(Thuét toan [8) nhan vao mot ham DR-submodular f, mot tip co sé hitu han V'
c6 kich thuéc n, mot ngan sach kich thude k& € Z-q, va mot tham s6 ngudng o € (0, 1). Muc tiéu cda thuat
todn la tim mot vector nghiém z € ZY sao cho ||z||; < k, nhdm xép xi t6i da gid tri cia f(z). Y tudng cbt
16 ctia thuét toan 1a dong thdi xdy dung hai vector nghiém roi nhau, ky hiéu x va y, theo mot quy tic ngudng
dong. Cu thé, thuat todn khdi dau bang viéc thuc hién tim kiém nhi phan trén mién d € (ak, k] d€ xdc dinh
cip (dmax, €max) a0 cho f(d1.) 1a 16n nhét; lya chon nay dugc giit lai nhu mot Gng vién don 18 doc 1ap
(Dong . Tiép theo, v6i khdi tao x = y = 0, thuét todn 1an lugt duyét qua tiing phan ti e € V. V6i mdi phan
td, thuat todn xéc dinh s6 nguyén 16n nhit d < ak sao cho do 1gi bién thod man f(1. | x+(d—1)1.) > @
(tuong tu ddi vé6i y), va chi cap nhat vector c6 do 10i bién 16n hon. Nhd d6, hai vector x va y phat trién theo
céc quy dao roi nhau, duge diéu huéng bdi cing mot ngudng phu thudc gid tri. Sau khi xit ly toan bo phan
tif, thudt todn cit bd cac don vi dugc thém gan nhét tir mdi vector dé thu duge x’ vay’, sao cho ||x/||; < k va
l¥']l1 < k. Cudi cung, thuat toan tra vé nghiém t6t nhit trong s6 ba lya chon: X', y/, va dax 1, - Tong thé,
thuat toan chi yéu cau O(nlog k) 1an truy vin ham muc tiéu va bdo ddm mot i 1& x4p xi hing s6 da dugc

chitng minh. Luén 4n trinh bay két qua ly thuyét chinh ctia thuét toan FastDrSub trong Pinh 1y [3.3|duéi day:

Bo dé 3.4. Tu c6: f(oy Vx)+ flo1 Vy) <4(f(x) + f(¥)).

Dinh ly 3.3. Vdi mot hdng sé6 o € (0, 1), Thudt todn ﬁ dat ti 1é xdp xi la . (Q_i) T va co do phikc tap truy
l1—a @
A N A . 2 1A A 2 1 ~ . _ 2\/571
van la O(nlog(k)). Thudt todn dat ti I¢ xap xi T 0.044 khi o = =%

3.2.3.2. Thuat toan FastDrSub+

Thuét toan FastDrSub+(Thuét toan E]) nhan dau vao 13 mot ham DR-submodular f, mot tip co s6 E,
va cdc tham sd k € Zy, a € (0,1), B € (0,1), vae € (0,1). Thuat todn trd vé mot vector s € Z% sao
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cho [|s||1 < k, véi gid tri f(s) xAp xi gid tri t&i vu ctia bai toan. Y tuéng cbt 16i clia thuat todn 1a khai thac
nghiém so bo s’ thu dugc tir thut toan FastDrSub d€ u6c lugng mot can trén cho gid tri tbi wu, ky hiéu 1a
I" (Dong , va khéi tao mot ngudng chon loc @ = I'/(4k/3). Tiép theo, thuat todn xay dung ba vector ting
vién x, y, va z dua trén chién lugc ngudng giam dan véi hé s6 giam bdi (1 — ¢). Trong qud trinh nay, hai
vector X va y dugc cip nhit luan phién nhiam dam bao ring cic phan tif dugc chon thudc hai tap rdi nhau,
trong khi vector z dugc xay dung mét cach ddc lap theo huéng tham lam. O mdi vong lip, v6i moi phan tir
e € E, thuit toan x4c dinh sb don vi 16n nhit d c6 thé dugc thém vao ting vector sao cho do 1oi bién van
khong nhd hon 6, va cap nhit cic vector tuong ting. Qua trinh Iip tiép tuc cho dén khi ngudng # giam xudng
duéi eI'/(16k), khi d6 thuat toan danh gia ham muyc tiéu f trén bdn tng vién: ¢, X, y, va z, va trd vé vector
ting vién c6 gia tri ham muc tiéu 16n nhat. Ludn 4n phan tich va trinh bay ddm bao ly thuyét ctia thut toan
FastDrSub+ trong Dinh Iy

Algorithm 8 FastDrSub Algorithm Algorithm 9 Fast Approximation Plus Algorithm
Input: f:ZY » RV, k « (FastDrSub+)
(dmaw7 emaw) < arg mMaXecV, deZ, ak<d<k f(d]-e) by Input: f : ZK — R+, ‘/, k, o, ﬂ, €
using the binary search 1: 8’ < FastDrSub(f, V. k, o)
x<—0,y«< 0 R A ) 2-a) | 1 I
foreach e € V do 2.I‘—f(s)<8 1-a +oz)’tg_%ﬁ

dixey + max{d € Z | 0 < d < ak, f(1. P X%(ly%FO’ZFO
x+ (d — 1)1.) > £%91 by using the binary search while ¢ > 75 do
dyey < max{d € Z | 0 < d < ok, f(1. [¥ foreach e € V do

, _ : dy ¢ max{d €Z | 0<d<k— x|, f(L |
d—1)1,) > W1y the b he . Xl
ifny(rd(( )1 )\ x)) > f?d(,}y )y 1US|11;§ thinmary e X+ (d—1)1c) > 0} by using the binary search

x,e)te = e)te

7: dy<—max{d€Z|0<d§k—Hy||1, f(]-e ‘

| x e xtdpole y+(d—1)1.) > 0} by using the binary search

else 8: dy —~max{d € Z |0 <d<k—|z, f(1. |

| L Yy ¥ +dyele z+(d—1)1.) > 0} by using the binary search
Define {e1, ea, ..., e} as the set of last ¢ elements added” Lz +di1e

10: if f((de +x(e))1le | x —x(e)le) > f((dy +

into x, i.e, X; = 22:1 x(e)1e,

X' argmaxy,.|x, <k t y(e))1e |y —y(e)le) then

. : 1
Define {e], €5, ..., e;} as the set of last ¢ elements adde(%; ; : ; + j’((e)el
. . t ' B ¢
intoy, ie,y, = 3;_ y(ep)1e 13: else
/
y' < argmaxy, .|y, |<kt 14: y<y+dyle
§ < ATGMAXse (X' .y dimaslemaq 1/ (2) 15: X« x —x(e)1.
return s =

6 | 0+ (1—¢)f

17: S < arg MaXee {¢' x,y,z} f (t)
18: return s

Pinh 1y 3.4. Vdi € > 0 va hdng s6 o € (0, 1), Thudt todn @dat duoc ty 1¢ xdp xi la % — € va ¢6 do phiic tap
truy vdn la O (2 log (1) log(k)).

Chuong 4 Bai toan phi submodular véi chi phi t6i thiéu

Chuong nay, luan 4n tip trung vao bai toan phi submodular chi phi ti thiéu (Minimum cost Submod-
ular Cover —viét tit 1a MSC)— Bai todn nghién citu s6 4, mot bai todn cd ban trong tbi uu submodular ¢6
nhiéu ting dung trong hoc mdy va tri tué nhan tao. Péng gép chinh ctia chuong 1 dé xuit ba thuit toan ludng

x4p xi hai tiéu chi méi véi hiéu qua 1y thuyét va thuc nghiém vuot trdi so véi cac phuong phap hién hanh:

- SingStr: thuat toan mot ludt quét dat hé sb xap xi (%, 1— e) , do phtic tap truy vin O (% log (%))

va do phtc tap bd nhé O (% log (%)), trong d6 p = Seex biéu thi ti 1€ gitta chi phi phan t 16n nhét va chi
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phi phan t nhé nhAt.

- ThreeStr: thuat todn ba luct quét dat ciing hé s6 xip xi nhu SingStr nhung cai thién dang ké do phiic
tap truy van va b nhé xuéng O ( 2 log ( %)) va O ( % log ( %)) Day la thuat toan ludng dau tién c6 do phiic
tap da thuc.

- MultiStr: thuat toan nhiéu ludt quét hiang s6 O (% log (%)), dat gan nhu hé sb xap xi tot nhét cla

thuét toan tham lam ((1 +1n (%)) 11+_2:, 1-— e), trong khi gidm manh sb truy van va lugt quét.
Ba thuat toan dudc thiét ké phu hop véi céc kich ban xt ly dit liéu 16n theo ludng. Céc két qua nghién

cliu tuong ting da dugc cong bd tai hoi nghi qudc t& CSoNet 2023 (SCOPUS).
4.1. MO ta bai toan
4.1.1. Dinh nghia bai toan

Dinh nghia 4.1 (Bai toan phd submodular véi chi phi ti thiéu —MSC). Chomottdpcosd V = {e1,...,e,},
mot ham submodular don digu f : 2V — R* véi f() = 0, va mbi phan tii e € V ¢6 chi phi c(e) > 0.
Chi phi ctia mét tap con S C V 1a ¢(S) = Y g c(e). V6i mot ngudng chét lugng 7' > 0, muc tiéu
la im tap S C V sao cho: f(S) > T va ¢(S)1anhé nhit. Hoidc bai toan dugc phat biéu nhu sau:
arg mingcy. s(s)>7 ¢(.5). Mot bai todn thudc 16p MSC ¢6 thé dugc biéu dién dudi dang bo ba (V, f, T'). B6
sung vao bo ba nay mot ham chi phi dang mo-dun (hodc cong tinh) c, tic 1a c(S) = g c(e), cic dai
lugng lién quan dugc dinh nghia nhu sau: ¢y = mineey c(€), Cmax = maxeey c(e), p = ifrnnﬁ vaO la

nghiém t6i uu véi chi phi t6i uu opt = ¢(0).
4.1.2. Nghién ciru lién quan

Bai toan MSC da dudc ching minh 1a NP-kh6 va khong thé x4p xi trong bit ky ti 1& nio nhé hon
1 — o(1) trit khi NP ¢ DTIME(n®U°8l°e™)) Thuat todn tham lam 12 mot trong nhiing cach tiép can
s6m va tiém ning dé giai bai toan nay. Phién ban tham lam dau tién dudc Wolsey dé xut vao nim 1982 va
dugc cai thién bdi Wan vao nim 2010. D€ nang cao hiéu ning, mot s6 tic gid di nghién ciu tiép cin bai
toan bang cach xp xi ca ham muc tiéu va ham chi phi — goi la thuét toan x4p xi hai tiéu chi. Lién quan dén
viéc 4p dung mo hinh thuét toan ludng d€ giai bai toan MSC. Mat trudng hop dic biét ctia bai toan MSC
la bai toan pht submodular(SC) da dugc Norouzi-Fard(2018) nghién cttu trude. Nhom tac gia nay da cung
cAp mot thut todn bao dam x4p xi hai tiéu chi <2 In (%) , 11— hl(li)> , trong khi chi st dung bd nhé gidi
han & mic M, véi M 1a kich thudc bd nhé dude chi dinh trudc. Pic biét, nghién ciiu nay ciing chi ra ring
bét ky thuat todn ludng nao chi quét qua dif liéu mot 1an ma dat dugc hé s6 xap xi tot hon n/2 déu phai st
dung it nhit O(n) bo nhé dbi véi bai toan MSC. Gan day hon, Crawford (2023) da gi6i thiéu hai thuat todn,
SINGLE va MULTI, cho bai todn MSC trong trudng hop khong don diéu. Thuat toan MULTI cung cip ti 1&
xép xi hai tiéu chi ((1+¢) (1+ %), 15) v6i 6 phic tap truy van1a O (% log (%)) va quét qua ludng

dit liéu O (M) 14n. Trong khi d6, thudt toan SINGLE chi quét qua di liéu mot 14n va dat ciing 6 1& xép
xi, nhung c¢6 do phtic tap truy vin cao hon nhiéu & mic (n2 / cmin). Can nhin manh ring do phic tap cta
thuat toan MULTI phu thudc vao cyin, von khong phai 1 hing s6 va c6 thé rat 16n khi ¢p,i, nho. Chi tiét so

sanh céc thuat todn cho bai todn MSC cho thé xem & Bang
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Bang 4.1: Bang so sanh cac thuit toan cho bai toan MSC

Thuit toan  Lugt quét Ti 1¢ xép xi P phife tap truy vin B0 nhd st dung
SingStr 1 <(1+€)(2 g e) O(Z log(£%)) O(% log(2%))
ThreeStr 3 (<1+5>(2 91— ) O(2 log(2)) O(% log(2))
MultiStr (L 10g(2) ( 1+In(l))it2e 4 e) O(Z log(™)) O(log(L) % log(2))
opt opt

MULTI % (A+a(E+1,1-¢) O(ff’(fg?f};) (n+22)) 1+ (% + ot

log(—22L_) nBlos eT min,jfv c(u) B(1+€)(€%+1) log <5T min,jeBV c(u) )
SINGLE ot ( (A+e)(L+1),1— e) O( e Tos (T ) ) g

Greedy o(n) ( + 1n(;), 1— e) O(n?) O(k)

Cic gid tri in dam thé hién két qua tt nhét trong tiing tiéu chi. Bo ddi (o, 8) trong cot "Ti 1é x4p xi" tuong dng véi thuat todn xip
xi hai tiéu chi (o, 3). Cdc thuit toan dugc dé xuét trong luan 4n (SingStr, ThreeStr, va MultiStr) st dung dd phiic tap bd nhé dé do
ludng mifc st dung bo nhd, trong d6 k 1a kich thuéc 16n nhit ctia mot nghiém thda man trong bai toan MSC, dudc xic dinh béi:
k=max{|S|: S CV,f(S)>Tvade €S, f(S\{e}) < T}. Cic thuit toan MULTI va SINGLE dénh gid b nhd dua trén
t8ng chi phi ctia cac nghiém ting vién, do d6 do phiic tap bd nhd clia ching c6 thé khong phai 12 mot ham da thiic.

4.2. Thuit toan dé xuét
4.2.1. Thuét toan luong mét luot quét SingStr

Thuét toan SingStr (Thuét toan dugc thiét ké dé€ giai bai toan MSC trong mo hinh ludng véi chi
mot lugt quét qua tap co s& V. Thuat todn nhan dau vao 1a mot bo (f,V,T), trong d6 f 1a ham muc tiéu
submodular don di€u, V 1a tdp cd sd, 1" la ngudng bao phu; cung véi d6 1a cac tham $0 Cmin, Cmax bi€u thi
chi phi nhé nhét va 16n nhit trong V/, va tham s6 chinh xac e > 0. O budc khéi tao, thuét toan xac dinh tap U
gdm cic udc lugng kha di ctia nghiém ti vu, tuong ting véi méi w € U 12 mdt nghiém ting vién S, va mot

1+e)o¢

phan tit e,,. Hai tham s6 o va 3 dugc thiét 1ap 1an lugt bang (1 —¢) va 3 = nham diéu chinh ngudng

chon phan t (dong 1-2). Trong qua trinh quét duy nhit qua tip V, thuit toan k1em tramdiphantie € V dé
quyét dinh xem c6 nén thém vao mdi nghiém ting vién S, hay khong. Phan ti e dudc chon dua vao S, néu
thoa man dong thdi hai diéu kién (dong 6-7): (1)f(S,) < T(1 —e); (2)f ‘S > %Z: vac(SyU{e}) < Bu.
Diéu kién thd nhit dam bao ring nghiém ting vién chua dat ngudng bao phu, con diéu kién thi hai yéu cau

phan ti e c6 mat dd 1gi ich trén chi phi di cao va tdng chi phi khong vugt qua Bu. Ngoai ra, néu phan tif e
thoa c(e) < (1 + €)u, thuat todn cip nhat e,, 12 phan t c6 gia tri 16n nhit thod man diéu kién chi phi (dong
9-10). Sau khi quét hét tap V', mdi nghiém tng vién S, dudc cip nhit bang cach chon nghiém tot nhit giita
S. va {e,} (dong 11). Cudi cung, thuét todn trd vé nghiém t6t nhét trong sb cac S ting véi moi u € U

(dong 12—-13). Luan 4n phan tich ly thuyét va bao ddm xap xi clia thut todn SingStr:

Dinh Iy 4.1. Thudt todn |10|la mot thudt todn luong mot luot quét, cé do phiic tap truy vin O (% log(pn)),
do phitc tap bo nhd O (£ log(pn)) va trd vé nghiém S sao cho f(S) > (1 — €)T va ¢(S) < %opt.

4.2.2. Thuat toan ludng ba lugt quét ThreeStr

Thuat toan ThreeStr (Thuat toan dudc phat trién nham cai thién hiéu ning thuc té clia SingStr
bing cach giam ddng ké do phc tap truy vén trong khi van giit nguyén ty 1& xip xi. Thuat toan thuc hién ba
lugt quét di liéu: (1) Luogt quét thi nhét (Dong 1-7) nhim xdy dung tap L = {u1,ug,...,u;} CV gdm
cdc phan ti ¢6 chi phi ting dan sao cho f(L) > T. Thuét toan khéi tao tap L rong, sau d6 thém tiing phan
tl e vao L theo thi tu ting dan chi phi va diing khi diéu kién f(L) > T dudc thoa man. Giai doan nay chi
yéu cau bo nhé tdi da k don vi dé luu tri¥ tap L. Sau khi két thic, hai ngudng chi phi méi dugc xac dinh:
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Algorithm 10 Thuét toan ludng mot ludt quét (SingStr)
Input: An instance (V, f,T), ¢min, Cmaz, € > 0
Output: A solution S

U ={cmin(1+ 6" : 2 < crin(1+€)"" < ncmaz, v € N}
¢ Sy <+ 0,e — null,Yu € U

: a%?(l—e),ﬂ%@

. foreach incomming element e € V do

foreach v € U do
if f(Su) < (1 —¢€)T then
if f(e‘s ) > “T and ¢(S, U {e}) < Bu then
L S +— S U {e}
if c(e) < (1 + €)u then
€y ¢ argmaxe (e, } f(T)

: Sy, 4 argmaxxe({e,},5.1 f(X),Yu € U
S arg minXe{SLif(SL)Z(l*C)T,uEU} C(X)
. return S

Choin = €c(uj)/nvacy,, = j-c(u;), ding trong cdc budc tiép theo. (2) Lugt quét thit hai (Dong 8-17)
tvaV'i={eeV:d,, <cle) < hpaxt- Viée xdc dinh

1o ranh gidi chi phi nay gidp gidm kich thudc khong gian tim kiém 18i gii & lugt quét thi ba. (3) Lugt quét

xdc dinh hai tap con Vj = {e € V : ¢(e) < i,
cudi ciing (Dong 18-25) 14 qua trinh tim nghiém cho bai toan méi (V/, f/, T"), trong d6 T" = T — f(Vp) va
f'(-) = f(-1 Vb). Thuét todn khéi tao cac nghiém ting vién S,,, phan tii e,, v6i mbi u € U clng véi cac tham
s6 nguéng o va 3. Sau d6, ThreeStr diéu chinh thao tic clia SingStr dé xay dung cac nghiém S, dya trén V'
va cudi ciing chon nghiém tbt nhit tir {S/,} (Dong 27). Nghiém cubi cung dugc tra vé 1a S U V;. Céch tiép
can nay cho phép ThreeStr ké thita bao dam 1y thuyét ctia SingStr nhung gidm dang k€ s6 lugng truy vén.
Ngoai ra, do kich thudc ctia V'’ dugc gi6i han bdi L nén bo nhé va chi phi tinh todn thuc té ctia ThreeStr
ciing thip hon so véi SingStr. So sanh véi thuit toin SINGLE, ThreeStr duy tri ty 1é x4p xi tuong tu nhung
chi yéu cau O(nlogn) truy van thay vi Q(n?) va khong phu thudc vao cic tham sb bét 1gi nhu cpi,. Phin
tich sau day chiing minh cdc dam béo ly thuyét ctia thuit toan ThreeStr, bao gdm gidi han vé chi phi nghiém

tdi uu, ty 1& x4p xi, do phc tap truy van va do phic tap bd nhg.

B& dé 4.1. Sau khi két thiic lugt quét ddu tién ciia Thudt todn danh sdch L = {u1,us,...,u;} thod
man:(1) c(uj) < ¢(0) < c({ut,...,u;}) < j-cluy); (2)|L] < k; (3) opt < Cmax.

DPinh ly 4.2. Thudt todn |l I|thuc hién ba luot quét trén tdp co sd, co do phiic tap bo nhé O ( log (%)) do
phiic tap truy van O (2 log (2)) va trd vé nghiém S sao cho f(S) > (1 — €)T va c¢(S) < %

4.2.3. Thuét toan luong nhiéu lugt quét MultiStr

MultiStr (Thuét toan[12), dugc thiét ké dé céi thién dang ké ty 18 xAp xi hai tiéu chi trong khi vin duy
tri d6 phiic tap truy van tuong duong véi thuat todn ThreeStr. Cu thé, MultiStr thuc hién O (% log (%)) lugt
quét qua toan bd di liéu, gilt nguyén do phiic tap truy vin cia ThreeStr 1a O (% log (£)), nhung dat dugc

ty 1& xAp xi cai tién ((1 +In (%)) 1”6 1-— e) Y tudéng chinh dé nang cao ty 1& xAp xi 1a cap nhit céc
nghiém ng vién bang cich diéu ch1nh ngudng tham lam, theo hudng tiép can ctia ?, nham loc ra cac phan
tli c6 mat d6 cao phu hdp véi trang thai hién tai ctia nghiém. Hai lugt quét dau tién ctia thuét todn MultiStr

tuong t nhu ThreeStr: lugt ddu nham x4c dinh tap L va cdc ngudng chi phi ¢/ ; lugt thu hai xac dinh

min’ max’

tap Vo va xdc 1ap phién ban ham muc tiéu méi f’(-) cung ngudng muc tiéu 77 = T — f(V}). Sau hai lugt
quét dau, thuat toan tién hanh mot vong lip chinh gdm log ( ) 1an 1ap. Goi g = min{7", f'(-)}. Trong mbi
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v R w7

23:

24:
25:

26:
27:
28:

14n lip, cic nghiém tng vién S, véi u € U, dugc cip nhat bang cich thém cac phin ti e néu ddng thdi thoa
man hai diu Ki¢n sau: (1) g(S,) < T'(1 - €); () 2454 > (1 - ¢) - T8 Syt khic biét then chét gitia
ThreeStr va MultiStr nam & diéu kién thit hai trong Dong 22 ctia Thuét toan |12} Diéu kién nay cho phép cac
phan tif c6 mat d6 giam dan dudc chon tai mdi vong lip, nhd d6 nang cao chét luong nghiém ma van dam
bdo tdng chi phi khong vugt ngudng da dinh. Luin 4n trinh bay két qua ly thuyét cho thuét toan MultiStr

theo céc bs dé va dinh 1y sau:

Algorithm 11 Thuit todn ludng ba lugt quét Algorithm 12 Thuit toan ludng nhiéu lugt quét
Input: An instance (V, f,T), ¢min, Cmaz, € > 0 Input: An instance (V, f,T), ¢min, Cmaz, € > 0
Output: A solution .S Output: A solution S
foreach incomming element e do 1. foreach incomming element e do
Insert e into L in non-decreasing cost order 2: Insert e into in non-decreasing cost order
Let L = {u1,u2,...,w} 3 Let L = {u1,u2,...,u}
if f(L) > T then 4 if f(L) > T then
Find j < min{s : f({u1,u2,...,u}) > T} 5: Find j < min{s : f({u1,u2,...,u:}) > T}
Update: L + {u1,...,u;} 6: Update: L + {u1,...,u;}
Conin = €6(U3) /T Cnaz < Je(u;) 7 Conin 4 €6(U3) /T Cinaz <= Je(u;)
foreach incomming element e € V do 8. foreach incomming element e € V do
if c(e) < chn;r, then 9 if c(e) < chyir, then
‘ Vo < Vo U{e} 10: ‘ Vo <+ Vo U {e}
else 11: else
LC<—C+C(6) 13: LC(—C—i—c(e)
T + T — f(Vo), Define f'(-) < f(-|Vo) 1 T« T — f(Vo), define f'(-) < f(-|Vo)
U= {Chin(1+ " : D2 < i1 +€° < CwENY 15 U = {chin(l + )7 © P2 < (1 +€)° < Cov € N}
Su + 0, ey < null,Yu € U Sy 0, ey  null,Yu € U
a=2(1—¢),p =Lt t6: Define g(-) ¢ min{T", f'())}
. . ° 17: fori =1%o 1 1n(2) do
foreach incomming element e € V do € e ]
. , , 18: foreach incomming element e € V do
if C(e) € [cmina Cm,ax] then 19: if C(e) c [Cl i C’ ] then
foreach u € U do zo' foreaclylmuné W(}a(zlo
. ’ o 7 :
irf (Sl}%jsg e)ZT/then 21: if g(Su) < (1 — €)T” then
if o0 2 Gu and c(Su Ufe}) < fu, L if 9ClS) > (1 ) =452 hen
then o, “
: Su +— Su U
| Su ¢ SuU{e} 2 [ SueSubie}
if c(e) < (1 + €)u then -

!
Cu ¢ Argmaacie.c,} () 2 S« argminye(sy:s/(s;)>(1-o1 wev) ¢(X)
- 25: return S U V.

S; < argmaxxe{{e,},S,} f’(X),Vu ceU
S <« argminxes:.f/(s1)>(1—)1 uevy ¢(X)
return S U V5 .

BG dé 4.2. Vdi thé hién (V',g,T") cua bai todin MSC sau dong 16 cia Thudt todn trong do T' =
T — f(Vo), g(-) == min{f'(-), T} vaV' ={e € V : ;. < cle) < chax}> gid sit ton tai u € U sao cho

e < opt’ < w. Gid st thudt todn thu dugc Sy, sau dong 23, thi ta cé: f'(Sy) > T'(1—¢), va c(Su) <
(14 1n (2)) bopt.

Pinh ly 4.3. Thudt todn cdin O (%log (%)) luot quet, siw dung O (%log (%)) b nhd, co do phiic
tap truy vdn la O (log (1) % log (%)) va trd vé mot nghiém S sao cho: f(S) > (1 — €)T va ¢(S) <
(1 +1In (%)) %opt.
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Két ludn

Luén 4n tap trung nghién cdu céc thuit toan xip xi cho bai todn t6i uu ham submodular va cic mé
rong ctia n6 trong bdi canh c6 rang budc thuc tién. Hudng tiép can cdt 16i 1a khai thac ciu tric toan hoc dic
biét cia ham submodular va cic 16p lién quan nhu k-submodular v DR-submodular dé thiét ké cac thuat
toan c¢6 dam bao ly thuyét ro rang vé hé s6 xp xi, dd phiic tap truy van va do phiic tap song song. Dua trén
khoang trdng ly thuyét dudc phan tich, luan 4n da lua chon va nghién citu bbn bai todn tiéu biéu:

1. T6i da ham submodular véi rang budc chi phi: luan dn da phat trién ba thudt toan DLA, RLA va
AST véi hé s6 xAp xi 1an lugt 14 1/6 — ¢, 1/4 — € va 1/7 — e. Céc thuat toan nay khong chi dat do phiic tap
truy van tuyén tinh va song song ti wu, ma con thé hién hiéu qua vuot troi trong cidc moi trudng tinh todn
tuan tu va song song. Cic két qua da dudc cong bd tai hai hoi nghi qubc t& xép hang A* 1a IJCAI 2023 va
IJCAT 2024.

2. Toi da ham k-submodular véi rang budc chi phi nhém: luan 4n d& xudt thudt toan ludng STR, dat

1—e 1—e

hé so xap xi 0Ty trong trudng hgp don diéu va 5-5

truy vin va bo nhd nhd. Thuit todn niy phit hop v6i mdi trudng dit lidu 16n va 13 huéng tiép can dau tién

trong trudng hop khong don di€u, véi do phuc tap

hiéu qua cho bai toan tdi wu k-submodular trong bdi canh rang budc chi phi nhém. Két qua nghién ciu da
dudgc cong bd trén hoi thao qudc té SoICT 2023(SCOPUS) va tap chi qudc t& APJOR (SCIE, Q3).

3. T6i da ham DR-submodular véi rang buéc luc lwgng: luan 4n phét trién hai thudt toin mdi la
FastDrSub va FastDrSub+, 1an luct dat hé sd xp xi 0.044 va i — € v6i d6 phic tap truy vén thap. Day
1a nhitng thuét todn diu tién dat dudc xp xi hing s6 cho bai todn nay, dong thdi thé hién hiéu qua vuot
trdi trong bai toan t6i da doanh thu v6i ham muc tiéu DR-submodular. Két qua da dugc cong b tai tap chi
JOCO(SCIE, Q2).

4. Phii submodular véi chi phi ti thiu: luan 4n da xdy dung ba thuat toan ludng hiéu qua 1a SingStr,
ThreeStr va MultiStr, cho phép xit 1y dit liéu 16n theo ludng. Cac thudt toan dat hé s6 xip xi gan bing tham
lam nhung st dung it truy vin va bd nhé hon ding k€, dong thdi thé hién tinh hiéu qua trong céc ting dung
nhu ngudng doanh thu va ngudng phii. Cac két qua da dudc cong bd tai hoi nghi qudc t& CSoNet 2023.

Tir két qua dat dudc, ludn 4n md ra nhiéu huéng nghién ctiu tiép theo c6 tiém ning ting dung va phat
trién ly thuyét. Mot s6 hudng di trién vong gdm: (i) md rong thuat todn sang cic bai todn c6 rang budc td
hop phiic tap nhu matroid, cong bing hoic da rang budc ddng thdi; (ii) phat trién thuét toan hoc ting cudng
hoic hoc sau c6 ddm bdo ly thuyét cho tbi uu submodular; (iii) thiét ké cac thudt todn truc tuyén hoidc phan
tdn d€ x1 ly bai toan trong moi trudng dong va dit liéu phan tan; va (iv) 4p dung cac thudt todn vao céc linh
vuc nhu hoc mdy tich, chon dit liéu huin luyén hiéu qua, thiét ké mang cam bién hoic kiém soat nh hudng
x4 hoi. Nhitng huéng nay khong chi mé rong két qué clia ludn 4n ma con gép phan thic diy su phat trién

ctia linh vuc tbi uu t& hgp trong mdi truong dit liéu hién dai.
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