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1. Boi canh nghién ciru

Trong bdi canh khoa hoc mdy tinh hién dai, cdc bai toan téi vu t6 hdp ngay cang
gilf vai tro then chdt trong nhiéu linh vuc ting dung quan trong nhu hoc mdy, khai ph4 dit
liéu va hé théng khuyén nghi [32] [110]. Mot bai toan tdi uu td hdp c6 thé dugce phat bidu
nhu sau: Cho mdt tip hop hitu han Q goi 1a tip nghiém kha thi (hoic trang thdi chip
nhan dudc) va mot ham muc tiéu f : Q — R. Muc tiéu clia bai todn tbi uu t& hop la:

s* = arg max(min)gcq f(s),

tlly theo bai todn la cuc dai hay cuc ti€u [62]].

Muc tiéu cia bai toan 1a Iya chon mdt phan i ti uu tir  sao cho gid tri ham
muc tiéu dat cuc dai (hodc cuc ti€u), trong d6 Q phai 12 mot tip hitu han (hoic dém
dugc). Pay 1a dic trung cia cc bai todn tbi wu td hop, phan biét v6i cac bai toan tbi
uu rdi rac c6 khong gian nghiém vé han. D& dang thiy ring, hAm muc tiéu déng vai
tro trung tim trong tdi wu t6 hop, vi né khong chi dinh huéng viéc lua chon 15i gidi ma
con anh hudng dén tinh chét tinh toan va kha niing thiét ké thuat toan hiéu qua. Mot
s6 ham muc tiéu thudng gip trong t6i uu td hop cu thé nhu: tdng 10i ich/gia tri (dién
hinh trong bai toan céi tdi); chi phi quiang dudng t6i thi€u (trong bai toan ngudi ban
hang); cling nhu s6 lugng hodc dung luong t6i thiéu can diing (vi du nhu trong bai todn
bin-packing) [101];. ..

Mot trong nhitng hudng tiép cin ndi bat trong viéc gidi quyét cdc bai toan tdi uu t&
hop 12 khai thac ciu tric dic biét ctia hAm muc tiéu. Trong s6 d6, hAm submodular —
v6i tinh chit “Igi ich bién gidm dan” — da thu hit nhiéu su quan tAm trong cong dong
nghién cifu nho kha ning cho phép thiét ké cac thuat todn xap xi hiéu qua, di kém véi
dam bao ly thuyét viing chac. Cu thé, mot ham tap hop f : 2 — R (4nh xa tif khong
gian tit ca cdc tp con clia V sang tap s6 thuc) dudc goi 1a submodular [94] néu véi moi
ACBCVvaeeV\ B,taco:

f(AU{e}) = f(A) = f(BU{e}) — f(B).

Tinh chit ndy phan anh hién tuong 10i ich bién gidm dan (diminishing returns), mot dic
trung thudng thiy trong cdc hé théng, noi cac yéu td nhu su phdi hop, anh huéng gitia
cac thanh phan déng vai trd quan trong.

Mot vi du tiéu biéu thé hién vai tro cia ham submodular 1a bai toan dit cam bién
trong mang giam sat [70]. Gia st tap co s& V biéu dién tap céc vi tri tiém ning trong
khong gian ma tai d6 cac cam bién c6 thé dudc 1ap dat. Khi dit mot cam bién tai mot vi
tri cu thé, n6 bao pht mot viing khong gian hinh tron xung quanh, nhu minh hoa trong
Hinh Goi f(S) la tdng dién tich dugc bao phii khi l1ap dit cam bién tai cc vi tri



thudc tip con S C V. Khi d6, ham f 1a mot haim submodular, phan anh tinh chét 1gi
ich bién gidm dan. Tinh chit nay dugc thé hién 16 trong Hinh : 1¢i ich tang thém thu
dudc (viing gach chéo + ving ddu céng) khi thém cam bién thi ba sau khi da dit cam
bién thi nhit 16n hon 10i ich ting thém thu dudc (chi viing gach chéo) khi thém cam
bién thif ba vao mot hé thdng da c6 san hai cdm bién thif nhit va thi hai.
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Hinh 0.1: Vi du vé y nghia cia ham submodular véi bai todn dat cam bien [88]]

V6i tinh bi€u dat linh hoat va kha ning md hinh héa céc hién tugng thuc tién c6
tinh tuong tic, hAm submodular di dugc ing dung rong rii trong nhiéu linh vuc. Trong
hoc mdy, céc bai toan chon dic trung st dung ham submodular d€ can bang giita thong
tin va tinh da dang cuda tap thudc tinh. Trong phan tich mang xa hoi, ham submodular mo
t4 hiéu qua qud trinh lan truyén anh huéng trong cdc mo hinh tuyén tinh hoic ngudng
doc 1ap [66]]. Trong cac hé thdng cam bién, n6 phan 4nh gia tri thong tin thu thap dudc
tai cac vi tri gidm sat khac nhau [70]. Ngoai ra, cdc dng dung nhu tém tat vin ban,
phan bd ngan sach va tdi vu tai nguyén ciing thudng dudc mod hinh héa thong qua ham
submodular [78},91]]. Piém manh ndi bt ctia téi uu ham submodular khong chi dén tir
tinh ng dung thuc tién, ma con & kha ning thiét ké cic thuit todn hiéu qui v6i dam
bao 1y thuyét ro rang. Trong nhiéu trudng hop, mic du bai todn t6i uu submodular 12
N P-khd} nhung vin c6 thé xay dung céc thuat todn xAp xi dat hé s6 xap xi t6i ud?} vi
du nhu thuat toan tham lam dat ti 1€ 1 — % ~ 0.63 trong truong hgp ham submodular don
diéu véi rang budc luc lugng [93]]. Do dé, tdi uu submodular 1a mét trong nhiing trudng
hop hiém hoi giao thoa gitta Iy thuyét vitng chic va hiéu qua thuc té trong t6i vu tS hop
hién dai.

Phan 16n cic bai toan trong tdi wu t& hop 12 N P-kho [124]. Nhiéu phuong phap
da dugc dé xuit nham tim nghiém hiéu qua trong thuc té, cu thé: (1) Thuit toan chinh

I N P-khé 12 16p bai toan chua c6 thuit todn da thifc nao dugc biét d€ gidi chinh xdc moi trudng hop.
ZHeé s6 xép xi tdi uu ctia mot bai toan 1a hé sd xap xi tdt nhit c6 thé dat dudgc, trit khi P = N P.



xac nhu quy hoach dong, nhanh-cin hoic rang budc-cat ddm bao tim dudc nghiém t6i
uu, nhung chi phi tinh todn cao va chi 4p dung dudc cho bai toan c6 kich thudc dau vao
nhd hoic ¢ ciu triic dic biét [4]. (2) Thuat toan x4p xi 12 hudng tiép cin c6 bdo dam ly
thuyét vé chét luong 16i gidi trong thdi gian da thiic theo kich thu6c dit liéu dau vao. Tiéu
bi€u nhu thuat toan Christofides cho bai toan ngudi ban hang véi ti 1& xap xi =~ 0.67
[24], hoac thuat toan tham lam dat 1 — % ~ 0.63 cho bai toan tdi vu submodular don diéu
[93]]. Phuong phap nay ndi bat & kha ning cin bing gitta dd chinh xdc va hiéu qua tinh
toan. (3) Heuristic va metaheuristic, nhu tham lam, tim kiém 14n can, hoic thuit toan
ngau nhién, cho nghiém nhanh, hiéu qua trong thuc nghiém nhung thiéu bao dam ly
thuyét [11}, 57, [67]. (4) Néi 16ng bai todn bang quy hoach tuyén tinh (LP) hoic nhén tir
Lagrange gitp xay dung mot bai todn dé gidi hon, tif d6 cung cip cin cho nghiém tbi uu
hoic dinh huéng lua chon phan ti. Cach 1am nay hd trg cdc thuit todn nhanh-cin hoic
thiét k& thuat todn xap xi hiéu qua hon [45]. (5) Hoc may gan dy dudc ting dung dé
sinh 15i gidi hodc du doén 15i gidi, cho két qua tot véi dit liéu quen thudc nhung thiéu
bao didm ly thuyét va can huin luyén cong phu [9} [10].

Tt nhitng danh gid trén, c6 thé thiy rang trong cdc bai toan tdi vu t& hop véi kich
thu6c dit liéu 16n, khi thuat toan chinh xdc khong kha thi va heuristic thiéu bdo dam ly
thuyét, thuat toan x4p xi nSi bat nhu su lua chon phit hop, dic biét khi bai todn cé cau
triic hAm muc tiéu thuan 1gi nhu submodular. Chinh vi vy, huéng tiép cin clia nghién
ctu sinh 12 tap trung dé xuit cac thudt todn xap xi cho bai todn toi wu ham submodular va

cu thé tén luan an: “Phdt trién thudt todn xdp xi cho bai todn toi da ham submodular’.
2. Téng quan van dé nghién citu

Trong linh vuc tbi uu td hop, cic bai todn lién quan dén hAm submodular xuat hién
v6i nhiéu dang bai todn khic nhau, nSi bat 1a cic bai toan tdi da va d6i ngiu clia bai toan
tdi da — bai todn pht submodular. Mbi bai toan nay déu cé dic trung riéng vé khong
gian nghiém, hAm muc tiéu va muc tiéu tdi vu, tir d6 dan dén su da dang trong cic k¥
thuat giai quyét. Viéc phan loai va phan tich cic bai todn nay theo muc tiéu tdi vu gitp
dinh hinh rd rang pham vi va dinh huéng cho viéc phat trién cdc thuét todn.

Cung véi su phat trién ctia ly thuyét ham submodular, nhiéu bién thé mé rong
ctia ham submodular da dugc dé xuit nham mo ta tét hon céc bai toan thuc té cé ciu
trdc phiic tap. Hai 16p ham tiéu bi€u 1a k-submodular, dugc st dung cho cdc bai toan
phéan hoach nhiéu nhém va DR-submodular, cho phép mé rong mién xac dinh sang ludi
nguyén. Cac md rong nay gitip mo hinh héa cac bai toan trong thuc té chinh xac hon,
tuy nhién, kéo theo viéc phai gidi quyét cac bai todn tdi uu méi, doi héi thiét ké cic
thuat toan chuyén biét tuong ung.

Bén canh viéc md rong mién xdc dinh, cdc bai toan t6i wu ham submodular con

chiu anh hudng manh bdi cac dac trung cia ham muc ti€u nhu tinh don diéu va céac rang



budc di kem. Trong thuc té, bai todn c6 thé bi chi phdi bdi cac rang budce nhu rang budc
chi phi (knapsack), rang buodc luc ludng (cardinality), hoic rang budc cau tric (matroid),
... Khi k&t hop véi céc tinh chat clia ham muc tiéu (don diéu hodc khong don diéu), cic
rang budc nay tao ra hang loat bai todn, vi du nhu: tdi da ham submodular khong don
diéu véi rang budc chi phi, tdi da ham k-submodular khong don diéu véi rang budc luc
luong, ...

Du da c6 nhiéu nd luc nghién ciu nham x4y dung cac thuat todn xp xi hiéu qua,
nhung thuc t& van con nhiéu bai toan chua c6 16i giai thoa dang (Xem bdng . Mot s6
bai toan da ducc dé xuit thuit toan nhung hé sb x4p xi con thip hoic do phic tap tinh
todn chua tét, chua dap dng dudgc yéu cau thuc tién. Diéu nay thé hién 1o su thiéu hut
trong hé thong ly thuyét hién tai, dic biét 1a khi xem xét cac trudng hgp bai todn phiic
tap hon véi ham khong don diéu va nhiéu rang budc dong thai.

Bang 0.2: Ma tran mot s6 bai todn tiéu biéu tdi tu ham submodular.

Lép bai toan toi da ham submodular

Rang budc Sub. don | Sub. khong | k-Sub. | k-Sub. khong | DR-Sub. DR-Sub.
diéu don diéu don diéu don diéu don diéu | khong don diéu
Khoéng rang budc — v[21] V' [63] v [100] - v'[96]
?
Luc lugng v [94] v [15] v [98]] v [126] v [113] Bai ton 3
V53]
Chi phi V[116] Bai toan 1 v'[20] v [51] vV [117] ?
Matroid vV [17] v'[43] [105] [115] ? ?
?
Chi phi nhém ? ? ? Bai todn 2 ? ?
Ldp bai toan phu submodular
Luc lugng ti thiéu | v [125] v [26] v [95] ? ? ?
] ] V[26]

Chi phi toi thiéu Bai to4n 4 v'[26] ? ? ? ?

v Céc bai toan da c6 thuat todn dé xuét —  Céc bai toan tam thudng khong can dé xuat

9 Céc bai todn chua c6 thuit todn d& xuft ~ at todn

Bai toan 1,2,3,4 12 bon bai toan nghién ctu cta ludn an. Sub. 1a viét tit cia submodular.
Ghi chii: Céc cong trinh dugc tham chiéu trong ma tran chi mang tinh dai dién tiéu biéu cho tiing bai toan
va chua phan 4nh day dd toan bo cic nghién cifu lién quan.

Tir ma trin phan loai trong Bang c6 thé nhin thiy ro vi tri ciia bdn bai todn
nghién cifu trong biic tranh chung cta téi wu ham submodular. Bang dugc t§ chic theo
ba truc chinh: loai ham muc tiéu, tinh don diéu va dang rang budc. Cac 6 mau xanh la
th€ hién nhiing 16p bai todn da c6 thuit toan tuong ting; cdc 6 mau vang thé hién nhiing
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truong hop can tiép tuc nghién citu. Do d6, bang khong chi tém tit cac 16p bai todn tiéu
bi€u, ma con 1am 16 nhiing khoang tréng ma luan an hudng téi.

Trén co s& d6, mach nghién ctiu clia ludn 4n dudce xay dung tii bai toan nén ting
dén cac bién thé md rong va bai todn ddi ngiu. Bai todn nghién ciu 1, tic bai todn tbi
da ham submodular véi rang budc chi phi, 1 diém xuét phat trong 16p ham submodular
c6 dién. Bai todn nghién cttu 2 va bai toan nghién ciiu 3 md rong huéng nghién cifu nay
sang hai 16p ham tdng quat hon, 1an lugt 13 ham k-submodular v6i rang budc chi phi
nhom va ham DR-submodular v6i rang budc luc lugng. Bai toan nghién cuiu 4, tdc bai
toan phi submodular véi chi phi t6i thiéu, 13 bai toan d6i ngiu ciia bai toan nghién ciiu
1: thay vi ti da héa gia tri ham dudi rang budc chi phi, bai todn nay tim tip c6 chi phi
nhé nhit dé dat mot ngudng gid tri cho trudc.

V6i cach 3 chifc nhu vy, ludn 4n tiép can van dé theo hai huéng b sung cho
nhau. Di véi cac 16p bai todn da c6 nén tang nghién ciiu, cu thé 1a bai todn nghién ciiu
1 va bai toan 4, muc tiéu 1a cdi thién hiéu qua thuat toan thong qua hé s6 xap xi, do phiic
tap truy vin hoic kha niing trién khai thuc nghiém. Ddi vé6i cic 16p bai todn md rong, cu
th€ 1a bai todn nghién cttu 2 va bai toan nghién ciu 3, muc tiéu la phat trién thuat todn
Xap xi c6 bao dam ly thuyét cho nhiing bdi canh rang budc phiic tap hon. Su két hop nay
gitp luan an vira ké thira cac két qua nén tang, vita mé rong pham vi nghién cifu sang
cac 16p ham va rang budc mdi.

Tt cac khoang tréng néu trén, ludn 4n tap trung vao bdn ciu hoi nghién ctiu chinh.
Thit nhét, d6i véi bai toan tdi da ham submodular véi rang budc chi phi, lam thé nao dé
thiét ké thuat todn c6 bdo ddm xAp xi t6t hon hoidc c6 do phic tap truy van thip hon so
v6i cac huéng tiép can da c6? Thu hai, ddi véi bai todn tdi da ham k-submodular véi
rang budc chi phi nhom, c6 thé xay dung thuét todn xap xi véi bdo dam 1y thuyét cho 16p
bai toan md rong nay hay khong? Thu ba, dbi v6i bai toan t6i da ham DR-submodular
véi rang budc luc luong, c6 thé khai thc cAu triic 10i ich bién gidm dan trén ludi nguyén
dé thiét ké thuat toan hiéu qua hay khong? Thif tu, ddi véi bai toan 4, ¢ thé cai thién
hiéu qua thuat todn cho bai toan phii submodular véi chi phi tdi thi€u trong khi van bao
dam chit lugng 16i giai hay khong? Cac ciu hdi nay tao thanh mach nghién citu xuyén
sudt cta luan 4an.

3. Bai toan nghién citu

Dua trén nhiing khoang trong trong ly thuyét va nhu cau thuc tién da trinh bay &
phan trudc, luan 4n tap trung nghién ctiu bdn bai toan dai dién trong 16p t6i wu ham
submodular va cac md rong cta né. Cu thé:

- Bai toan nghién citu 1: Bai toan t6i da ham submodular véi rang budc chi phi.
Mot cach ngan gon bai toan dudc phat biéu nhu sau: Cho mot tip cd sé V ¢é n phan ti,
mdt ham submodular f : 2V — R, va mbi phan tif e € V ¢6 chi phi ¢(e) > 0. Chi phi



ctia mot tdp con S C V' 1a ¢(S) = > g c(e). V6i mOt ngudng chi phi B > 0, muc tiéu la
tim mdt tdp con S C V sao cho: f(S) 16n nhét va ¢(S) < B. Bai toan nghién cifu 1 12 bai
to4n téng quat cho nhiéu ing dung nhu chon dic trung véi chi phi, phan bé tai nguyén,
hoic t6i da 4nh hudng trong mang xa hdi c6 gidi han ngan sach. Him muc tiéu téng
quat gay ra kho khiin 16n trong thiét ké thuat toan.

- Bai toan nghién citu 2: Bai todn t6i da ham k-submodular véi rang budc chi phi
nhém. Bai todn 1a md rong ty nhién clia bai todn tdi wu submodular sang khong gian
(k+1)V —1a khong gian ctia ho & tip doi mot khong giao nhau. Bai todn c6 nhiéu ting dung
trong phan cum, phan bd da nhan va ra quyét dinh trong céc hé thong da thanh phan. Viéc
dua thém rang budc chi phi nhém lam ting do phiic tap dang k€ cuia bai toan. Mot cach
ngan gon bai toan dudc phat biéu nhu sau: Cho mot tap co s6 V, mdt ham k-submodular
f: (k+1)V — R, xac dinh trén khong gian ho k tAp doi mot khong giao nhau, dude goi la
k-tap (k-set), cu the: (k+ 1)V = {(S1,S2,...,5) | Si CV, Vi € [k], S;NS; =0, Vi # j}
va mdi phan tii e € V ¢6 chi phi c¢(e) > 0. V6i mbi vi tri i € [k] = {1,2,...,k},
tong chi phi ctia tap S; duge dinh nghia 1a ¢;(s) = Y. g c(e) va moi vi tri c6 mot
ngan sach riéng B; > 0. Bai todn yéu cau tim mot k-tip s = (S, Ss, ..., Sy) sao cho:
¢i(s) < B;,v6i moi i € [k] va gia tri ham muc tiéu f(s) dudc toi da.

- Bai toan nghién ciru 3: Bai todn tdi da ham DR-submodular véi rang budc luc
lugng. Bai toan 12 md rong ty nhién clia bai todn t6i uu submodular sang khong gian ZY
— 12 Iudi nguyén khong 4m trén tip co sé V. Bai todn nay xuét hién trong cdc md hinh c6
thé phan b nhiéu 1an, nhiéu cip. Mot cach ngin gon bai toan dudc phat biéu nhu sau:
Cho mot tap cd sd V, mot ham DR-submodular f : ZY — Ry (4nh xa tit lu6i nguyén
khong am trén tip co s V dén tap sb thuc khong 4m), mot IuSi nguyén bi chin bsi
vectd B € Z¥ va mot s6 nguyén duong k > 0. Bai todn yéu cu tim vectd x < B sao cho
tong kich thuée ||x||; < k va gid tri f(x) dat cuc dai. Viéc tdi tu ham DR-submodular
dit ra thach thic 16n ca vé biéu dién 16i gidi va phan tich hiéu ning.

- Bai toan nghién citu 4: Bai toan phii submodular véi chi phi téi thi€u 13 ddi ngiu
ctia bai todn tdi da hAm submodular véi rang budc chi phi (Bai toan 1). Thay vi t6i da
ham muc tiéu, muc tiéu 13 tim tdp con nhé nhit (vé mit chi phi) sao cho gid tri ham dat
mot ngudng yéu ciu. Mot cach ngin gon bai toan dudc phat biéu: Cho mot tap co sd V,
mdt ham submodular don diéu f : 2V — R, va mbi phan tt e € V ¢6 chi phi ¢(e) > 0.
Chi phi ctia mot tp con S C V' 1a ¢(S) = Y . c(e). V6i mot ngudng chét luong T > 0,
muc tiéu 12 tim mot tp con S C V sao cho: f(.5) > T va ¢(S) 1a nhé nhit. Bai todn nay
phén 4nh cac tinh hudng nhu bdo dam chat luong dich vu, bao phii tip dif liéu hoic thiét
1ap hé thdng giam sit hiéu qua.

Luan 4n dit muc tiéu phat bi€u bai todn mot cach chiit ché, thiét ké cac thuit todn
xap xi mdi c6 dam bdo Iy thuyét va trién khai thuc nghiém trén céc tap di liéu c6 y



nghia thuc tién. M&i bai todn dudc phan tich riéng biét, nhung dong thdi gép phan hinh
thanh mot khung ly thuyét chung cho tdi uu submodular mé rong véi rang budc.

4. Muc tiéu va dong gop cua luin an

Luan 4n hudng dén viéc xay dung cdc thuit todn t6i uu hiéu qua cho cic bai todn
submodular va cic mé rong clia né trong nhiing bdi canh phiic tap hon. Véi céch tiép
can toan dién, két hop gitta Iy thuyét va thuc nghiém, cdc muc tiéu va dong gép clia luan
4n c6 thé dudc phan loai nhu sau:

Vé miit Iy thuyét: (1) Dé xuit cdc thudt toan x4p xi méi cho ting bai toan cu thé,
v6i thiét k& phu hop cho ting loai ham muc tiéu nhu submodular, k-submodular hoiic
DR-submodular; (2) Phan tich chit ché ti 1& x4p xi dat dudc va do phiic tap tinh toan ctia
cac thudt todn, tif d6 cung cip dam bio ly thuyét rd rang cho hiéu qua ctia ching.

Veé mat thuc nghiém: (1) Trién khai va kiém chiing cdc thuét todn dude dé xut
trén nhiéu bo dit liéu thuc té ¢6 cAu tric khac nhau (mang xa hoi, hé théng cam bién,
dit liéu hinh &nh, v.v.); (2) So sanh hiéu qué ctia cac thuit toan véi cac phuong phap tot
nhét hién nay, nhim d4nh gi4 gid tri thuc tién va tinh 6n dinh cta 16i giai thu dudc.

Vé mat hoc thuét: Céc két qua trong ludn an da dudc phan bién va cong bb tai cic
hoi nghi va tap chi qudc té c6 uy tin trong linh vuc tbi uu td hdp va hoc mdy, gép phan
khang dinh tinh méi, gia tri khoa hoc va miic d6 déng gép ctia cong trinh nghién citu.

Ciac déng gop néu trén dudc trinh bay theo huéng than trong, gin véi pham vi cdc
bai todn va cdc cdng trinh lién quan dudc khdo sat. Cu thé, luan 4n khong chi phat bi€u
céc bai todn nghién ciiu mot cach théng nhit, ma con phan tich rd diéu kién 4p dung,
b4o dam xAp xi va do phiic tap ctia tiing thudt toan dé xuat. Nho do, cac két qua dat dudc
c6 thé duge dbi chiéu truc tiép véi cac nghién citu trude diy trong cling 16p bai toan.

Tong thé, cac dong gop clia luan 4n khong chi md rong pham vi 4p dung ctia bai
todn tdi uu ham submodular, ma con cung cp cic cong cu thuc tién va ly thuyét cho

viéc gidi quyét hiéu qua nhiing bai todn tbi uu t& hop hién dai.
5. Phuong phap nghién ciu

Lu4n 4n st dung cach tiép can két hop gitta Iy thuyét ti uu t& hop va thuc nghiém
trén dit lidu thuc dé€ giai quyét cdc bai toan dugc dé xuit. Phuong phap nghién ctiu bao
gdm ba tru cdt chinh: thiét ké thuat todn, phan tich hiéu ning va danh gia thuc nghiém.

Trén phuong dién thiét ké thuat toan, luin 4n xay dung cac thuat toan xap xi dua
trén cdc chién luge tham lam c6 dién, tham lam nhanh va cac ky thuat bién ddi bai toan
nham khai thac ciu tric dic thil ciia ham muc tiéu va rang budc.

Vé miit ly thuyét, mdi thuat todn dudc dé xuit déu di kém vdi phan tich chit ché vé
ti 1¢ x4p xi dat dudc va do phuc tap tinh toan. C4c phan tich dudc thuc hién trong khudn

khé tdng quat nham dam bio kha ning md rong cho cic ing dung da dang.



Trén phuong dién thuc nghiém, cdc thuit toan dudc trién khai va ki€m thi trén
nhiéu bo dif liéu thuc té lién quan dén céc bai toan ing dung nhu lan truyén anh hudng
trong mang xa hdi, bd tri cAm bién trong khong gian gidm sat va t6i da doanh thu. Céc
chi s& danh gid bao gdm: gid tri ham muc tiéu thu dudc, do phtc tap truy van, thdi gian
thuc hién, ...

Cudi cung, két qua cia cac thuat todn dé xut dudc so sanh véi cac thuit todn co sé
manh nhét hién c6 trong cdc nghién ctiu trudc day, ca vé mit dinh tinh (mic do ap dung
dudc vao céc ing dung thuc) 1an dinh lugng (i 16 ham muc tiéu, thdi gian thuc thi), qua
d6 khang dinh gia tri déng gop thuc tién cla cac phuong phap nghién ciu trong luan 4n.

6. Cau truc cia ludn an

Luan 4n dudc t5 chic thanh bdn chuong chinh cting phan két luan. Thy tu cic
chuong dudc sip xép nhiam thé hién mach phat trién ctia nghién ctu: tir kién thic co
s8, dén bai todn t6i da ham submodular véi rang budc chi phi nhu mot bai todn nén
tang, tiép theo 1a cdc md rong trén hai 16p ham tdng quat hon gdm k-submodular va DR-
submodular, va cudi ciing 1a bai toan phii submodular véi chi phi ti thi€u theo hudng
d6i ngau. Cach sap xép nay gitip 1am 16 su ké thira tir bai toan t6i da submodular c6 dién,
sang cac bién thé md rong, roi dén bai toan phi ddi ngau. Clu tric chi tiét nhu sau:

- Chuong 1 gidi thiéu vé bai toan tbi vu t6 hdp va cdc ham submodular. Chuong
nay trinh bay cac khdi niém nén tang, bao gdbm dinh nghia ham submodular, cic tinh
chit quan trong va cic két qua ly thuyét kinh dién. DAy 1a phan chuin bi can thiét dé
hi€u céc bai todn va ky thuat dudc trinh by & cdc chuong sau.

- Chuong 2 tap trung vao Bai toan tdi da ham submodular véi rang budc chi phi -
Bai todn nghién ctiu 1. Chuong trinh bay phat bi€u bai todn, cic khé khin dic thu cia
trudng hop téng quat, thuit todn dé xuit cing véi phan tich 1y thuyét va ki€ém chiing
thuc nghi€ém.

- Chuong 3 md rong nghién ciu sang hai 16p ham submodular tong quat hon: ham
k-submodular va DR-submodular. Cu thé, chuong ndy trinh bay thut todn cho bai toan
t6i da ham k-submodular véi rang budc chi phi nhém - Bai toan nghién ctiu 2, cling nhu
bai toan t6i da ham DR-submodular véi rang budc luc luong - Bai toan nghién ciu 3.
Mai bai toan déu di kém vé6i phan tich ly thuyét va thuc nghiém minh hoa.

- Chuong 4 nghién citu Bai toan phii submodular véi chi phi téi thiéu - Bai todn
nghién ctu 4, tic bai toan MSC & chuong cudi ctia luan 4n. Chuong nay dé xuit giai
thuat xap xi cho bai todn phu trong cic trudng hop don diéu, dong thdi trinh bay céc
d4nh gia hiéu ning trén tap dit liéu thuc té.

Céu tric luan 4n dudc thiét ké nham dam bao tinh lién mach, ti cd s& 1y thuyét
dén ting dung cu thé, gitp ngudi doc d& dang tiép cin va danh gia toan dién qua trinh

nghién cutu cling nhu cac dong gop cua luén an.



_ CHUONG 1
GIOI THIEU VE TOI UU HAM SUBMODULAR

Chuong nay dong vai tro dit nén moéng ly thuyét cho toan bo luan an. Cac khai
niém, dinh nghia va céng cu toan hoc dudc trinh bay trong chuong la ¢ s quan trong
dé€ hinh thanh md hinh va thiét ké thuat toan cho bdn bai toan nghién ctiu da dudc xac
dinh & phan Loi mé dau. Cu thé, luan 4n tip trung vao cic bai todn t6i uu t& hop c6 ham
muc tiéu thudc 16p submodular, k-submodular va DR-submodular, di kem véi cac rang
budc thuc t& nhu chi phi, chi phi nhém hoic luc lugng. Do d6, viéc hiéu 16 cac thudc
tinh cAu tric clia cac 16p ham nay ciing nhu céc k§y thuat tbi uu xAp xi 12 tién dé khong
thé thiéu.

Mic dit mdi bai todn nghién ctiu c6 dic diém riéng biét vé mit hAm muc tiéu va
rang budc, ching déu c6 mot diém chung: d6 1a khai thac ciu tric dic biét cia ham
muc tiéu dé xay dung céc thuit todn hiéu qua vé mit Iy thuyét va thuc nghiém. Cu thé,
bai todn thi nhit lién quan dén t6i da ham submodular khong don diéu véi rang budc
chi phi; bai todn thi hai 12 t&i wu ham k-submodular vé6i rang budc chi phi nhém; bai
to4n thif ba 12 t6i vu ham DR-submodular khong don diéu véi rang budc luc Iuong; bai
toan thif tu 12 phii submodular v6i muc tiéu tdi thi€u chi phi. Cdc ham nay yéu cau cich
tiép can riéng biét, tuy nhién déu xuét phat tif cing mot nén tang toan hoc vé tbi uu
submodular.

Pau tién, luin 4n trinh bay cac khai niém co ban trong tdi uu t& hop, diic biét 1a
thuat toan x4p xi va cic ky thuat danh gid hiéu qua thuat toan. Sau do, ludn 4n di siu vao
dinh nghia va thudc tinh ctia ham submodular, tiép theo 12 mé rong sang cac 16p ham
k-submodular va DR-submodular. Ngoai ra, chuong con gidi thiéu mot sd rang budc
phd bién nhu rang budc chi phi, rang budc nhém va rang budc luc Iugng — von 1a céac
loai rang budc quan trong trong md hinh héa bai toan thuc té. Cubi cling 13 phan trinh
bay vé cic ing dung clia bai todn tdi wu ham submodular. Vi vdy, chuong nay khong
chi trinh bay kién thiic ly thuyét, ma con xay dung nén tang toan hoc chung cho cic bai

toan nghién cuu cua ludn an.
1.1. Bai to4n t6i uu t& hop va céc thuét toan xap xi

Bai todn t6i uu ham submodular 13 mdt trudng hop dic biét trong 16p cdc bai todn
t6i uu t6 hop. Do d6, viéc hiu rd ciu triic va tinh chét cla cic bai toan tdi uu td hop 1a
can thiét d€ xay dung cdc thuat toan hiéu qua cho cic bai todn phic tap hon nhu téi uu
ham submodular c6 rang budc. Vi vy, luan an trudc hét sé tap trung trinh bay nhiing
khai niém va dic diém nén tang clia tdi wu t6 hdp nham xay dung cd s ly thuyét cho
cac phan sau.



1.1.1. Bai toan tbi wu t6 hop

Téi vu t6 hop (combinatorial optimization) 1a mot nhanh trong yéu trong linh vuc
tdi uu 10 rac, dong vai trd nén tang trong nhiéu bai todn thuc tién nhu thiét ké mang,
lap lich, phan bd tai nguyén, hoc mdy. Mot bai toan tdi uu t6 hdp dudc phat biéu cu thé
nhu sau:

Dinh nghia 1.1 (Bai toan tdi uu t6 hop [62]). Cho mot tap hop hitu han Q goi 1a tap
nghiém kha thi (hodc trang thdi chdp nhdn dugc) va mot hAim muc tiéu f : Q — R. Muc
tiéu ctia bai todn t6i vu t& hop 1a: s* = arg max(min),eq f(s), tiy theo bai todn 1a cuc dai
hay cuc ti€u.

Khong gian nghiém Q trong bai todn tdi uu td hop thudng mang ban chit rdi rac
va c6 thé dugc bi€u dién dudi nhiéu dang hinh thiic khic nhau, vi du:

- Tap hop con: Q = 2V vé6i V 1a tap hitu han. Dang nay phd bién trong c4c bai todn
nhu tip phi, tdi wu ham submodular.

- Vector nhi phan: Q = {0,1}". Mdi nghiém dudc biéu dién bdi mot chudi nhi phan
thé hién lua chon/bé qua mot phan ti, thudng gip trong bai toan ba 16.

- Vector nguyén: Q C Z". Mdi nghiém la mot vector v6i cac bién nguyén, dung
trong c4c bai toan 1ap lich, phan b rdi rac hodic bai toan tdi wu ham DR-submodular.

- Mién rdi rac nhiéu gia tri: Q = {0,1,...,k}", dic trung cho c4c bai toan phan cum
rdi rac hodc bai todn ti da ham k-submodular.

Bai todn tdi uu t6 hop c6 nhiéu dic diém ndi bat vé mit 1y thuyét va tinh todn:

- Khong gian nghiém 16n: s6 lugng nghiém kha thi thudng ting theo cip sd mii theo
s6 bién n, vi du nhu 2" ddi véi tap hop con.

- CAu triic 13i rac va t& hop: nghiém khong nim trong khong gian lién tuc, khong
thé st dung cac cong cu giai tich nhu dao ham hay gradient, ma phai dung cic chién
lIugc liét ké, nhanh can, hoac heuristic.

- Tinh todn khé khin: phan 16n céc bai toan t6i uu t& hop 1a N P-Khé (Pinh nghia
[1.5), tiic 1a khong c6 thuat toan chinh xdc chay trong thoi gian da thic theo kich thudce
dit liéu dau vao trit khi P = NP.

D& minh hoa r6 hon cho khdi niém bai toan t6i uu t6 hodp, ta xét mot s bai toan
kinh dién sau:

- Bai toan Tap phu dinh (Vertex Cover) [39]: Cho mot do thi vo huéng G = (V, E),
muc tiéu 12 tim mdt tap con cdc dinh S C V sao cho mdi canh e € E déu c6 it nhit mot
dinh thudc S, dong thai kich thudc ctia tap |S| 1a nhé nhit. Khong gian trang théi clia
bai todn 1a tap tit c4 cdc tap con ctia tap dinh V, tiic Q = {S C V}, véi kich thudc khdng
gian 12 2IVI. Trong d6, khong gian nghiém kha thi F C Q bao gdm cic tip con théa min
rang budc: v6i moi (u,v) € E, u € S Vv € S. Bai toan ¢6 thé dugc phat bi€u nhu mot
bai toan tbi uu t6 hop: S* € argminge 7 |S|. Mic du ddy 12 mot bai todn N P-day du,
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nhung van ton tai mot thudt todn xAp xi vdi ti 1& xap xi 1/2, tiic 1a ludn tim dudc tap phi
c6 kich thuée khong vudt qua hai 1an so véi tp phi tdi wu. Bai todn nay cé nhiéu tng
dung quan trong trong cdc linh vuc nhu t6i uu héa mang, 1ap lich, phan tich x4 hoi va
thiét ké hé théng phan tan.

- Bai toan Ba 16 (Knapsack Problem) [89]]: Cho n vat pham, trong d6 vat pham thi
i ¢6 trong luong a; € R, va gia tri ¢; € Ry, cling mot ba 16 ¢6 sic chia téi da B € R,
Muc tiéu 1a chon mot tap con cac vat phadm sao cho tdng gia tri 12 16n nhat, dong thai
tong trong lugng khong vudt qua dung luogng ba 16. Bai todn c6 thé dugc phat biéu dudi
dang bai todn tdi uu t& hop nhi phan nhu sau:

n n

max Zcixi, S.t. Z%‘%‘SB-
x€{0,1}"

i=1 i=1

Trong d6, bién nhi phin z; € {0, 1} biéu thi viéc chon (1) hoic khong chon (0) vat pham
th i. Khong gian trang thdi clia bai toan 1a tap Q = {0,1}", gdbm 2" cu hinh Iya chon
cac vat pham. Khong gian nghiém kha thi 12 tip con F C © théa man rang budc tong
trong luong khong vudt qua B. Pay 12 mot bai toan N P-diy di, do d6 khé c6 thé tim
nghiém t4i uu trong thdi gian da thic, trit khi P = N P. Tuy nhién, bai todn c6 thé dudc
gidi bang quy hoach dong trong thdi gian gia da thiic O(nB), hoic xp xi bang céc thut
toan tham lam dva trén méat do gia tri — trong luong ¢; /a;, dac biét hiéu qua trong truong
hop bai toan cho phép chia nhé vat pham.

Tir nhitng co s va vi du néu trén, ta thiy bai todn t6i uu t& hop khong chi phong
phi v& hinh thiic biéu dién ma con phiic tap vé mit tinh toan. Nhitng dic di€ém nay
sé 12 nén tang d& nghién cifu sau hon cac 16p bai todn c6 cau tric dic biét nhu t6i uu
submodular trong cdc phan tiép theo ctia luan an.

1.1.2. Do phirc tap tinh toan va phan 16p bai toan

D0 phiic tap tinh toan la mot khai niém trung tam trong khoa hoc may tinh ly
thuyét, cung cip khung hinh thic d€ danh gia luong tai nguyén (vi du thdi gian hodc bd
nhé6) can thiét nham giai quyét mot bai todn. Trong bdi canh tdi wu t& hdp, rat nhiéu bai
to4n cd dién da biét c6 thuat todn thdi gian da thic, nhung ciing c6 nhiéu bai toin quan
trong ma cho dén nay van chua biét c¢6 thuat todn da thic hay khong. Piéu nay dan téi
nhu cau phan 16p cic bai toan theo dd phic tap tinh toan ctia ching. D€ dé dang phan
16p bai todn, viéc chuin hoa céc bai todn vé dang bai toan quyét dinh déng vai trd quan
trong. Trong d6, bai toan quyét dinh dugc dinh nghia nhu sau:

DPinh nghia 1.2 (Bai todn quyét dinh [69]). Mot bai toan quyét dinh 1a mot cip P =
(X,Y), trong d6 X C {0,1}* 12 mot ngdn ngit ¢ thé quyét dinh dudc trong thdi gian
da thic vd Y C X. C4c phan ti cia X dudc goi 1a cic instance clia P; cac phan ti

clia Y dudc goi 14 yes—instances, con cac phan ti ctia X \ Y dudc goi 1a no—instances.
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Bai toan quyét dinh (X, Y) c6 thé dudc xem nhu mot bai todn tinh todn véi tap gia tri
(X, {(z,1):2 €Y} U {(2,0) : 2 € X\ Y}). Do d6, mot thuit todn cho bai todn quyét
dinh (X,Y") chinh la mdt thuat toan tinh ham f : X — {0,1}, dugc xac dinh béi f(z) =1
néuzecY vaf(z)=0néuze X\VY.

O day X C {0,1}* dugc hiéu 1a mot ngon ngit trén bang chit ci nhi phan, tifc 1a
mot tp con bat ky clia tap tit ca cic xau nhi phan. Ménh dé “X c6 thé quyét dinh dudc
trong thdi gian da thic” c6 nghia 12 ton tai mot thudt todn (hay tuong duong, mot may
Turing) sao cho véi moi xau nhi phan z, thuat toan luén diing sau thoi gian bi chan bdi
mot da thiic theo dd dai |z| va trd vé két qui ding cia ménh dé “z € X”. N6i c4ch khac,
viéc kiém tra mot xau x c6 thudc X hay khong c6 thé dugc thuc hién trong thdi gian da
thuc theo kich thude du liéu vao. Khi d6 16p bai toan P va N P dudc dinh nghia nhu sau:

Dinh nghia 1.3 (Ldp bai toan P [69]). Lép P 1a 16p tat ca céac bai toan quyét dinh ma
ton tai mot thuat toan thdi gian da thic gidi bai toan d6. Néi cach khdc, mot phan ti ctia
Plamétcip (X,Y)véiY C X C {0,1}*, trong d6 cd X va Y déu la cdc ngdn ngit cd
thé quyét dinh dudc trong thdi gian da thic.

DPinh nghia 1.4 (L6p bai toan N P [69]). Mot bai toan quyét dinh P = (X, Y) dudc goi
12 thudc 16p NP néu ton tai mdt da thic p va mot bai toan quyét dinh P’ = (X', V)
thuoc 16p P sao cho X' = {z#clz € X,c € {0,1}PE@N vay = {y € X|3c e
{0, 1}[PGize@))] v6i y#c € Y'}. O ddy a+#c ky hiéu phép ndi chudi =, ky hiéu dic biét # va
chudi c¢. Mot chudi ¢ sao cho y#c € Y’ dugc goi 1a mot chitng nhan (certificate) cho y va
mot thuat toan cho P’ dudc goi la thuat toan kiém tra (certificate—checking algorithm).

Tu Pinh nghia suy ra ngay rang P C NP [69]. Ngoai ra, Ménh dé 15.14
trong [69]] cho thiy dinh nghia 16p N P thong qua chiing nhan da thiic va thuat to4n kiém
tra 1a tuong duong véi dinh nghia kinh dién dua trén mdy Turing khong don dinh: mot
bai toan quyét dinh thudc 16p N P khi va chi khi ton tai mot thuat todn khong don dinh
chay trong thdi gian da thic gidi bai todn d6. Piéu nay cling ¢ cach hiéu truc giic ring
NP 13 16p cic bai todn ma, du ta chua biét cach tim nghiém trong thdi gian da thiic,

nhung c6 thé ki€m tra mot ching nhin ctia nghiém trong thdi gian da thuc.

DPinh nghia 1.5 (Bai toan N P-kho6 [69]). Mot bai todn tinh toan P dudc goi 1a N P-kho
(NP-hard) néu moi bai todn trong 16p N P déu giam da thic (polynomially reduce) vé P.

Trong d6, ta néi rang bai toan tinh todn P; giam da thifc vé bai todn tinh toan P
néu ton tai mot thuat toan thdi gian da thiic ¢ oracle cho Py st dung P, 1am oracle, tiic
la thuét toan nay dugc phép trong qua trinh tinh toan goi t6i mot “hdp den” giai ding
moi instance ctia P, va tdng thdi gian (bao gdm ca s 1an goi oracle) bi chiin bdi mot da
thuc theo kich thuéc dau vao cia P; [69].
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Su hién dién ctia do phtc tap N P-khé dong nghia vé6i viéc khong thé ky vong thiét
ké dugc thuit toan chinh xdc c6 thdi gian chay da thic cho c4c bai toan nay (trir khi gia
thuyét P = N P diing). Do d6, thay vi tim 13i gidi chinh x4c, huéng tiép cin kha thi hon
12 phat trién céc thuat toan xp xi, trong d6 ta chAp nhan mot miic do sai 1éch c6 thé
kiém soat dugc giita nghiém tim dugc va nghiém t6i wu. Pay chinh 13 dong luc thiic
d4y nghién ctiu cac thuat toan xAp xi, sé dudc trinh bay trong cdc phan tiép theo cla
chuong nay.

1.1.3. Thuét toan xap xi

Trong bbi canh cac bai todn tdi uu rdi rac thudng cé do phiic tap rit cao (nhiéu
bai toan 1a N P-khé hoic NP-day du), viéc tim nghiém tbi uu biang cac thuit todn
chinh xdc c6 thé doi hdi thai gian va bo nhé khong kha thi trong thuc t&. Khi d6, thuat
todn heuristic déng vai tro thiét yéu: ching dudc phat trién nhu cac ky thuat xap xi
(approximate techniques) nham tim cdc nghiém xp xi hodc tham chi nghiém mot phan
cho bai toan tbi uu, v6i do phtc tap thdi gian va khong gian & miic chap nhin dudc.
Theo Kokash [68]], c6 thé hi€u rong heuristic 12 nhiing thuat toan cho gan ding 16i giai
chinh x4c hoic chi cho 16i giai trén mot phan céc thé hién clia bai todn, thudng dua trén
cic cd ché mang tinh kinh nghiém, céc “quy tac ngén tay cai” hoic viéc khai thac ciu
triic cu thé clia bai toan hon 12 trén céc bdo dam ly thuyét chit ché; hiéu qua cla ching
vé cd ban dugc danh gia thong qua cic nghién citu thuc nghiém trén nhitng bo dii lidu
va kich ban cu thé va néi chung khong di kém mot bao ddm téng quat vé khoang cach
t6i nghiém tdi uu trong trudng hop xAu nhit cho moi thé hién.

Trai lai, ly thuyét thuat toan x4p xi (approximation algorithms) tiép can cung 16p
bai toan tif mot gée nhin hinh thiic hon: Korte [69] dinh nghia mot thuat todn a-xap xi
12 mot thuat todn da thifc ludn tra vé nghiém c6 gid tri nim trong mot nhan ti « so vé6i
gid tri tdi vu trén moi thé hién clia bai toan, trong d6 o déng vai tro 1a “performance
guarantee’” hay “approximation ratio”. Cach tiép can nay chip nhan ndi 16ng yéu cau tbi
uu tuyét d6i, nhung dong thdi dinh luong mot cach rd rang muc “tdn that” so véi t6i uu
trong trudng hop xiu nhét, qua d6 cung cip mot khung toan hoc chit ché d& nghién ciu
cdc thuét todn cho nghiém gan t6i uu trong thoi gian da thifc va 1am ndi bat su khac biét
vé mit bao dam ly thuyét gitia cac thuat toan xip xi va cac thuit todn heuristic thuan
tdy. Cu thé dinh nghia thuat todn xip xi dugc phat biéu nhu sau:

Pinh nghia 1.6 (Thuit toan xap xi [69]). Xét mot bai toan tbi uu td hdp c6 tip nghiém
kha thi 2 va ham muc tiéu f : Q@ — R. Goi z* € arg max,cq f(z) (hoac arg min trong
trudng hop cuc tiéu) 1 nghiém tbi uu. Mot thuét toan da thiic A dudc goi 1a thuat todn
xAp xi véi ti 1& xAp xi o néu v6i moi dau vao (input), nghiém i = A(input) do thuat todn
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tra vé thoa man:
f(#) > a- f(z*) néulabaitoan cuc dai, v6i 0 < o < 1,

f(#) < a- f(«*) néulabaitoan cuc tiéu, véi a > 1.

Trong do, thuat toan da thuc la thuat toan co thai gian chay trong truong hop té
nhét bi chin bdi mot da thiic theo kich thudc dau vao n, tic T'(n) = O(n*) v6i mot hing
s6 k. Diéu kién thuat toan xAp xi 1a thuat toan da thiic 1a thiét yéu: néu bé qua rang
budc nay thi ta ¢ thé dung thuat toan chinh x4c (thudng c6 thdi gian chay luy thira)
v6i ti 1& xap xi o = 1.0, khién khdi niém thuét toan x4p xi trd nén tim thudng. Hé s6 o
& day goi 1a ti 1& xAp xi (approximation ratio), dung dé€ do ludng chit luong tuong dbi
gitta nghiém x4p xi va nghiém tbi wu. Gia tri o cang gan 1 thi nghiém xAp xi cang gan
nghiém tbi wu. Trong mdt s trudng hop, o c6 thé 1a mot hang s6, hodc phu thude vao
kich thuéc dau vao, chang han a(n) = Inn. Ngoai ra, ciing c6 thé sit dung dang biéu
dién 1a o f(#) > f(z*) dbi v6i bai todn cuc dai (hodc of(#) < f(z*) dbi véi bai todn cuc
ti€u), khi d6 hé sb xap xi a 16n hon 1 va cang nhd thi nghiém x4p xi cang tot dbi véi
bai todn cuc dai va ngudc lai dbi v6i bai todn cuc tiéu. Trong luin 4n ndy, nghién citu
sinh dong nhét st dung hé s6 x4p xi a € (0, 1] cho bai toan cuc dai va « > 1 cho bai todn
cuc tiéu.

Trong mdt s6 bai toan tdi wu t6 hop, dic biét 1a cdc bai toan cuc tiéu c6 rang budc
nhu phd submodular tdi thiéu chi phi (submodular cover), viéc thda man nghiém ngit
céac rang budc c6 thé khién viéc tdi uu trd nén qua kho, hoic khong thé dat dudc hiéu
suét tot. Khi d6, mot hudng tiép cAn mém déo hon 1a st dung thuét todn xAp xi hai tiéu
chi (bicriteria approximation), cho phép vi pham nhe rang budc trong khi van dam bao

mot gidi han gan t6i uu cho ham muc tiéu.

Dinh nghia 1.7 (Thuit todn x4p xi hai tiéu chi [64]). Gia st mot bai todn téi uu cuc tiéu
dudc phat bi€u duéi dang:

¥+ argmin c¢(x),
zeQ:f(x)>T

trong do f: Q — R, 1a ham tap hdp, ¢ : © — R 1a ham chi phi va 7" > 0 la ngudng yéu
cau. Mot thuat toan da thifc A dudc goi 1a thuét toan xAp xi tiéu chi kép véi cip hé sb
(v, B) néu v6i moi dau vao, nghiém i = A(input) thda man:

f(i) > ﬁ ’ T? C(i'> <o C(l’*),

trong do6 z* 1a nghiém toi wu cia bai toan goc.

Tai day, hé s6 a > 1 do ludng miic dd 1éch vé chi phi so v6i nghiém ti uu, trong
khi hé s6 0 < 8 < 1 cho phép vi pham gidi han rang budc vé ham muc tiéu. Ngoai ra,
ciing c6 thé st dung dang biéu dién 1a ac(2) < ¢(z*) khi d6 hé s6 xap xi a nam trong
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khoang (0, 1). Dic biét, néu § = 1, thuat toan trd thanh x4p xi don tiéu chi thong thudng.
Tuy nhién, trong nhiéu bai toan nhu phii submodular, viéc chip nhan § < 1 1a can thiét
dé dat hiéu suét tot vé chi phi. Pinh nghia nay cung cip co s dé phan tich cac thuat
todn cho nhém bai todn phi c6 ngudng yéu cau, trong dé chit luong nghiém can dudc
d4nh gid dong thdi theo chi phi va mifc do théa man ham submodular.

Mot sd diém quan trong can 1am 6 1a su khdc biét gitta ba loai thuét todn:

- Thuét to4n chinh x4c ludn tim dudc nghiém t6i vu sau hitu han buéc; tuy nhién véi
cac bai toan N P-kho thi chi phi tinh toan c6 thé 12 hAm md.

- Thuét toan heuristic dudc thiét ké dé tim nghiém t6t trong thuc té, nhung khong ¢
bdo dam ly thuyét nao vé chit luong nghiém va khong ddm bio dudc véi moi dau vao
cua bai toan.

- Thuét toan x4p xi cAn bing giita hiéu qua tinh todn va chit lugng nghiém, v6i cam
két ly thuyét thong qua hé sb xap xi a.

Mot vi du dién hinh 12 bai todn tap phu (Set Cover), trong d6 ta can chon tap hop
con nhé nhét sao cho bao phii toan bo tip phan ti. Mot thuit todn tham lam don gian,
tai mdi budc chon tip con phi dudc nhiéu phan tif chua phid nhét, cho phép dat ti 18
xAp xi a(n) = In(n) — va day 1a chin tét nhit c6 thé dat dugc trong diéu kién gia thuyét
P # NP [32]. Trudng hop nay minh hoa rd rang cho hiéu qua thuc tién va bao dam ly
thuyét ma thuat toan xap xi mang lai trong viéc gidi quyét cdc bai todn t& hop N P-kho.

V6i nhiing diic diém néu trén, thuit toan xip xi dong vai tro then chdt trong tdi wu
t0 hgp hién dai, ddc biét trong cac bai todn c¢6 khong gian nghiém 16n va rang budc phuc
tap. Cac k¥ thuat thiét ké thuét todn xAp xi sé tiép tuc dudgc trinh bay trong phan sau ctia
chuong nay.

1.1.4. Panh gia va bao dam 1y thuyét

Danh gid ly thuyét 12 mot thanh phan cdt 16i trong phan tich thuit toan, dic biét
trong bbi canh cac bai todn t6i vu t6 hop ma thuat todn chinh x4c 1a khong kha thi.
Khi d6, mot trong nhitng muc tiéu chinh 1a thiét 1ap cac bdo dam ly thuyét (theoretical
guarantees) vé hiéu suét ctia thuat toan xip xi. C4c bao dam nay khong chi cung cap
thong tin vé chét luong tuong dbi gitta nghiém tim dudc va nghiém tbi uu, ma con gitp
so sanh cac thuat toan khac nhau mot cach c6 co sé.

Phé bién nhét 1a phan tich hiéu suét thuat toan thong qua ti 1& xap xi da dinh nghia
& muc trudc. Tuy nhién, bén canh viéc xac dinh mot hé sb x4p xi cu thé, mot cau hdi
quan trong 12 liéu hé s6 xAp xi t6t nhit d6 c6 thé tiép tuc dudc cai thién hay khong. Khi
mdt hé sé xap xi khong thé vuot qua mot ngudng nhat dinh (dudi gia thuyét P # N P),
ta n6i bai todn c6 do kho trong viée xap xi (hardness of approximation).
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Pinh nghia 1.8 (Do kho trong viée xap xi [32]). Mot bai toan téi uu dudc goi 1a kho
Xap xi t6i hé s6 3 néu khong ton tai thuit toan da thic nao cé thé dat hé sb6 xap xi tot
hon 3, tru khi P = NP.

Két qua nay thudng dudc chiing minh thong qua cic ky thuit gidm GAP (gap-
preserving reductions) hoic ly thuyét chitng minh xac suét (probabilistically checkable
proofs — PCP). Nhiing k¥ thuit nay cho phép chuyén do khé ti cdc bai todn quyét dinh
N P-day di sang cic bai toan tdi wu, dong thdi bao tdon khoang cach gilia nghiém tt va
nghiém x4u, tir d6 thiét 14p rao can cho thuat todn xAp xi.

Mot khdi niém quan trong khac 1a x4p xi chiit, tiic 12 thuat todn xAp xi da dat hiéu

suét tdi vu vé mit 1y thuyét.

Dinh nghia 1.9 (Xp xi chit [32]). Goi « 12 ti 1& xAp xi dat dudc bdi mot thuat todn xap
xi va 312 hé s x4p xi tot nhat c6 thé dat dudc ddi v6i bai todn d6. Néu a = £, ta néi hé
s6 xap xi 1a chit (tight) va thuat todn dat hiéu suat t6i uu vé mit ly thuyét.

Mot vi du tiéu biéu minh hoa cho khdi niém nay 12 bai todn tdi da ham submodular
don diéu véi rang budc luc lugng. Thuat todn tham lam ¢d dién cho bai todn nay dat ti 1&
xap xi 1 — 1/e va day 1a mot hé sb chit, tiic khong thé cai thién trit khi P = NP [93]. Cu
thé, néu f : 2V — R, 1a mot ham submodular don diéu va k 14 ring budc vé kich thuéc,
bai toan: max{f(S): S C V, |S| < k} dugc gidi bang thuit todn tham lam véi bao dam:

F(Saieay) > (1 - (57,
trong d6 Sgreedy 12 nghiém cua thuét toan tham lam, S* Ia nghiém t6i uu. Pay 1a ti 1& tot
nhat c6 thé dat dudc trong thdi gian da thic theo kich thuée dit liéu dau vao.

Do do, viéc danh gia hiéu suit thuat toan khong chi ditng lai & mic do phan tich
ti 1& x4p xi dat dudc, ma con can ddi chiéu vé6i gidi han ly thuyét dé€ xac dinh mic do
t6i wu clia chinh ban than chién ludc thiét ké thuat toan. Piéu nay cung cp co s viing
chic dé so sanh giita cac phuong phap va 1a dong luc dinh huéng nghién ctiu céc thuat
toan tot hon trong céc trudng hgp bai todn chua dat hé s6 xap xi t6t nhit. Trong pham vi
luan 4n, viéc ddnh gid thuit todn dudc xem xét theo mot sb tiéu chi chinh: ti 1& xp xi
hoic cip hé s xap xi, dd phuc tap thdi gian, s6 1an truy vén oracle dén ham muc tiéu,
yéu cau bo nhd, sd vong xit 1y trong md hinh ludng hoic song song, va chit luong thuc
nghiém trén cac bo dit liéu dudc st dung. Céc tiéu chi nay gidp két ndi gitia bdo dam ly
thuyét va kha niing trién khai ctia thuat todn trong cdc bai toan cu thé.

1.1.5. Cac phuong phap thiét ké thuét toan xap xi

Viéc thiét k& cac thuat toan xap xi hiéu qua cho cic bai todn tbi uu td hop N P-kho
doi héi su két hop gitta tu duy thuit todn va hiéu biét sau sic vé cau triic cia bai toan.
Céc phuong phap thiét ké khong chi cung cip khudn mau xiy dung thuit todn, ma con
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quyét dinh truc tiép dén chat luong nghiém, d phiic tap truy van, kha ning md rong va
tinh thich ng v6i moi trudng tinh toan cu thé. Trong phan nay, nghién cttu sinh trinh
bay cac phuong phap phd bién c6 lién quan truc tiép dén cac thuat toan dugc st dung
trong luan 4n, bao gdm: tham lam, ngau nhién, song song va ludng.

a) Phuong phdp tham lam

Phuong phap tham lam (greedy) 1a mot khuon mau tdng quat dé thiét ké thuat todn
cho céc bai todn tdi uu. Vé truc gidc, mot thuat toan tham lam tién hanh qua mot day
cdc budc; 6 mdi budc né dua ra lua chon “trong c6 vé tot nhit & thoi diém hién tai”, tiic
12 Iva chon cuc bd ti wu véi hi vong chudi cac lua chon cuc bo d6 dan téi nghiém tbi uu
toan cuc. Trong nhiéu bai todn tdi uu t& hop, viée ap dung cic thuit toan chinh xdc qua
ton kém vé tai nguyén; khi d6, mot thuit toan tham lam thudng cho 15i gidi don gin va
hiéu qua hon ca vé thdi gian 1an cai dit, mic di khong phai lic nao ciing cho nghiém
tdi vu.

Vé mit khai niém, c6 thé xem phuong phap tham lam nhu sau. Ta xét mot bai
todn t6i uu ma nghiém 1a cac dbi tuong trong mot khong gian ciu triic. Thuét todn duy
tri mot nghiém bod phan S (ban dau thudng 1a rdng) va lip lai qud trinh: (i) x4c dinh
tap ung vién kha thi C c6 thé “md rong” nghiém hién tai ma van bao toan tinh hop 1&,
(ii) chon phan tii ¢ € C tbt nhat theo mot tiéu chi cuc bd (tiéu chi tham lam), roi gop
¢ vao nghiém. Cac quyét dinh nay 13 khong hoi lai: mot khi da chon thi khong bi thay
ddi vé sau. Viéc thiét ké mot thuat toan tham lam thudng tuan theo ba budc khai quat.
Thit nhét, ta bi€u dién bai toan tdi uu thanh dang ma tai mdi budc ta dua ra mot lua
chon va con lai mot bai todn con duy nhat can gidi. Thi hai, ta chiing minh ton tai mot
nghiém t4i vu ludn thuc hién dudc lua chon tham lam & buée dau tién (thudc tinh lua
chon tham lam - greedy-choice property). Thi ba, ta chiing minh céu triic con tbi uu
(optimal substructure): sau khi da ¢ dinh lua chon tham lam, néu bai to4n con con lai
dugc gidi t6i uu va ghép lai v6i lua chon dé thi thu dudc nghiém t6i uu cho bai todn ban
dau. Khi hai diéu kién nay dudc bio dam, lugc d6 tham lam & trén sé dan t6i nghiém t6i
uu cho bai todn can xét.

Mot nét khac biét quan trong giita phuong phap tham lam va quy hoach dong nam
& trat ty ra quyét dinh. Trong quy hoach dong, ta giai cc bai toan con trudc (tiép can
“tt dudi 1én”), roi dua trén cdc gia tri tdi vu ciia bai toan con dé€ dua ra lua chon & bai
toan 16n. Ngudc lai, trong phuong phap tham lam, thuat toan dua ra lya chon ngay tu
dau, dua trén thong tin cuc bd ctia bai todn hién tai, roi méi gidi bai toan con con lai
(tiép can “tli trén xudng”). Piéu nay cho phép xay dung céc thuit todn tham lam don
gian va trong nhiéu trudng hop c6 dd phic tap thap hon. Tuy nhién, viéc chiing minh
tinh t6i vu clia thuét todn tham lam thudng doi héi cac 1ap luan tinh té, va khong phai
bai todn nao c6 cAu triic con tdi vu ciing théa man thudc tinh Iva chon tham lam. Mit
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khac, véi quy hoach dong, viéc thiét ké trang thai, quan hé truy hdi va tdi uu do phiic
tap cling 12 mot thach thiic quan trong trong nhiéu bai todn.

Phuong phap tham lam xuét hién trong nhiéu thuat todn kinh dién. Chang han, bai
toan chon tip hoat dong c6 kich thu6c 16n nhit ma khong giao nhau (activity-selection)
c6 thé gidi tdi vu bing cach luon chon hoat dong két thiic s6m nhét trong s6 cac hoat
dong con lai; thuat toan xay dung ma Huffman cho bai toan nén dit liéu nhi phén cling
12 mot vi du dién hinh ctia viéc 1ip lai budc “gdp hai niit ¢6 tan suit nhd nhat” dé€ thu
dugc mot cAdy ma tdi wu. Cac thuat toan ciy khung nho nhét (nhu Kruskal, Prim), thuat
toan Dijkstra cho dudng di ngan nhét véi trong sb khong 4m va heuristic tip pht dua
trén Chvatal déu c6 thé dugc nhin nhin nhu nhitng hién than cu thé ctia khudn miu
tham lam.

Mt khéc, khong phai moi bai todn tdi vu déu c6 thé gidi bang mdt chién ludc
tham lam don gian. Ciip bai todn ba 16 phan s6 va ba 16 0-1 12 mot vi du minh hoa 16 nét
cho su khdc biét gitta chién lugc tham lam va quy hoach dong. Véi bai todn ba 16 phan
s6, do cho phép 14y mot phan vat pham, viéc sap xép vat pham theo ti s gid tri/trong
lugng gidm dan rdi 1an ludt chon vao ba 16 cho ta nghiém tbi wu. Ngudc lai, trong bai
todn ba 16 0-1, mdi vat phdm chi c6 thé dudc chon hoic khong chon, nén chién lugc
tham lam theo cuing ti s6 niy c6 thé that bai. Bai to4n ba 16 0-1 thudng dugc gidi bing
quy hoach dong nhd khai thac cAu triic con tdi wu va cdc bai toan con chong 14p.

b) Phuong phdp ngdu nhién.

Phuong phap ngiu nhién dong vai trd trung tAm trong thiét ké cac thuat todn xip
xi hién dai cho bai todn tdi uu t& hop, dic biét khi cac chién lugc tat dinh t6 ra thiéu linh
hoat hoic khong dat hiéu suit mong mudn. Ngiu nhién héa cho phép thuit toan khai
thic tinh da dang trong khong gian nghiém, tranh roi vao nhiing ciu hinh x4u va dat
dugc nghiém t6t hon vé mit trung binh hoic v6i xdc suit cao. Cach tiép cin nay dic
biét hiéu qua trong céc tinh hudng khong thé thiét ké duoc chién lugc Iua chon cb dinh
t6i wu, hodc khong c6 ciu tric thuan 1oi d€ st dung cac ki thuét t& hop truyén thong.

Trong thiét 1ap ngiu nhién, hiéu suit cla thuat toan thudng dudc danh gia theo hai
hudng chinh: (i) hiéu suét ky vong, tiic 1a nghiém tra vé c6 gid tri ky vong gan nghiém
tdi vu va (ii) hiéu sult véi xdc sudt cao, tiic 12 nghiém thu dudc c6 chit luong gan tbi
uu véi x4c suét it nhit 1 — ¢, trong d6 6 12 mot hing sb nhoé. Ca hai thiét 1ap déu cung
cAp su bdo dam ly thuyét rd rang vé chit lugng nghiém, gitip thuat toan ngu nhién c6
vi thé ngang hang, hoiic doi khi vuot trdi, so v6i cac phuong phép tit dinh trong nhiéu
bdi canh.

Mot trong nhitng k§ thuit ngau nhién héa dién hinh 13 1am tron x4c suit, dudc
ap dung rong rai trong cic bai toan nhu bai tip tip phi, bai toan thoa man tbi da
(MAX-SAT) va bai toan vi tri co sd (Facility Location). Trong k¥ thuat nay, bai toan
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13 rac ban dau dudc ndi 16ng vé bai toan lién tuc (thudng 1a quy hoach tuyén tinh) va
nghiém lién tuc thu dugc dudc 1am tron vé nghiém nhi phan thdng qua qua trinh ngiu
nhién héa theo phan phdi ti 1. Phan tich hiéu suét ctia k¥ thuat nay thuong dua trén cic
bat dang thiic x4c suit c6 dién nhu bat dang thic Markov, Chernoff hoic Hoeffding,
nham dam bao tdng sai 1éch do ngau nhién khong vuct qua gidi han cho phép véi xéc
suét cao.

Ngoai 1am tron, ngiu nhién héa con dugc st dung trong cic chién lude chon mau,
dic biét trong mdi trudng ludng hoic phan tan, noi bd nhd hoic thong tin toan cuc
bi gi6i han. Thuat todn chon mau ngiu nhién hoic chon ngiu nhién mot phan ti c6
bién 10i ich cao 1a vi du tiéu bi€u cho huéng tiép cin nay. Trong bai todn tdi da hAm
submodular khong don diéu, thuat todn tham lam ngiu nhién chon ngiu nhién phan ti
tlf mot tap ting vién c6 cin bién 1¢i ich khdng 4m tai moi budc va da ching minh dat hé
s0 xap xi 1 [32].

Mic di ngiu nhién héa mang lai hiéu suit cao trong nhiéu bai todn, trong mot
s6 trudng hop, c6 thé chuyén ddi thuit toan ngiu nhién thanh thuat todn tit dinh tuong
duong thong qua qua trinh goi 1a khit ngau nhién (derandomization). Ky thuat nay st
dung ky vong c6 diéu kién (method of conditional expectation) hoic udc lugng bi quan
(pessimistic estimator) dé xay dung thuét todn tit dinh vin dam bio cing hiéu suit nhu
ban ngau nhién. Tuy nhién, qua trinh khit ngau nhién thudng doi hoi phan tich sau hon
va c6 thé 1am ting chi phi tinh toén.

Nhin chung, phuong phap ngau nhién héa 1a mot cong cu linh hoat va manh mé
trong thiét ké thuat todn x4p xi, khong chi vi kha ning don gian hoéa viéc ra quyét dinh
ma con vi hiéu qua Iy thuyét ma né mang lai. Trong luin 4n, k§ thuat ny dugc sit dung
nhu mot thanh phin quan trong khi thiét k& cac thuit todn x4p xi cho bai toan tbi uu
ham submodular khong don diéu.

¢) Phuong phdp song song

Thuit toan song song (parallel algorithms) 12 mdt nhanh quan trong trong thiét
ké thuat todn hién dai, diic biét trong bdi canh xt ly dit liéu 16n, hé thdng nhiéu 15
(multi-core), hoic tinh toan hiéu ning cao (HPC). Khi cdc thuit todn tuan tu gip gidi
han vé tai nguyén hoic thoi gian xit ly, viéc khai thac kha ning thuc thi dong thdi trén
nhiéu don vi xit 1y trd thanh mot hudng tiép can thiét yéu nham rit ngan thai gian thuc
thi va nang cao kha nang mé rong.

Trong thiét ké thuat todn song song, mot md hinh kinh dién dudc st dung rong
rai 1a PRAM (Parallel Random Access Machine), bao gdbm ba bién thé chinh: EREW
(Exclusive Read Exclusive Write), CREW (Concurrent Read Exclusive Write) va CRCW
(Concurrent Read Concurrent Write). Day la mo hinh tritu tugng trong dé céc bd xu ly
hoat dong dong thdi va c6 thé truy cip vao mot viing bd nhd chung. Ngoai ra, cdc mo hinh
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song song bo nhd chia sé (shared-memory) hoac bd nhé phan tan (distributed-memory)
cling thudng dudc st dung trong trién khai thuc té.

Mot s6 ky thuat thiét ké thuat todn thudng dudc khai thac hiéu qué trong phat trién
thuat to4n song song gom:

- Chia d€ tri song song (parallel divide-and-conquer) [119]: La chién lugc thiét ké
thudt toan trong d6 bai toan 16n dudgc phan tach thanh cac bai toan con doc lap, duge xu
ly dong thdi, sau d6 hop nhit két qua. Ky thuat niy dic biét hitu ich trong mdi trudng bd
nhé phan tdn va thudng dudc ting dung trong cc bai toan sip xép, xti Iy ma tran va cac
phép tinh hinh hoc.

- Pointer jumping [54]]: La k§ thuat nén tang trong 1ap trinh song song, dic biét hiéu
qué véi danh sach lién két va cdy. Mdi budc thuc hién dong thdi viéc cip nhat cic con
trd, rit ngan do sau ctia cAu tric dif liéu va tir d6 giam chiéu sau tinh toan xudng O(log n)
trong mo6 hinh PRAM.

- Ky thuat Euler Tour [25]: Dua trén viéc duyét cay theo chu trinh Euler, ky thuat
nay chuyén ddi cAu triic cdy sang dang tuyén tinh, tit d6 cho phép gidi quyét cac bai toan
nhu tim t tién chung gan nhit (LCA), tinh chiéu siu, hoic dudng di trong ciy bing cic
thao tac mang song song.

- Prefix computation (scan) [55]]: La k¥ thuat trung tam trong thiét k& thuét todn
song song, thuc hién phép tich liiy (nhu cong, nhan, hoic hop logic) trén mang diu vao.
Dudc coi 1a ciu tric co ban trong nhiéu hé thong tinh todn song song, n6 1a thanh phan
chi Iuc trong loc, phan phéi chi s6 va tich liiy song song trén GPU ciing nhu CPU.

Dé€ danh gid hiéu qua thuat todn song song, sé stt dung md hinh work-depth, trong
do6 hai dai lugng chinh dudc quan tam:

- Work (WW): tdng s6 phép toan ma toan bd thuit toan thuc hién — tuong ting véi thoi
gian chay trong mo hinh tuan tu.

- Depth (D): s6 vong tinh todn tuan tu bat budc — tuong duong véi thdi gian chay
néu c6 vo han bo xi ly.

Trong bbi canh ndy, cong thiic Brent cho phép udc luong thdi gian thuc thi véi P
bo xt ly nhu sau: Tp = O(X% + D) trong d6 Tp 12 thai gian thyc thi thyc té. Cong thiic
nay minh hoa rd rang su danh ddi gitia tdng cong viéc va miic dd song song hda, dong
thoi 12 cong cu chuin d€ tdi vu hiéu ning thuc té ctia thuit toan.

VE tiéu chi danh gid, ngoai W va D, cic yéu t nhu téc do ting tdc (speedup),
hiéu ning md rong (scalability), cin bang tai (load balancing) va chi phi truyén thong
(communication overhead) cling déng vai trd quan trong trong trién khai thuc té. Pic
biét, mot thuat todn song song dudc xem 12 hiéu qua néu cong viéc téng W khong vuct
qué nhiéu so v6i phién ban tuan ty tdi vu. Ngoai ra, luan 4n st dung thém tiéu chi “do
phiic tap song song” d€ so sanh hiéu qua gitta cdc thuat todn song song, dugc dinh nghia
nhu sau va sé dugdc ap dung trong Muc 2.4}
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Dinh nghia 1.10 (D6 phic tap song song [7]). V6i mét ham muc tiéu f, do phic tap
song song cia mot thuat todn 12 s6 vong lip tdi thi€u can thiét sao cho trong mdi vong
lip, thuat toan thuc hién O(poly(n)) truy van doc 1ap dén ham muc tiéu, trong dé n la
kich thuéc dit liéu dau vao cta thut toan.

Trong bdi canh t6i uu t6 hop, cc nguyén 1y trén cho phép thiét ké nhiéu thuat todn
hiéu qua cho c4c bai todn nhu: Liét ké tip con hoic t6 hop; Toi da submodular don diéu
v6i rang budc luc lugng; Phan cum (k-means, k-center), matching, hodc phan hoach cay.
Céc thuat toan tham lam ciing c¢6 thé dugc song song héa mot phan, dic biét khi phép
chon phan ti c6 thé thuc hién cuc bd. Mot s6 nghién cifu gan diy cho thay c6 thé dat
dugc ti 16 xap xi gan v6i tham lam tuan ty véi do phic tap song song O(logn) thong qua
ky thuat chon mau hoidc phan tach doc lap.

Tém lai, phuong phap song song 1a mot thanh phan quan trong trong thiét ké thuat
toan x4p xi hién dai. Khi dugc két hop vé6i cac k¥ thuat nhu ngiu nhién héa hoic ludng,
n6 m& ra kha niing thiét ké cdc thuat toan hiéu qua ca vé ly thuyét va thuc tién trong moi
trudng tinh todn hiéu niing cao. Trong luan 4n, tu tudng chia d€ tri song song dugc st
dung dé€ giam thdi gian xi ly trong khi vin duy tri bio ddm x4p xi cho bai todn tdi uu
ham submodular khong don diéu.

d) Phuwong phdp luong

Theo md hinh dif liéu ludng (data streaming) chuan [92]], ta xem dif liéu dau vao
nhu mot tin hiéu mot chiéu A : [1..n] — R, dudc hinh thanh bdi mot chudi cic cip nhat
a1, az, ... dén theo thi tu thoi gian. Mdi cip nhat q; tic dong 1én mot toa do clia A va tuy
theo cach dién gidi cap nhat nay, ta thu dugc ba bién thé mo hinh dién hinh: (i) mo6 hinh
chubi thdi gian (time series), trong dé mdi phan tif ca ludng chinh 12 gia tri A[] tai
mot chi s6/thdi diém i; (ii) mo hinh mdy tinh tién (cash register), trong dé mdi phan ti
a; = (j, I;) tuong Ung v6i mot gia tdng khong am I; 1én toa do j, tic A[j] < A[j] + I;; va
(iii) mo hinh turnstile, trong d6 cdc cap nhat a; = (j, U;) c6 thé mang gia tri duong hodc
am va do d6 cho phép ca thém 14n bét, véi bién thé strict turnstile yéu cau A[j] > 0 tai
moi thdi diém. Ba mo hinh nay tao thinh mot hé phan cip tu nhién, trong d6 turnstile 13
tdng quat nhat va bao ham hai mo6 hinh con lai nhu céc trudng hop dic biét. Dudi goc
nhin tai nguyén, md hinh dit liéu ludng nhin manh ba thuéc do chinh khi thiét ké thuat
toan: thoi gian xi Iy mdi phan t trong ludng, dung lugng bd nhd (space) can duy tri dé
ma hoa trang thai hién tai cta tin hiéu A va thdi gian tinh toan gia tri cia ham quan tam
trén trang thdi nay; muc tiéu ly tudng 1a ci ba dai luong nay déu duéi tuyén tinh theo
kich thuéc mién dit liéu » va sd cap nhat da quan sat ¢, ly tudng 1a chi phu thudc da thiic
theo logn va log t.

Trén co s mo hinh dit liéu d6, phuong phap ludng (streaming algorithms) dudc
xem 12 mot trong nhitng hudng tiép can hién dai va hiéu qua trong thiét ké thuat todn
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xap xi, diic biét trong bdi canh xt 1y dif liéu 16n hoic ludng dit liéu dong. Khac véi cac
md hinh tinh todn ¢ dién, noi thuat todn c6 toan quyén truy cap va luu trif toan bd dit
liéu, trong mo hinh ludng, thuat todn phai xi 1y dau vao dén theo tiing phan ti, sit dung
bd nhé bi gidi han nghiém ngit va thudng chi dudc phép quét dit liéu mot 1an hoic rit
it 1an. Chinh nhiing rang budc vé tai nguyén nay da tao ra nhu cau phat trién cac thuat
todn mdi v6i cAu tric nhe, kha ning cap nhat theo thdi gian thuc va van gilt dudc do
chinh x4c xAp xi nhat dinh. Mot dic diém ndi bat clia thuit toan ludng 13 khong thé thuc
hién céc phép tinh toan cuc phu thudc vao toan bd tap dit liéu da doc. Diéu nay budc
thuat todn phai dua vao cac chién ludgc chon loc va khai thac thong tin cuc bd, chang han
nhu chon mau dai dién, duy tri cAu tric nén (sketch), hoic xiy dung nghiém tiing budc
theo nguyén tac tham lam mdt lugt. Phuong phdp nay td ra dic biét phu hop véi cac bai
todn ma mdi phan ti trong ludng c6 thé dugc danh gid doc 1ap hoic c6 déng gop bién
c6 thé x4p xi theo thdi gian. Chinh thic, thuit toan ludng dudc dinh nghia nhu sau:

Pinh nghia 1.11 (Thuét todn ludng — Streaming Algorithm [I]]). Thuat todn ludng 1a
mdt thuat toan xap xi xi ly dit liéu dudc trinh bay duéi dang chudi, trong d6 mdi phan
tt chi dudc truy cip mot hoidc vai 1an. Céc dic trung chinh gom:

- Sb luot quét: S6 1an thuit toan cin duyét qua toan bo tap co sé.

- Do phitc tap bd nhd: Lugng bo nhd can dung, thudng ti 1& logarit theo kich thudc
d liéu.

- Do phiic tap truy van: S6 luong truy vin dén ham muc tiéu f.

Mot 16p bai toan tiéu bi€u c6 thé khai thac hiéu qua thuat toan ludng 1 bai todn tbi
da ham submodular don diéu véi rang budc Iuc lugng. Trong thiét 1ap nay, thuit todn
tham lam ludng hoat dong bang cach duy tri mot tip ting vién c6 kich thudc hitu han,
cap nhat dan theo tiing phan ti trong ludng va dam bao dat hé sd xp xi + — e v6i chi
phi bo nhé tuyén tinh theo k va logarit theo kich thudc dit liéu, trong d6 e 1a tham s6
chinh x4c, k 12 rang budc luc lugng. Mot vi du khac 12 bai toan chon & phan ti c6 gid tri
16n nhét (top-k), trong d6 thuat todn ludng duy tri mdt heap nhé chia k phan tir tot nhét
hién thdi va cip nhat theo tiing phan ti méi trong ludng.

Mot sd nguyén 1y co ban trong thiét ké thuat toan ludng bao gdm céc ky thuat
nhu 1iy mAu ngiu nhién (reservoir sampling), xip xi phan phdi (hash-based counting)
va sketching (CountSketch, AMS Sketch, Tug-of-War). Nhitng k¥ thuat nay khong chi
dudc 4p dung cho céc bai toan ti uu t& hdp c¢d dién ma con cho cic bai toan dém, udc
lugng s6 luong phan ti phan biét, tdng trong s6, hoidc moment bac cao. Trong nhiéu
truong hop, thuat todn chi can bd nhd O(log n) hodc O(poly(e~!)) va dat dugc sai s6 nhd
véi xdc suét cao, thong qua viéc st dung cac bat dang thifc xdc sudt nhu Markov hoic
Chebyshev. Hiéu suit clia thuét toan ludng do d6 dugc danh gid khong chi qua hé sb xap
xi ma con dua trén cdc tiéu chi dic thi: (i) bd nhd st dung, (ii) s6 lugt quét qua dit liéu

22



(1-pass hodc multi-pass), (iii) thoi gian cip nhat mdi phan ti (update time) va (iv) xdc
suat sai s6; ddy la nhitng yéu t6 diic biét quan trong trong thuc té khi trién khai thuat
todn trén ludng dit lidu tdc do cao hoic trong mdi trudng tinh toin phan tan.

Mic du mang lai nhiéu 1¢i ich, phuong phap ludng ciing ton tai nhitng gidi han
nhét dinh. Véi cic bai todn c6 tinh toan cuc cao hoic phu thudc vao ciu tric két hop
phiic tap (chang han nhu ham submodular khdng don diéu vé6i rang budc ciu tric), viéc
xay dung thuat todn ludng v6i ddm bao ly thuyét tét 1a rat khé khin. Trong mot sb trudng
hop, di chiing minh dudc céc gidi han bat kha thi (impossibility bounds) vé bd nhd va
d6 chinh xéc. Diéu nay dit ra nhu cau két hop véi cac ky thuat khac nhu ngiu nhién hoa,
kht ngAu nhién, hoiic hoc truc tuyén dé& vudt qua nhiing rao can vé tinh toan trong moi
trudng tai nguyén han ché.

Tém lai, thuit todn ludng 1a mot cong cu quan trong trong thiét ké thuat todn xap
xi hién dai, dic biét trong bdi canh xi ly dif liéu quy mé 16n va ludng thong tin dong.
V6i nhitng dic trung riéng biét va tiéu chi danh gia khac biét, phuong phdp nay bo sung
mot hudng tiép can hitu hiéu va thiét thuc cho bai todn t6i uu t6 hop trong diéu kién tinh
to4an han ché. Trong khudn khé luan an, phuong phap ludng dugc khai thic cho cac bai
toan ma dif liéu dau vao 16n hoic khong thuan tién luu trit toan bd, tir d6 1am ndi bat vai
trd clia s6 lugt duyét dit liéu, bd nhd st dung va sb truy van oracle trong danh gid thuét
toan.

Céc phuong phap thiét ké thuat toan xap xi trén cho thiy mdi hudng tiép can déu
c6 uu diém va han ché riéng, nén khong c6 mot chién Iuge duy nhét phit hgp cho moi
bai todn. Viéc lua chon k§ thuat thiét ké phu thudc vao ciu triic ham muc tiéu, loai rang
budc va diéu kién thuc thi, chang han bd nhd, thdi gian xi 1y hoic méi trudng song
song. C4ch nhin ndy 1a co s& d€ luan 4n lua chon va két hop cac k¥ thuat phi hop cho
ting bai toan nghién cuu.

1.2. Giéi thiéu vé ham submodular
1.2.1. Pinh nghia ham submodular

Trong cic bai todn tbi uu t hop, viée khai thc ciu tric dic biét ctia ham muc tiéu
dong vai tro then chot trong thiét ké c4c thuat toan hiéu qua. Mot trong nhitng 16p ham
quan trong va phd bién 1a ham submodular, dai dién cho hién tuong 10i ich bién gidm
dan — mot thudc tinh tu nhién trong nhiéu qud trinh ra quyét dinh, nhu lan truyén 4nh
hudng, chon cam bién, hoic tém tat dif lidu.

Pinh nghia 1.12 (Pinh nghia ham submodular [94]]). Cho mét tap hitu han V ¢6 n phan
ti. Mot ham tap hop f : 2V — R dudc goi 1a ham submodular néu véi moi AC BCV
vaee V\ B, taco f(AU{e}) — f(A) = f(BU{e}) — f(B).
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Dinh nghia trén phan anh truc tiép nguyén ly 1oi ich bién gidm dan ctia ham
submodular. Cu thé, khi A C B, tp A c6 thé dudc xem 1a mot tap Iua chon nhd hon,
con B 1a mdt tip lua chon da chita nhidu phan ti hon. Khi d6, bt dang thiic trong Dinh
nghia cho thiy 1di ich bién thu dudc khi thém phan ti e vao tip nhd A khong nhd
hon 1¢i ich bién khi thém cling phan ti d6 vao tap 16n hon B. N6i cach khdc, gid tri dong
g6p thém ctia mot phan tif ¢ xu hudng giam khi tip nén da 16n hon.

Ngoai cich dién giai thong qua Igi ich bién gidm dan, tinh submodular con c6 mot
dang tuong duong thudng dung dua trén hgp va giao cta hai tp con. Cu thé, mot ham
tap f : 2V — R 1a submodular néu va chi néu v6i moi A, B C V, ta c6

f(A)+f(B) = f(AUB) + f(AN B).

Trong do, f(A) + f(B) bi€u dién tong gid tri clia hai tap lua chon khi xét riéng 1€, con
f(AUB) + f(AN B) két hop gid tri cia phan hop va phan giao clia hai tip. Bit dang
thifc nay thé hién riang khi hai tip c6 phan chong lap, viéc gop thong tin tit hai tip khong
tao ra gid tri cong thém vudt qud tdng gid tri khi xét chiing riéng biét. Dy 1a mot cach
nhin khdc cta hién tuong 10i ich bién giam dan.

Trong nhiéu ing dung thuc té, chang han nhu Iua chon cam bién, lan truyén anh
hudng hodc phan bo tai nguyén, hAim muc tiéu khong chi théa man tinh submodular ma
con ¢6 xu huéng ting dan theo kich thuée ctia tap dau vao. Piéu ndy phan dnh mot thudc
tinh tu nhién trong cdc hé thong tich liiy: viéc thém phan ti vio mdt tap hop khong lam
gidm gid tri cia ham muc tiéu. Do d6, bén canh 16p ham submodular tdng quat, cic
nghién cifu vé t6i uu submodular ciing dic biét quan tAm tdi 16p ham submodular don
diéu khong giam.

DPinh nghia 1.13 (Ham don diéu khong giam). Cho V' 1a mot tap hitu han. Mot ham tap
f:2V — R dudc goi 1a don diéu khong gidm néu véimoi S C T C V, taco

f(S) < F(T).

Khi mdt ham tap f vua la ham submodular, vira 1a ham don diéu khong giam, ta
20i f 13 ham submodular don diéu khong gidm. Trong trudng hop khong gdy nham 1an,
c6 thé goi ngan gon 1a ham submodular don diéu.

Trong toan bd luan an nay, néu khong néi gi thém, cic ham submodular dudc xét
luon dugc gia thiét 12 khong Am va chuin héa, nghia 1a f(S) > 0, VS C V, va £(0) = 0.

1.2.2. Bién thé ham submodular

Pé ting kha ning md hinh héa cic bai todn thuc tién, nhiéu dang mé rong cia
ham submodular da dugc nghién cttu va phat trién. Trong khudn kho ctia luan 4n nay,
nghién cifu sinh tip trung vao viéc gidi thiéu hai bién thé mé rong tiéu biéu va dudc ting
dung rong rai cia ham submodular, d6 la k-submodular va DR-submodular.
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1.2.2.1. Pinh nghia ham k-submodular

Trong cac ting dung thuc tién nhu phéan loai da nhan, lua chon nhém trong hé
thdng da tac nhan va t6i da anh hudng theo nhiéu chi dé, thudng yéu cau 1a chia tap
co s3 thanh nhiéu nhém rdi nhau sao cho ham muc tiéu dat gia tri tdi uu. Trong bdi
canh d6, ham submodular truyén thong, von chi lam viéc trén cac tap con, khong dii kha
ning mo hinh héa céc trudng hop can chia tip thanh & nhém loai trit 14n nhau. D€ khic
phuc gidi han nay, khai niém k-submodular da dudc gi6i thiéu 1an dau tién bdi Huber va
Kolmogorov (2012) [61]], sau d6 Ward va cong su (2014) [[123] 1a nhiing ngudi hoan
thién ly thuyét vé ham k-submodular. Him k-submodular nhu mot su md rong tu nhién
ctia hAm submodular sang mién dinh nghia (k + 1)V, trong d6 mdi phan ti ctia tip co s&
¢6 thé dugc gan cho diing mot trong k nhém hodc khong gan vao nhém nao. LSp ham
nay giil lai tinh chét 1gi ich bién giam dan, dong thdi md rong tinh tng dung sang nhiéu
bai todn t6i uu td hop c6 ciu tric phic tap hon. Ham k-submodular dudc dinh nghia
nhu sau:

Dinh nghia 1.14 (Dinh nghia ham k-submodular [123]]). Cho mot tap co sé V va
mot s6 nguyén duong k, quy uée [k] = {1,2,....k} va (k+ 1)V = {(S1,52,...,5;) |
Si CV, Vielk], S;nS; =0, Vi # j}1a ho k tap do1 mot khong giao nhau, dugc
goi 1a k-tap (k-set). Vi x = (X1,...,Xi) € (k+ 1), ky hiéu supp(x) = Ule X;.
V6i e ¢ supp(x) va i € [k], 1¢i ich bién khi thém cap (e, i) vao x dugc dinh nghia béi
Ay (%) = F(X1, o, Xim1, X U e}, Xiv, o, Xp) — F(X1, -0, Xp).
Ham f: (k+1)V — R dudc goi 12 k-submodular néu thda man hai diéu kién sau:

1. V6i moi x = (X1,...,Xp),y = (Y1,...,Y3) € (k+ 1)V sao cho X; C Y; v6i moi
i € [k], moi e ¢ supp(y) va moi i € [k], ta cO A5 f(x) = Ay f(y)-

2. V6i moi x € (k+ 1), moi e ¢ supp(x) va moi i,j € [k], i # j, ta cd Ay ;) f(x) +
Ay f(x) 2 0.

Diéu kién thif nhit trong Dinh nghia 12 dang mé rong ctia nguyén ly 1di ich
bién giam dan trong ham submodular ¢ dién. Cu thé, néu x 12 mot nghiém nhd hon
y theo nghia X; C Y; v6i moi ¢ € [k], thi 101 ich bién khi thém cung mot cap (e, ) vao
x khong nhd hon 16i ich bién khi thém cip dé vao y. Diéu kién nay thé hién rang khi
nghiém hién tai di chia nhiéu phan ti hon & ting thanh phan, déng gép bd sung clia
mdt phan ti mdi khong ting Ién.

Diéu kién thi hai phan anh dic trung riéng ctia mién (k + 1)V. Trong mién nay,
mbi phan tif e € V ¢6 thé khdng dudc chon, hoic dudce gan vao ding mot trong & thanh
phan. Do d6, véi mot phan tif chua thudc supp(x), cac lua chon thém (e, 7) va (e, j) Vi
i # j 1aloai trir 1dn nhau. BAt déng thic A f(x) + A ;) f(x) > 0 kiém soat quan hé
gitfa hai 10i ich bién tuong tng vdi hai thanh phan khic nhau ctia cing mot phan ti. Day
1a di€ém khéc biét quan trong gitta ham k-submodular v ham submodular ¢6 dién.
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Trong trudng hop dic biét & = 1, mién (k + 1)V tuong ting véi mién céc tap con
ctia V. Khi d6, diéu kién thi hai khong con xuét hién, con diéu kién thd nhét tré thanh
nguyén ly 1gi ich bién giam dan ctia ham submodular ¢& dién. Vi vy, ham k-submodular
c6 thé ducc xem 12 mot md rong tu nhién cia ham submodular tif mién tip con sang
mién cac k-tap.

Ham k-submodular cho phép mé hinh héa cac bai toan trong dé6 mdi phan ti ¢
thé khong dudc chon, hoiic dudc gan vao mot trong k& nhém khéc nhau. Vi du:

- Téi da lan truyén anh huéng da chii dé: mdi niit ¢6 thé dudc chon lam hat gidng
cho mot trong /& chi dé, va cic chii dé c6 thé c6 co ché lan truyén riéng.

- Phan nhin dit liéu da 16p: méi phan ti trong tap dif lidu c6 thé dudc gan vao mot
trong k nhan cho trudc, trong d6 cdc nhan 1a loai trit 1an nhau.

DPinh nghia 1.15 (Ham k-submodular don diéu khong gidm). Cho f : (k+ 1) — R
12 mdt ham k-submodular. Ham f dudc goi 1a don diéu khong gidm néu véi moi
x € (k+1)V, e ¢ supp(x) vai € [k], taco Afeiyf(x) > 0.

biéu kién trong Pinh nghia c6 nghia 1a viéc thém mot phan tif chua dugc
chon vao bt ky thanh phan hop 1 nao khong 1am gidm gi4 tri cia ham muc tiéu. Can
luu y rang tinh k-submodular va tinh don diéu khong gidm 1a hai thudc tinh khac nhau;
mot ham k-submodular khong nhét thiét phai don diéu khong giam.

Tuong tu nhu dbi v6i ham submodular, trong toan bd luan 4n nay, néu khong néi
gi thém, cdc ham k-submodular dudc xét luon dudc gia thiét 12 khong 4m va chuin héa,
nghiala f(x) >0, vx € (k+ 1)V, va f(0,...,0) = 0.

1.2.2.2. Pinh nghia ham DR-submodular

Ham submodular c6 dién c6 thé dudc dinh nghia trén khong gian tp con nhi phan
{0,1}V, v6i V 1a tap co s&. Trong mo hinh nay, moi phan ti e € V chi ¢6 hai trang thai:
dudc chon hoidc khdng dugc chon vao 13i gidi. C4c bai todn tbi vu ham submodular c6
dién da ching to hiéu qua trong nhiéu bai toan ti vu t8 hdp, chang han nhu tém tat
dit liéu, diit cam bién, t6i da héa doanh thu,. ... Tuy nhién, trong nhiéu bbi canh thuc
té, mbi phan tl e € V ¢6 thé dudc Iua chon nhiéu 14n, vi du nhu phan b nhiéu don vi
tai nguyén cho cing mot tac vu. Khi d6, md hinh nhi phan thuan tdy trd nén han ché
vi khong phan anh day dd su thay d6i cia 1gi ich bién theo sb luong don vi dudc lua
chon. D& khic phuc han ché nay, Soma va cong su [112] da nghién ctiu cdc mé rong
clia tinh submodular trén khong gian luéi s6 nguyén khong am ZY, trong d6 méi toa do
bi€u dién s6 1an hoiic s6 don vi dugc chon cia mot phan ti.

Cho V' 1a mot tap cd s6 hitu han. Xét ham f : ZY — R, dnh xa moi vecto nguyén
khong am trén V t6i mot sd thuc. V6i mdi e € V, vectd don vi 1. € ZY duge xdc dinh
b3i 1.(t) = 1néut =evalc(t) = 0néut #e. V6i moi x,y € ZY, Igi ich bién ctia f khi
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cong thém y vao x dudc ky hiéu béi f(y | X) = f(x+y) — f(x). Ngoai ra, ky hiéu {x} la
tap cac phan tif e € V sao cho x(e) > 0.

Pinh nghia 1.16 (Pinh nghia ham DR-submodular [112]]). Mot ham f : ZY — R dugc
goi 1a diminishing-return submodular, hay DR-submodular, néu v6i moi x,y € ZY sao
chox<y,vavéimoiec V,taco f(X+1.) — f(X) > f(y+ 1c) — f(y).

binh nghia mé rong truc tiép nguyén ly 10i ich bién gidm dan tir ham sub-
modular trén mién tip con sang ham xac dinh trén ludi nguyén khong am. Cu thé, néu
x <y, tic 1a x(e) < y(e) v6i moi e € V, thi y bi€u dién mdt trang théi da chita khong it
don vi hon x & moi toa d. Khi d6, bat dang thiic trong Pinh nghia cho théy lgi ich
bién khi tang thém mdt don vi tai toa do e G trang thai nhd hon x khong nhd hon 1di ich
bién khi tang cuing mot don vi d6 & trang thai 16n hon y.

Tir dinh nghia trén, bing quy nap theo k, tasuyravéimoi k € Z,,x <y vaeec V,
f(k1e | x) > f(k1c | y). Diéu nay c6 nghia la khi cong thém nhiéu don vi clia cing mot
phan tt, tdng 10i ich bién thu dudc tai mot trang thai nhd hon van khong nhé hon tdng

1¢i ich bién tai mdt trang thai 16n hon.

Dinh nghia 1.17 (Tinh chét submodular trén 1u6i nguyén [112]). Mot ham f - ZY - R

dudc goi 1a submodular trén ludi nguyén néu véi moi x,y ZY, ta c6
fX)+ f(y) = F(xVY) + F(XAY),
trong do: (x v y)(e) = max{X(e),y(e)}, (X A y)(e) = min{x(e),y(e)}.
Tinh submodular trén lu6i nguyén trong Pinh nghia 1a dang tuong tu clia bat
déng thiic submodular ¢& dién khi thay phép hdp va giao ctia hai tip bdi phép ldy cuc

dai va cuc ti€u theo tling toa do. Cu thé, x \V y déng vai trd tuong tu nhu phép hdp, con
X Ay déng vai trd tuong tu nhu phép giao. Do d6, bét dang thiic

fX)+ f(y) =2 F(XVY) + F(XAY)
c6 thé dudc xem 13 mdt mé rong ctia bit dang thiic f(A) + f(B) > f(AUB) + f(AN B)
trong truong hgp ham tap.
Cén luu ¥ rang tinh DR-submodular 13 mét diéu kién manh hon tinh submodular
trén Iui nguyén. N6i cich khic, néu f 1a DR-submodular thi f ciing 1a submodular trén
1u6i nguyén, nhung chiéu ngudc lai khong nhat thiét ding.

Pinh nghia 1.18 (Ham DR-submodular don diéu khong gidam). Cho f : ZY — R 1a mot
ham DR-submodular. Him f dudc goi 1a don diéu khéng gidm néu véi moi X,y € ZY
sao chox <y, taco f(x) < f(y).

Diéu kién trong Pinh nghia c6 nghia 1a viéc ting s6 don vi dudc chon &
mot hodc nhiéu toa d6 khong lam gidm gia tri ciia ham muc tiéu. Can luu y rang tinh

27



DR-submodular va tinh don diéu khong giam la hai thudc tinh khac nhau; mdt ham
DR-submodular khong nhét thiét phai don diéu khong gidm. Trong cdc phan tich thuét
toan, néu khong gay nham 14n, ta thudng gia st ham f dugc chuin héa, tic 1a f(0) = 0.
Khi f dong thdi don diéu khong gidm va chuén hda, ta ¢6 f(x) > 0 v6i moi x € ZY.

Tuong tu nhu ddi v6i ham submodular ¢8 dién, trong toan bo luan 4n nay, néu
khong néi gi thém, cic ham DR-submodular dudc xét ludn dudc gia thiét 1a khong Am
va chuén héa, nghia la f(x) >0, Vx € ZY, va f(0) = 0.

Luan 4n trinh bay va chiing minh hai b6 dé co ban vé ham DR-submodular, dong
vai trd nén tang cho viéc phan tich ly thuyét cdc thuit toan trén ludi nguyén. Hai bs dé
dudc phat bi€u nhu sau:

B dé1.1. Cho f - ZY — Ry la mot ham DR-submodular. Vi moi s € ZY va hai vector
x,y € ZY sao chox Ny = 0, ta cd: f(s) < f(sVx)+ f(s Vy).

Chuing minh. Vi f 1a mot ham DR-submodular va khong am, ta co:

fSVX)+ f(sVy)> f(sVXVY)+ f((sVX)A(sVy)) (tinh chit submodular)

= f(sVXVY)+ f(s) (do diéu kién x Ay = 0)
> f(s) (do f khong am).
Diéu nay hoan tit chiing minh. [l

B6 dé 1.2. Cho | ZY — Ry la mét ham DR-submodular. Vi moi x € 7Y va mot s6
nguyént >0, ta co: f(tle | x) <tf(1le | x).

Chiing minh. Do f 1a mot ham DR-submodular, ta cé:

f(tle | xX) = f(x+t1e) — f(X)
:f<1e|X+(t_1)1e)+f(1e‘X+<t_2)1e)+--~+f(1e’X)
<tf(1le | x).

Piéu nay hoan tat chiing minh. []
1.3. Céc bai toan tiéu biéu téi wu ham submodular

Tuy theo muc tiéu tdi uu va dang ham muc tiéu, c4c bai toan t6i vu ham submodular
c6 thé dugc chia thanh nhiéu nhém, trong d6 hai nhém gin truc tiép véi ludn 4n 1a bai
toan tdi da ham submodular hodc céc bién thé clia nd, va bai toan phi submodular hoic
cac bién thé tuong ting. M6i nhdm bai todn dic trung cho mot dang muc tiéu khac nhau:
bai todn tdi da nham chon nghiém c6 gid tri ham 16n nhét dudi cac rang budc cho trudc,
trong khi bai todn phii huéng dén viéc dat mot ngudng gid tri hAm véi chi phi nhd nhit.
Duéi day 1a dinh nghia cu thé ctia hai nhém bai todn nay.
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Trong cac bai todn tdi wvu ham submodular, ta thudng gia dinh c6 truy cip oracle
dén ham muc tiéu. Diéu nay c6 nghia I3, thay vi yéu cau biét bi€u thiic tudng minh cla
ham submodular (hodc k-submodular, DR-submodular), thuét toan chi dudc phép tuong
tdc v6i f thong qua mot “hdp den”: véi mbi tap con S C V dua vao, oracle tra vé gia
tri f(S). Mdi 1an goi nhu vay dudc xem 1a mot phép truy van (query), va sd luong truy
van t6i oracle thudng dudc diing 1am mdt trong nhiing thudc do chinh cho dd phic tap
cua thuat toan, bén canh chi phi tinh toan khac. Nhd lam viéc trong md hinh oracle, cac
thuat toan dudc thiét ké c6 tinh khdi quat cao va c6 thé 4p dung truc tiép cho nhiéu bai
toan khac nhau, mién 13 ham muc tiéu théa man tinh submodular (hoic céc bién thé lién
quan), khong phu thudc vao dang bi€u thiic tudng minh cu thé. Céc bai toan trong luin
4n déu st dung gia dinh truy cp oracle dén ham muc tiéu.

1.3.1. Bai toan tbi da ham submodular

Bai todn tdi da ham submodular 12 mot trong nhiing bai todn co ban va kinh dién
trong toi uu t& hop. V6i muc tiéu tim mot tip con tbi vu tif mot tip co s hitu han sao
cho gid tri cia mdt ham submodular dugc cuc dai, bai todn nay khong chi mang y nghia
ly thuyét sau sac ma con xuit hién phd bién trong nhiéu ing dung thuc tién nhu chon
cam bién, tém tat dit liéu va tdi da anh hudng trén mang xa hoi, dudc phat biéu chinh
thiic nhu sau:

Dinh nghia 1.19 (T6i da ham submodular véi rang budc Z [88])). Cho mot tip co s6 hitu
han V = {ey,...,e,}, mOt ham submodular khong 4m f : 2" — R, va mot ho tap kha
thi Z C 2V theo rang budc, khi d6 bai toan dugc phat bi€u nhu sau:

max f(.59).

SeT

Dua trén phét biéu chinh thiic ctia bai toan t6i da ham submodular véi rang budc Z,
nghién ctiu sinh phat biéu bai toan t6i da ham k-submodular vi DR-submodular nhu sau:

DPinh nghia 1.20 (T6i da ham k-submodular véi rang budc Z). Cho mot tip co sé hitu
hanV = {ey,... ey}, motham f : (k+ 1)V — R, 12 k-submodular va mot tip cac cau
hinh kha thi Z C (k + 1)V, bai toan dugc phat bi€u nhu sau:

max f(8),

se€Z

trong dé s = (S1,...,Sk) la céc tdp con roi nhau S; C V, S; NS; = 0 v6i moi i # j.

Dinh nghia 1.21 (T6i da ham DR-submodular véi rang budc Z). Cho mdt tip co s6 hitu
han V = {ey,..., e, }, mdt ham DR-submodular khong 4m f : ZY — Ry va mot tap kha
thi tong quat Z C ZY, bai todn dugc phét bi€u nhu sau:

max f(X).

xeZ
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Bai todn tdi da ham submodular — va cic bién thé nhu k-submodular hay DR-
submodular — da dudc chiing minh 12 N P-khé [94]]. Trudc thuc t& nay, ngudi ta chuyén
sang thiét ké cac thuat toan xap xi v6i ddm bao ti 1& hing sd, nham thu dugc nghiém gan
toi wu trong thdi gian da thic. Pbi v6i ham submodular khong nhét thiét don diéu, cac
phuong phéap nhu tham lam kép hay c4c bién thé tim kiém lan cin cho phép dat ti 1& x4p
xi 1/2 [13]). Trong khi d6, néu ham muc tiéu 1a submodular don diéu, tinh chit 1di ich
bién gidm dan dudc khai thac hiéu qua thong qua thuit toan tham lam tiéu chuin — c6
thé dam bao ti 16 1 — 1/e ~ 0.632 so vdi gid tri téi uu — hodc thong qua khung tham lam
lién tuc két hop 1am tron ngiu nhién cho bai todn v6i rang budc matroid [17]. Du ti 18
xap xi ting dang k€ trong trudng hop don diéu, bai todn van giif nguyén tinh N P-kho va
do do6 khong c6 phuong phap da thuc cho nghiém chinh xac.

1.3.2. Bai toan phu submodular

Bén canh bai toan ti da gi tri ham muc tiéu, mot 16p bai toan quan trong khéc 1a
bai toan phii submodular (submodular Cover) — 1a bai toan di ngau ctia bai toan tdi da
ham submodular. Thay vi tim tip con c6 gid tri hAm 16n nhét, muc tiéu ctia bai todn pha
12 tim tap con ¢6 chi phi nhd nhét sao cho gid tri ham dat dugc mot ngudng tbi thiéu
cho trude. Bai todn nay thudng xuat hién trong céc ting dung nhu gidm sat cam bién,
bao phti tip thong tin, hodc bio ddm chit lugng dich vu. Ty vao dang ham submodular
dudc st dung (chuin, DR-submodular, hoidc k-submodular), bai toan c6 thé bi€u dién
trén nhiéu khong gian khac nhau nhung ciing muc tiéu “didm bio ngudng véi chi phi
nhé nhat”. Dudi day 1a phat biéu chinh thiic ctia bai todn phi submodular:

Dinh nghia 1.22 (Bai toan phu submodular [8]]). Cho mot tap cd s6 V = {e1,...,en},
mot ham submodular f : 2 — R, v6i f()) = 0 vi mdi phan ti e € V ¢6 chi phi
c(e) > 0. Chi phi ciia mot tdp con S C V 1a ¢(S) = > g c(e). V6i mot ngudng chit
lugng T > 0, muc tiéu 1a tim tdp S C V sao cho: f(S) > T va ¢(S) 1a nhd nhit. Bai
todn nay dudc phat bi€u nhu sau:
min  ¢(9).
SCV,f(8)=T
Dua theo phat bi€u chinh thiic ctia bai todn phii submodular, luan 4n phét bi€u bai

toan phu k-submodular va phu DR-submodular nhu sau:

Pinh nghia 1.23 (Bai toan phi DR-submodular). Cho mét tap cd s6 V = {e1,...,¢en},
mdt ham DR-submodular f : ZY — Ry v6i f(0) = 0, mot ludi nguyén bi chidn bdi
B va mdi phan td e € V c6 chi phi c(e) > 0. Chi phi cia mdt vector x € ZY 1a
o(X) =y cle)x(e). V6i mot ngudng T' > 0, bai toan dudc phat bi€u nhu sau:

min  ¢(X).
xeZY, f(x)>T
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Dinh nghia 1.24 (Bai toan phu k-submodular). Cho mot tdp co s6 V = {eq,...,en},
mot ham k-submodular f : (k+1)V — R, vamdi phan ti e € V c6 chi phi ¢(e) > 0. Chi
phi ctia mot k-tdp s = (S1,...,Sk) lac(s) = Zle > ees, c(e). V6i mdt ngudng T > 0,
bai todn dudc phat biéu nhu sau:
min c(s),
s=(S1,,Sk), f(s)>T

trong do cac tap Sy, ..., S C V doi mot rdi nhau.

Khi tAt ca cic phan tif e € V déu dugc gan chi phi duong c¢(e) = 1, lic d6 bai todn
phti submodular véi chi phi nhé nhit suy bién thanh bai toan phii submodular véi kich
thu6c nhé nhit. Bai todn phi submodular (hodic cic bién thé khac ctia ham submodular)
dugc chitng minh 14 N P-khé ngay ca trong trudng hop ham f don diéu va chi phi 1a s6
nguyén duong [125]. Trong truong hop ham submodular khong don di€u viéc ching
minh bai toan c6 nghiém hay khong da 1a mot van dé phiic tap. Do d6, cic nghién cifu
déu tap trung vao thiét ké cac thuat todn x4p xi cho trudng hgp ham submodular don
diéu. Phuong phép tham lam c8 dién, vdi tiéu chi chon phan ti ¢6 ti 1€ 16i ich bién
trén chi phi 16n nhét, dugc chitng minh cho phép dat ti 1& x4p xi In(A) + 1, trong d6
A = maxgcy maxgern g f(SU{z}) — f(S) [125]]. Déng chu y, ty 1€ xAp xi nay 1a tot nhét
c6 thé dat dugc trit khi P = NP [107]. Nhiéu mé rong ctia bai toan phii submodular da
dugc dé xuat, chang han Bar-Tlan va cdc cong su [8] mé rong bai toan nay sang cac bai
to4n téng quat hon nhu cdy khung tdi thi€u c6 dudng kinh bi chiin va cic bai toan chon
trung tim, dong thdi ching minh rang ching van N P-khé va chi ¢6 thé xép xi trong ti
1¢ logarit (trit khi P = N P). Nhiing két qua nay khang dinh vi tri trung tAm ciia bai toan
phti submodular trong 16p céc bai toan téi uu t& hop khé va nhin manh vai tro clia cic
phuong phap x4p xi hiéu qua trong thuc tién.

1.4. Cac rang budc phd bién ciia bai toan t6i vu ham submodular

Trong céc bai todn ti uu submodular, rang budc giif vai trd quan trong trong viéc
md hinh héa cic gidi han thuc té nhu ngan sich, s6 ludng tai nguyén hoic ciu tric Iua
chon. Su két hop ctia cic loai rang budc khac nhau c6 thé anh hudng dang ké dén ca do
phic tap 14n phuong phép gii. Trong phan niy, luin 4n gi6i thiéu nhiing dang rang budc
thudng gip trong ti tu ham submodular. D€ minh hoa, khudén miu ham submodular
chuin dudc st dung nhd tinh khai quat va su don gian trong biéu dién cong thic; cic
rang budc nay ciling c6 thé dudc mé rong cho cac bién thé khic ctia ham submodular.

1.4.1. Khong rang budc

Khong rang budc (unconstrained) [43]] thudng chi dudc nghién ciu trong ngtt canh
ham submodular khong don diéu. Trong trudng hop ham don diéu, 16i gidi t6i vu sé
ludn 1a toan bo tap V, do d6 khong mang nhiéu y nghia thuc tién. Vi ham f khong don
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diéu, bai toan van mang tinh t6i uu va c6 do phiic tap cao. Bai toan c6 dang:

max f(S),

SCV
trong d6 f 1a ham submodular khong don diéu, V' 1a tap co s6 httu han. Dang bai toan
nay thudng xuit hién nhu mot bai todn con trong qua trinh thiét ké thut ton cho cac
bai toan tdi da hAm submodular c6 rang buoc.

1.4.2. Rang budc vé luc lugng

Rang buoc luc lugng (cardinality constraint hoic size constraint) [94] gidi han sd
lugng phan tit dugc chon trong tap 10i gidi S. Py 1a mot rang budc phd bién trong céc
bai toan tdi vu v6i gi6i han vé s luong tai nguyén. Bai toan c6 dang:

max  f(9),
SCV, |S|<k

véi k € Z. 1a s6 phan ti ti da dudc phép chon, V 1a tip co s. Trong luin 4n, rang budc
luc Iuong 12 mot dang rang budc quan trong khi mé rong bai todn t6i da tit ham tap hop
sang ham DR-submodular trén 1u6i nguyén.

1.4.3. Rang budc vé chi phi

Rang budc chi phi (knapsack constraint) [116] yéu cau tong chi phi ctia cic phan
ti dugc chon khdng vugt qua mdt ngan sach cho truéc B. Pay 1a mo6 hinh phu hgp cho
céc ting dung thuc té nhu ngan sich tiép thi, thdi gian, hodc tai nguyén tinh toan. Bai
toan c6 dang:

sgvr,nca(%()gB J(5),
trong d6 ¢ : V' — R la ham chi phi, chi phi cia mot tdp con S € V' 1a ¢(S) = > ¢ cle)
va B > 012 ngan sach, V 12 tip co s&, mbi mot phan ti e € V dude gan mot chi phi
duong c(e) > 0. Khi chi phi ctia tAt cd cdc phan tif e € V déu dudc cai dit bing 1, lic d6
rang budc chi phi sé suy bién thanh rang budc luc lugng.

Lu4n 4n nghién ctiu rang budc chi phi trong ca hai huéng: téi da ham muc tiéu duéi
gidi han ngan sach va phi ham muc tiéu véi tdng chi phi nhd nhit. O hudng thi nhit,
chi phi dong vai tro giGi han tai nguyén dugc phép st dung; 6 huéng thi hai, chi phi
chinh 1a dai luong can tdi thi€u héa khi nghiém phai dat mot ngudng gid tri cho trudc.

Ngoai ra, mot bién thé mé rong clia rang budc chi phi 12 rang budc chi phi nhém,
trong do6 chi phi dugc xét theo ting nhom hodc tung loai Iya chon. Dang rang budc nay
phit hop véi cac bai todn tdi vu ham k-submodular, ndi mdi phan tit ¢6 thé dude gan vao

mot trong nhiéu nhém khac nhau.
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1.4.4. Rang buoc khac

Ngoai cdc rang budc co ban, bai toan tdi vu submodular con c6 thé dugc md rong
vGi cac rang budc phtc tap hon nhu:

- Rang budc ciu tric (matroid constraint) [17]: md ta bdi mot ho doc 1ap Z € 2V
thda man tinh chit bac cau va tinh mé rong, trong d6 V 1a tap co sé. Cu thé, Z théa man
hai tinh chit: (1) véimoi AC BCVvaBeZthisuyraAeZ;(2) A BeZvanéu
|B| > |A| thi 3e € B\ A saocho AU {e} € Z.

- Rang budc nhiéu chi phi (multi-knapsack) [75]]: mdi phan tif ¢ mang dong thdi m
loai chi phi, dugc bi€u dién bdi cac ham c¢;(e) v6i i € [m]. Rang budc yéu cau téng chi phi
theo tling loai trong tap chon S khong vugt qua ngudng B; da cho tng véi mdi i € [m):

Zci(e) < B;, VYie]m].
ecS
Nhiing rang budc nay thudng yéu cau thiét ké cac thuit todn chuyén biét va danh déi
gitta d chinh xac va hiéu nang.
1.5. Céac ting dung tiéu biéu ctiia bai toan t6i vu ham submodular

Trong bbi canh dit liéu 16n, cac thuit toan tdi vu ham submodular tiép tuc phat
trién theo huéng gidm do phiic tap truy van dén haim muc tiéu, dong thdi dat dudc hé
s6 xAp xi t6t hon. Nhiing nghién cifu gan dy cho thiy cac thuit todn nay c6 thé gidi
quyét hidu qua nhiéu bai toan thuc tién, chang han nhu lan truyén anh huéng trong
mang xa hoi, tdi da doanh thu quang cdo, tém tit dif liéu quy mo 16n, hodic phan phéi tai
nguyén trong hé thong cam bién. Pic biét, cic bién thé nang cao nhu k-submodular va
DR-submodular di mé rong dang ké kha ning mo hinh héa, gitip xi ly tot hon nhiing
trudng hop c6 rang budc phiic tap. Phan nay trinh bay mot s bai todn tiéu biéu c6 lién
quan truc tiép dén cac thuc nghiém trong luin an, bao gdm: t6i da anh hudng trén mang
x4 hoi, t6i da doanh thu, Max-Cut, tom tat hinh anh va dit cam bién.

1.5.1. Bai toan t6i da anh hudng

Bai todn tdi da anh hudng (influence maximization) 12 mot trong nhitng vin dé
trong yéu trong phan tich mang xa hdi va khai pha dit liéu. Bai todn nay thudng dudc
st dung d€ md hinh héa cac chién dich marketing lan truyén, hé thdng gdi y san phim,
lan truyén tin tiic, hodc ki€ém soat dich bénh. Muc tiéu ctia bai toan 13 xdc dinh mot tap
ngudi dung khéi tao ban diu trong mang xa hdi sao cho mic do 4nh hudng lan rong tit
ho 12 16n nhit c6 thé, theo mot md hinh lan truyén x4c dinh. Hai md hinh lan truyén phd
bién nhit dugc st dung 1a m6 hinh lan truyén doc 1ap (Independent Cascade - IC) va
mo hinh ngudng tuyén tinh (Linear Threshold - LT) [66]. Trong khu6n khé ctia luan 4n
nay, luan 4n tip trung vao md hinh IC do tinh mo6 phéng xac suét truc quan va tinh chit
submodular r6 rang. Bai toan dugc phat bi€u nhu sau:

33



Dinh nghia 1.25 (Bai toan t6i da anh hudng [66]). Cho mot do thi ¢6 huéng G = (V, E),
dai dién cho mang xa hdi, trong d6 mdi canh (u,v) € E mang mot x4c suat lan truyén
Puww € [0,1]. V6i mdi tap khéi tao S C V, ham lan truyén f(S) dugc dinh nghia 1a ky
vong s6 luong niit bi anh huéng khi bat dau qua trinh lan truyén tit S theo mé hinh IC.
Bai toan tdi da 4nh hudng dugc phat biéu nhu sau:

max  f(9)
SCv,|S|<k

trong d6 k 12 ngan sach (sd luong ngudi diing c6 thé chon dé khdi tao).

Bai toan nay da dugc chiing minh 12 N P-khé va thim chi khé xAp xi trong mot s6
truong hop [66]]. Kempe va cic cong su [66] cho thiy ham f 12 mot ham submodular va
don diéu, diéu nay cho phép 4p dung thuit toan tham lam véi ti 1& xap xi bao dam (1 — L.

Trong nhiing nim gan day, rat nhiéu huéng tiép cin da dudc dé xuit nham giai
quyét bai todn tdi da 4nh hudng mot cach hiéu qui. Cic phuong phap truyén thong bao
gdm: thuit toan tham lam, 14y mau ngiu nhién theo Monte Carlo, thuit todn udc lugng
nhanh, ciing nhu céc cdi tién gan day st dung quy hoach tuyén tinh ngiu nhién, da tuyén
tinh m& rong va céac thuét todn xAp xi c6 bdo dam 1y thuyét. Khi bai todn dugc md rong
véi cac rang budc chi phi, chi phi nhém hoic ciu triic né trd thanh bai todn submodular
véi rang budc tuong Ung.

S& di bai toan tdi da anh hudng c6 thé giai quyét bang cong cu tbi vu submodular
12 do hAm muc tiéu f(S), dai dién cho ky vong s6 luong nit bi anh hudng, 12 modt ham
submodular. Hon nia, trong mé hinh IC, hAm f ciing 1a don diéu vi thém phan tif vao
tap S khong thé 1am giam s luong niit bi anh hudng. Tur d6, bai todn tbi da anh hudng
v6i rang budc luc ludng trd thanh bai toan tdi da ham submodular don diéu vé6i rang
budc luc lugng va do d6 dp dung dudc thuat toan tham lam chuén véi ddm bao hiéu qua
gﬁn toi uu [66].

Trong khudn khé luin 4n niy, mot bién thé ciia bai todn tbi da anh hudng, cu
thé 1a bai toan t6i da anh hudng theo & chi dé trén mang xa hdi, dudc lua chon lam
truong hop nghién ciiu thyc nghiém cho bai toan t6i da ham k-submodular vé6i rang budc
chi phi nhom.

1.5.2. Bai toan tbi da doanh thu

Bai toan tdi da doanh thu (revenue maximization) trong céc chién lugc tiép thi lan
truyén trén mang xa hoi khong chi nham muc tiéu lan tda thong tin dén nhiéu ngusi
diing, ma con t6i uu doanh thu thu dudc tir chién dich dé. Khac véi bai todn tdi da anh
hudng — von chi quan tAm dén s6 ludng ngudi bi &nh hudng — bai todn doanh thu tinh
dén ca mic dd dong gép cua ting ngudi dung dudc kich hoat, phan anh qua mo hinh
doanh thu phi tuyén. Piéu niy cho phép md hinh héa hién tugng bio hoa trong hanh vi
tiéu dung va tiép nhan san pham.
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Bai toan dudc md hinh héa dua trén mo hinh do thi nhu sau:

DPinh nghia 1.26 (Bai toan tbi da doanh thu [56]). Cho mdt mang x3 hdi dudgc biéu
dién bdi do thi c6 hudng G = (V, E), trong d6 mdi canh (u,v) € E mang mot trong s6
khong Am wy,. M6i ngudi ding u € V ¢6 mot ham doanh thu R, (S) phu thudc vao tap
ngudi dung S C V da mua hang hodc bi dnh hudng. Tong doanh thu thu dudc tir tap S
dugc tinh bang:
£(S) = Ru(S)
uev

Mot Iya chon cu thé cho R, (S) dudc sit dung trong thuc nghiém 1a: Ry, (S) = (3, cq Wuw) ™™
trong d6 a, € (0,1) 1a tham sd dudc chon ngiu nhién cho tliing ngudi ding va wy, 1a
cudng do anh hudng tif v dén v [56]]. Muc tiéu ctia bai todn 1a chon ra tip ngudi dung S
thda man rang budc sao cho tong doanh thu thu dugc 14 16n nhat. M6 hinh nay phéan anh
hiéu ing bdo hoa: doanh thu ting chAm dan khi ngudi dung nhan dudc anh hudng tit

nhi€u nguon.

Bai todn t6i da doanh thu theo md hinh trén 1a mot bai todn N P-khé va khong thé
xap xi tot hon (1 — 1/e) trit khi P = NP [66]. Ngoai rang budc vé luc lugng, bai todn
t6i da doanh thu con c6 nhiéu bién thé khac nhu: rang budc chi phi, rang budc chi phi
nhom, tdi da doanh thu theo k-loai san pham, . ..

Mot dic diém then chdt gitip giai bai toan t6i da doanh thu hiéu qua 12 ham muc
tiéu £(S) & trén 12 mot ham submodular va don diéu [56]. Do d6, bai toan ti da doanh
thu tré thanh mot bai todn tdi vu submodular. Pay 12 16p bai toan da dugc nghién citu
sau rong v6i nhiéu thuat todn gan diing hiéu qua.

Trong khuon khd luan 4n nay, bai toan t6i da doanh thu dugc trién khai thuc
nghiém trong nhiéu bdi canh khac nhau nham khao sat hiéu qua ctia cac 16p thuat toan
t6i wu submodular. C4c bién thé dudc st dung bao gdm tdi da doanh thu véi rang budc
ngan sich, bai toan ngudng doanh thu dudi dang phii ham submodular, t6i da doanh thu
v6i nhiéu loai san phAm theo mo hinh k-submodular, va t6i da doanh thu cho phép dau
tu 1ap lai vao cung mot ngudi dung theo mo6 hinh DR-submodular.

1.5.3. Bai toan Max-Cut

Bai todn Max-Cut 12 mdt trong nhitng bai todn cd ban va kinh dién trong t6i uu t&
hop, véi nhiéu ting dung trong phan cum dd thi, khoa hoc dit liéu, vat ly 1y thuyét va
hoc mdy. Bai toan nham phan chia tip dinh ctia mot do thi thanh hai phan sao cho tdng
trong sd cac canh ndi gitta hai phan 1a 16n nhit. Miic du phat biéu don gian, bai todn
Max-Cut thé hién day du tinh chit khé tinh toan va kha ning 4p dung cic ky thuit gan
ding c6 bdo dam trong khoa hoc mdy tinh ly thuyét.

Mot cach chinh thic, bai toan dugc moé hinh héa nhu sau.
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Dinh nghia 1.27 (Bai toan Max-Cut [65]). Cho mot dd thi vd huéng G = (V, E), trong
d6 mdi canh (u,v) € E mang mot trong s6 khong Am w,,,,. Bai todn yéu cau tim mot tip

f(S) = Z Wyw

(u,v)EE ueS,vES

S C V sao cho ham muc tiéu

12 16n nhét. Pay 1a tdng trong sb ctia cdc canh c6 hai ddu miit nam & hai phia khac nhau
clia phép phan tich. Tap S dai dién cho mot phan ctia phép cit va V' \ S 1a phan con lai.

Bai toan Max-Cut da dugc chiing minh 12 N P-khé va tham chi N P-day d, ngay
c4 khi cic trong sb 12 1 hodc do thi 1a chinh quy [46]. Do d6, viéc tim 10i gii chinh x4c
1a khong kha thi trong thdi gian da thic cho céc trudng hop tong quat. Tuy nhién, nhd
dic trung ciu tric ctia bai toan, nhiéu thuat todn xap xi hiéu qua da dugc phat trién. Haim
£(S) do tdng trong sd cac canh bi “cit” bdi tip S va c6 thé dudc biéu dién duéi dang:

1
== Wyy * |1g(u) — 1g(v
F(8) =3 (u%:EE w  [1g(u) — 1g(v)]

Ham nay thda man tinh chit submodular do tinh chét ctia biéu thiic tuyét dbi giita hai
ham chi bdo 1¢(u), trong d6 ham chi bdo nhan gia tri 1 néu « € S va 0 trong trudng hop
nguoc lai. Tuy nhién, vi khong don diéu nén cic ky thuat tdi vu submodular c6 dién nhu
tham lam khong thé dp dung truc tiép. Thay vao dé, cic thuat toan nhu tim kiém 14n c4n
hoic tham lam kép dudc st dung d€ t6i uu ham submodular khong don diéu.

Trong khuodn kho luin dn, bai toan Max-Cut dudc st dung 1am mot trudng hop thir
nghiém nham danh gia hiéu qua cla cac thudt todn giai bai toan tdi da ham submodular
khong don diéu véi rang budc chi phi.

1.5.4. Bai toan tom tat hinh anh

Su bung nd dit liéu hinh anh tif cic nén tang truc tuyén nhu Flickr, Facebook, hay
Instagram da dit ra mot nhu cu cip thiét trong viéc t6 chiic va tém tat cac bo suu tap
hinh 4nh c4 nhan. Bai toan tém tit hinh anh nham chon ra mét tip con dai dién tit mot
bd suu tap 16n, sao cho tip nay truyén tai day di ndi dung da dang va dic trung clia toan
bd tap anh gbc. Viéc tém tit khong chi hitu ich cho viéc chia sé c4 nhan ma con cé y
nghia trong c4c ting dung nhu tém tit video, gidm sat an ninh va nhén dién canh. Hai
yéu t6 chinh ciu thanh mot ban tém tit tot la tinh dai dién (fidelity) va tinh da dang
(diversity) cta tap anh dugc chon [[120]].

Bai toan c6 thé dugc md hinh héa nhu mot bai todn lua chon tip con vdi rang budc
luc luong nhu sau.

Pinh nghia 1.28 (Bai to4n tém tat hinh 4nh [90]). Cho tip 4nh gbc V va mdt gisi han
kich thudc &, myc tiéu la tim tap con S C V, |S| < k sao cho ham danh gia F'(S) 1a 16n
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nhat:

max F(9)
SCV|S|<k

v6i F: 2 — R, 1a mot ham danh gid chat luong tom tat.

Mic dil bai toan tbi wu ham danh gi téng quat £ 1a N P-khé, nhiéu nghién ctiu
thuc nghiém va ly thuyét da chi ra cac dic tinh mong mudn ctia mot ban tém tat — bao
gdm tinh dai dién va tinh da dang — c¢6 thé dudc mo hinh héa hiéu qua thdng qua céc
ham tap hop c6 cu tric submodular. Cu thé, cac ham submodular thé hién rd tinh chét
1gi ich bién gidm dan, tic 1 1gi ich thu dudc khi thém mot &nh méi vao tap tom tat sé
gidm dan theo kich thudc cta tap hién tai. Pay 12 mot dic diém phu hop tu nhién véi
muc tiéu tranh trung lip va ting dd bao phi nodi dung trong tém tat hinh anh. Do do,
viéc gia dinh F' la mot ham submodular don di€u khong chi giup phan anh chinh xac
muc ti€u cua bai toan ma con cho phép ap dung cac thuat toan tham lam v6i bao dam
xap xi ly thuyét [04]. Nho dé, bai toan tom tat hinh anh c6 thé dudc dit trong khung bai
toan tdi da ham submodular, mot 16p bai todn da dudc nghién ctiu sau rong trong cong
ddng hoc thuat. Mot ham submodular cu thé cho bai toan tom tat hinh anh c6 thé dudc
dinh nghia nhu sau:

1
f(S) = Iiléigiwu,v - m Z Zwu,v~

ueV ueV ves
Trong do, w,, 1a mic do tuong dong gitta hai anh u va v, dugc tinh dya trén do
tuong phan (contrast) theo cong thic: w,, = 1 — mg{?{fﬁ(&ﬁyﬁg@)), v6i RMS(u) la do
tuong phéan cta anh u, dudc xdc dinh bdi phuong sai cudng do di€ém dnh: RMS (u) =

\/% SV (I; — )2, trong d6 I; la cudng do clia pixel thi i trong anh u, N 1a tdng s6
pixel va y la gia tri cuong d6 trung binh cta anh.

Trong khudn khd luin 4n nay, nghién citu sinh thuc nghiém bai todn tém tat hinh
anh khi d4nh gia hiéu qué clia c4c thut todn cho bai toan t6i da ham submodular khong
don di€u véi rang budc chi phi.

1.5.5. Bai toan dit cam bién

Bai to4n dit cAm bién 12 mot bai todn quan trong trong giam sat cc hién tugng
khong gian, nhu nhiét d§ trong mot toa nha hoac lugng mua trong mdt khu vuc rong.
Trong bdi canh chi dudc phép trién khai mot s luong hitu han cdm bién, viéc x4c dinh
vi tri dit cam bién nham thu thap thong tin mot cach hiéu qua nhét 13 mot van dé t6i
uu mang tinh quyét dinh. Thay vi dua vao gia dinh hinh hoc don gian nhu mo hinh dia,
trong d6 cdc cdm bién c6 ving phi cb dinh va déu din, cac phuong phdp hién dai ngay
nay st dung md hinh xdc suat nhu qua trinh Gauss (Gaussian Process — GP) @€ mo hinh
héa hién tuong cin quan sat, tit d6 din dén bai toan t6i uu viéc dit cam bién dua trén
mot tiéu chi thong tin tong quat. Bai todn dudc md hinh hda nhu sau:
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Pinh nghia 1.29 (Bai todn dit cAm bién [70]). Cho mdt tap hop hitu han cic vi tri c6
thé dit cam bién V, muc tiéu 1a chon ra mot tip con S C V gdm k vi tri sao cho ham
muc tiéu f(S) dat gid tri 16n nhat. Trong do, f(.S) 1a mot ham muc tiéu do ludng lugng
thong tin hoiic gi4 tri ma tip cdm bién S mang lai d6i vdi toan bd hién tudng can quan
sat. Khi d6, bai toan dit cdm bién c6 thé phat bi€u chinh thiic nhu sau:

max  f(5).
SCV,|S|=k

Trong trudng hop tiéu bi€u ma f(S) 1a ham do thong tin phu thudc 1an nhau (mutual
information) gitta tap dudc chon va phan con lai cia khong gian, bai toan nay da dudc
chitng minh 1a N P-day di [70]. Do d6, khong thé ky vong mdt thuat todn da thic tim
dudc nghiém tdi vu trong trudng hop tdng quat.

Hién nay, c6 nhiéu huéng tiép can da dudc nghién ctiu d€ gidi bai toan nay. Mot
cach tiép can c6 dién 1a st dung céc tiéu chi trong thiét ké thuc nghiém nhu A-, D- hoic
E-optimality, nham t6i thi€u phuong sai udc luong tham s6. Tuy nhién, cac tiéu chi nay
thudng khong phan 4nh truc tiép hiéu qua du dodn tai cac vi tri khong dudc dit cam
bién. Mot tiéu chi thay thé 1a entropy — chon céc vi tri ¢6 phuong sai 16n nhit. Du don
gian, tiéu chi nay c6 xu hudng chon céc vi tri & bién khong gian giam sat, dan dén lang
phi thong tin. Ngudc lai, cdc tiéu chi nhu do 1di thong tin — mot trudng hdp cu thé cia
ham f(S) — truc tiép ti da kha ning du dodn tai c4c vi tri chua dugc do, dudc chiing
minh 13 hiéu qua hon ca vé 1y thuyét 1an thuc nghiém [70].

Trong nhiéu ting dung thuc t€, ham muc tiéu f(S) c6 thé dudc chiing minh 1a mot
ham submodular. Tinh chét nay cho phép ap dung céc két qua da cé trong bai todn tdi
uu ham submodular. Hon ntta, cdc md rong cia bai toan cho phép xu ly cac rang budc
thuc t& nhu chi phi trién khai khong dong nhét, su ¢b cam bién, hoic bat dinh trong mo
hinh Gaussian Process (GP). Trong cdc trudng hop nay, ham f(S) vin duy tri tinh chét
submodular hoic xip xi submodular, cho phép st dung cic k¥ thuat xAp xi hiéu qua véi
dam bao ly thuyét tuong tng [70]. Dudi day 12 mot s6 ham submodular dudc st dung
trong bai toan nay:

- Ham do d6 hén loan théng tin (Entropy Function): Ham nay danh gid mic do
hdn loan hoic d6 khong chac chan ctia thong tin thu dudc tir tip S. Cu thé, néu mbi
phan tif e € S lién quan dén mot bién ngiu nhién X7, thi ham c6 thé dugc biéu dién

e’
dudi dang: f(5) = H(U,.csupp(s)
tin ctia tap hop cac bién ngiu nhién. Ham ndy c6 tinh chét submodular vi thong tin bs

X?) trong d6 H(-) la ham entropy do ludng lugng thong

sung thu dudc khi thém mot phan ti méi vao tap S sé gidm dan néu cac phan ti truéc
d6 da mang lai phan 16n thong tin can thiét [08]).

- Ham thong tin cam bién: Ham nay do luong lugng thong tin thu thdp dugc tu tap
hop cdc cdm bién S. Ham ndy c6 tinh chat submodular vi viéc thém mot cAm bién vio
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mdt khu vuc da dugc gidm sat ky cang sé mang lai it thong tin bd sung hon. Vi du:
£(S) =) 1))=Y R(i.j)
€S i,j€S
Trong d6, I(i) 1a luong thong tin ma cam bién i cung cip va R(4, 5) 1a su tring 1ip thong
tin gitta cac cdm bién i va j [70].

- Ham bao phu (Coverage Function): Haim nay do ludng pham vi bao phi cua céc
cam bién trong tap S. Ham nay submodular vi thém cdm bién mdi vao khu vuc da dudc
gidm sat sé cung cép it dién tich bao phii méi hon. Vi du: f(S) = | Ujes A(4)|. Trong do,
A(7) 12 viing bao phii cia cAm bién i va | Ujcg A(i)| 12 tdng dién tich dudc gidm sit bsi
tat ca cdc cam bién trong tap S [70].

- Ham phat hién su kién (Event Detection Function): Him nay do ludng xéc sut
phat hién su kién vé6i tAp hop cdm bién S. Him nay ciing 12 submodular vi viéc thém
mot cam bién vao hé thong thudng c6 10i ich giam dan. Vidu: £(S) = 1 —[],cs(1 - p(i))
Trong do, p(i) 1a x4c sut cam bién i phat hién su kién [82].

Bai toan dit cam bién tdi vu, v6i ham muc tiéu c6 tinh chat submodular, dugc st
dung 1am mdt trudng hop thuc nghiém quan trong trong luin 4dn. Cu thé, céc thuét toan
t6i wu ham k-submodular dudc 4p dung cho bai toan dit k-loai cam bién, nham minh
hoa tinh hiéu qua vé ca mit ly thuyét va ing dung thuc tién trong bai toin gidm sat
khong gian.

1.6. Két luan chwong

Chuong 1 da gidi thiéu c6 hé thdng cac khai niém co ban trong t6i uu td hop, dic
biét la cac 16p ham muc ti€u thudc ho submodular, k-submodular va DR-submodular,
cing nhu céc loai rang budc thuc tién thuong gip nhu Ivc lugng, chi phi, chi phi nhom.
Nhitng khai niém va cong cu toan hoc nay khong chi 1am rd dic tinh ciu tric ctia bai
todn ma con dong vai tro then chdt trong viée phat trién cac thuat todn xAp xi hiéu qua.

Mic dit mdi bai toan nghién cifu trong luin 4n c6 dic diém riéng biét vé muc tiéu
va rang budc, chuong nay da chi ra rang tat ca déu c6 chung mot cd sé toan hoc dua
trén tinh chét submodular, tit d6 tao nén mot khung 1y thuyét théng nhat. Nha vay, cic
chuong tiép theo c6 thé khai thic truc tiép cac thudc tinh da trinh bay dé thiét ké va
phan tich thuit todn cho tling bai todn cu thé, bao gdm hudng t6i da hAm muc tiéu dudi
rang budc va huéng dbi ngu 12 phi hAm muc tiéu véi chi phi nhd nhit.
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) CHUONG 2
BAI TOAN TOI PA HAM SUBMODULAR VOI RANG BUQC CHI PHI

Chuong nay tap trung vao bai toan Tbi da ham submodular véi rang budc chi phi
(viét tat SMK) — Bai toan nghién cttu 1, 1 bai todn nén tang trong mach nghién citu
ctia luan 4n. Bai toan nay xét trudng hop ham muc tiéu submodular khong nhét thiét
don diéu va nghiém phai théa man rang budc ngan sach. Trén co s6 cic két qua da co,
chuong nay dé xuét ba thuit toan xap xi mé6i, mdi thuit toan nhadn manh mot huéng cai
thién khdc nhau vé do phiic tap truy van, hé s6 xap xi hoidc kha niing tinh todn song song:

- DLA: thuét todn tit dinh dat hé s0 xap xi § — ¢ vdi do phic tap truy van
O(Z1log(1)). So v6i SMKDETACC [53]], DLA gitt cing hé s6 xap xi nhung loai bo su
phu thudc logarit vao kich thuéc 18i giai k trong do phiic tap truy van.

- RLA: thudt todn ngiu nhién dat hé s6 xap xi 1 —e, tuong duong v6i SMKRANACC
[53]] trong nhém thuét toan ngiu nhién gan tuyén tinh, dong thdi c6 do phic tap truy
van O(Z log(1)) khong phu thudc vao k.

- AST: thuit todn song song dat hé s6 xap xi % — ¢, cai thién so véi thuat toan song
song c6 cling dd phiic tap song song O(logn) dat hé sd % — € [30], dong thoi duy tri d
phtic tap truy vin O(nk )]

Ba thuat toan dudc thiét ké cho cac bbi canh tinh toan khac nhau: DLA va RLA
pht hop v6i moi trudng xii ly tuan tu cin gidm sb truy vén oracle, trong khi AST phu
hop véi mdi trudng song song. Vé miit ké thira trong luan 4n, Chuong 2 xit ly bai todn
nén tang trén ham submodular ¢& dién; c4c chuong sau tiép tuc mé rong huéng nghién
clfu ndy sang cac 16p ham tdng quat hon va bai toan ddi ngiu. Cac két qué tuong ing véi
DLA, RLA va AST di dugc cong bd tai cac hoi nghi qudc té IJCAI 2023 va IJCAI 2024.

CAu triic ctia chuong dudc t§ chic nhu sau. Trude tién, nghién ctu sinh trinh bay
cac khdi niém, ky hiéu co ban lién quan dén bai toan va cic nghién ciu lién quan dén
SMK. Tiép theo, ba thuit toan dé xuét dudc gidi thiéu chi tiét, kém theo cdc phan tich ly
thuyét vé do xAp xi, do phiic tap truy van va do phiic tap song song. Phan danh gi4 thuc
nghiém sé trinh bay hiéu qua ctia c4c thuét toan trén tap dit liéu chudn, nham so sanh véi
cac phuong phdp hién c6 trong tai liéu tham khao. Cudi ciing 1a phan két luan chuong.

2.1. M0 ta bai toan
2.1.1. Dinh nghia bai toan

Ham submodular (Dinh nghia. 12 mot 16p ham i rac quan trong trong tbi
uu t& hop, ndi bat véi tinh chét 1gi ich bién giam dan: khi tip con cang 16n thi dong gop
can bién clia mot phan td méi cang nho. Tuy nhién, khong phai tt cd ham submodular
déu don diéu. Trong trudng hodp téng quat, viéc thém phan ti vio mot tap c6 thé 1am

10 dudgc sit dung dé phan tich do phiic tap ciia thut toan khi bd qua cac yéu t6 logarit,
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giam gid tri cia ham muc tiéu. Diéu ndy phan 4nh ban chét ctia nhiéu hé thong thuc té,
ndi cic yéu tb c6 thé gay ra xung dot, du thira thong tin hoic hiéu dng tiéu cuc khi két
hop khong hop ly.

DPong luc nghién cifu bai todn tdi da ham submodular véi rang budc chi phi xuit
phat tir thuc té, trong nhiéu hé thong, viéc lua chon thém phan tif khdng chi khong cai
thién gid tri muc tiéu ma con tiéu ton chi phi trién khai ddng k€. Vi du, trong céc chién
lugce phan phdi noi dung hoic truyén thong xa hdi, viéc chon thém ngudi dung trung lip
nhém ddi tuong c6 thé khong mang lai thém dnh hudng, trong khi van tiéu hao ngin
sach. Tuong tu, trong hoc may, viéc dua vao céac dic trung trung lip hodc mau dit liéu
khong da dang c6 thé 1am gidm hiéu qua hoc ma van tén chi phi thu thap hoic xi ly.
Do d6, can thiét phai md hinh héa cic bai todn nay theo huéng vira tbi uu hiéu qua,
vita ki€m sodt chi phi trong b6i canh khong don diéu, d€ phan 4nh ding céc yéu cau
thuc tién.

Mot vi du minh hoa 16 nét cho bai todn nay 12 trong tdc vu tém tit vin ban tu dong.
Gia st mdi doan vin c6 mot chi phi xit 1y (lién quan dén do dai, do phiic tap ngit nghia,
ho#ic mifc do uu tién) va muc tiéu 1a chon ra mot tp doan viin c6 tong chi phi khong
Vuot qua gidi han tai nguyén cho truée. Néu cac doan vin dugc chon c6 ndi dung trung
lip, ban tém tat tré nén du thita, 1am gidm gia tri tdng thé ctia hé théng. Do d6, can chon
tap con doan vin sao cho nodi dung téng hop 1a phong phi nhit, nhung khong gay liap
lai, dong thdi chi phi tdng dudc kiém soat nghiém ngit. Cu thé, Bai toan SMK dudc
phat bi€u chinh thic nhu sau:

Pinh nghia 2.1 (Bai todn T6i da ham submodular vé6i rang budc chi phi — SMK). Cho
mot tip co s ¢6 n phan th V = {eq,...,e,} va mot ham muc tiéu submodular (khong
nhat thiét don diéu) f : 2V — R, dung d€ d4nh gia chit luong clia tip con S C V. Mdi
phan tif e € V dudc gdn mot chi phi duong c¢(e) > 0 va ham chi phi ¢ : 2V — R, 1a mot
ham tuyén tinh (modular), tic 1a ¢(S) = > s c(e) va ¢(S) = 0 khi va chi khi S = §. Bai
toan SMK yéu cau tim mot tip con S C V sao cho ¢(S) < B nhiam t6i da gia tri f(S).
Mot bai todan SMK dudc biéu dién bsi bo ba (f, V, B). Khong mét tinh tdng quat, gia
dinh f 1a ham khong 4m va chuén héa, tiic 1a f(X) > 0 v6i moi X C V va f()) = 0.
Ngoai ra, gia st ton tai mot oracle c6 thé truy van gid tri f(S) v6i mot tip S bat ky.

Bai todn SMK c6 nhiéu tng dung thuc tién trong cac hé thdng phiic tap, ndi viéc
lua chon thém phan ti khong ludn lam ting hiéu qua va tai nguyén trién khai can dudc
st dung mot cach than trong. Trong bai toan tom tat dif liéu, chang han nhu tém tit vin
ban hoac tap anh, muc ti€u la chon mot tap con giau thong tin nhung khong trung lap,
dam bao ban tém tat dat gid tri cao vé mit noi dung ma chi phi xt ly vin nam trong gidi
han cho phép. Trong céc hé théng gdi ¥ ndi dung, mo6 hinh khong don diéu gitip han ché
viéc goi y cdc ndi dung tuong tu nhau dén ngudi ding, tir d6 ti da miic do tuong tic
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trong khi van tuan thu chi phi hién thi hodc chi phi ¢4 nhan hoa theo tiing ngudi dung.
Trong phan tich mang xa hdi hodc phan cum do thi, bai todn nay cho phép tim céc phan
hoach hoic cit t6i wu ma khong can gia dinh thém nit hodc canh ludn cai thién do phan
biét. Trong linh viic hoc may, bai toan ho tr¢ chon dic trung da dang dé€ tranh tring lip
thong tin, hoic Iva chon mau huin luyén khong du thira trong moi trudng tai nguyén
tinh to4n bi gi6i han. Nhiing ing dung nay thé hién 16 vai tro clia bai toan trong cic tinh
hubng t6i wu c6 tinh tucng tac phiic tap va phi tuyén, ndi su can bang giita 10i ich va chi
phi 12 yéu t6 then chét.

2.1.2. Nghién ciru lién quan

Tinh chit submodular va rang budc dang chi phi khién bai toan nay trd nén NP-
khé [43], thic ddy nhiéu hudng tiép can xAp xi vdi cac tiéu chi danh gid dua trén hé s6
x4p xi, dd phiic tap truy van va kha ning tinh todn song song. Phin nay trinh bay téng
quan cdc cong trinh nghién ctiu tiéu biéu cho bai todn SMK, bao gdm céc thuit todn
ngau nhién, tit dinh, ciing nhu cdc mo hinh tinh toan song song va thuit to4n ludng.

Cic thuét toan tit dinh. Cong trinh ctia Gupta va cong su [50] 1a cong trinh du
tién dat hé s6  v6i O(n°) truy van bang cach két hop thuit toan ctia Sviridenko [116]
v6i giai phap cho bai toan khong rang budc. Sau d6, nhiéu nd luc da dudc thuc hién
dé giam s6 lugng truy van. Thuat toan FANTOM [90] dat hé s % trong O("?2 log(n))
truy van. Cong trinh cta Li [85] dua ra thuat todn dat hé sb % — € vOi do phuc tap
O(nkmax{2,loglogn}) cho nhiéu I16p rang budc. Trong mo hinh thuit toan ludng, Cui
va cong su [29] dé xuat thuat toan véi hé sb m, dd phtc tap phu thudc vao thuat
toan offline Alg va s6 phan ti k. Ngoai ra, Han va cong su [53]] ciing trinh bay mot thuét
todn tat dinh khac vé6i hé s6 $ — e trong O(2 log(f)) truy van. Thuat toan c6 hé s6 tot
nhét hién nay 1a 1 — ¢ [T14], tuy nhién cin O( log()) truy vin,

Céc thuat toan ngau nhién. Cong trinh dau tién dugc dé xult bsi Lee va cong su
[80]] dat hé sb xap xi % — ¢, sau do6 dudc cai thién con }1 — ¢ boi Kulik va cong su [76].
Nhiéu nghién ctu tiép theo da nang cao hiéu qua xap xi v6i muc 1 — ¢ [14} [19]33] 44].
Cong trinh ctia Buchbinder va Feldman [14] dat hé sb tot nhét hién tai 12 0.385 — ¢ bang
cach st dung mé rong da tuyén va k¥ thuat 1am tron. Tuy nhién, phuong phap nay c6
dd phic tap truy van rit cao. D€ cai thién hiéu ning, Amanatidis va cong su [3] da
dé xuét thuat todn SampleGreedy véi hé s6 == — € va O(Zlog(Z)) truy van. Sau do,
Amanatidis va cong su [2] tiép tuc phat trién thuit todn song song v6i hé s6 5z — €
trong O(% log?(n)log(1)) truy van. Gan day, Han va cong su [53] gi6i thiu thuat toan
ngiu nhién c6 téc dO nhanh nhat v6i hé s6 1 — € va O(L log(%)) truy van.

Cac thuat toan song song. Trong mo hinh tinh toan song song, khai niém do phic
tap song song (Pinh nghia dudc gidi thiéu béi Balkanski va Singer [7]], dai dién
cho s vong tuan tu can thiét néu cdc truy vin c6 thé thuc hién song song. Trong bai
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toan SMK, Ene va Nguyen [36] trinh bay thuit toan v6i hé s6 % — e va do phuc tap song
song O(log? n), nhung c6 do phic tap truy van cao do st dung da tuyén tinh md rong va
“gradient”. Sau d6, Amanatidis va cong su [2] ci thién do phiic tap song song xudng
O(logn) v6i hé sb m — ¢. Gan day, Cui va cong su [30] dua ra mot thudt toan song
song hiéu qué dat hé sd + — e v6i do phiic tap song song O(logn) va truy vin O(nk). Ho
cling cung cap phién bén cai tién dat hé s6 —4; — ¢ nhung can do phic tap song song
O(log? n) va hién tai 1a két qua tt nhét trong nhém thuét todn song song hiéu qua.

Cic thuét toan luong. M6 hinh thudt todn ludng ciing dudc quan tim nhim giai
quyét cdc bai todn ti uu submodular trén di liéu 16n. Iwata va cong su [60], Huang va
cong su [58]] dé xuat hai thuat toan mot ludt va hai lugt véi hé sd xap xi 2—15 — e va truy
van O(% log B). Huang va cong su [59] cai thién hé s6 xuong 1 — e nhung can s6 luat
va truy van 16n hon. Pic biét, thuat toan ctia Li va cong su [86] dat hé sb % — € chi véGi
O(% log(%)) truy van, dong thdi chiing minh khong ton tai thuit toan nao dat hé s6 hing
trong O() truy van.

Bén canh d6, cic cong trinh ctia bai todn T6i da ham submodular véi rang budc luc
lugng (mdt trudng hop dic biét clia bai toan SMK — khi chi phi ctia cdc phan ti déu bing
mot) cling déng vai trd tham khao quan trong. Lee va cong su [80] dé xuit phuong phap
“local search” véi hé sb 1 va O(n*logn) truy van. Gupta va cdng su [50] cai tién véi
thuat todn tham lam ldp dat hé s6 } va O(nk) truy van. [72] dat hé s6  — ¢ v6i O(nlog k)
truy van. Trong huéng ngau nhién, Buchbinder va cong su [[15] sit dung tham lam ngiu
nhién dat hé s6 L v6i O(nk) truy van, sau d6 duge khit ngdu nhién béi [13] va ting toc
bdi [16]]. Heé sb t6t nhat hién tai van 1a ;; [14] bing phuong phap md rong da tuyén.
Trong cac nghién cttu song song, Kuhnle [73]], Fahrbach va cong su [41] dat dd phuc
tap song song O(logn) v6i hé s6 =1 — ¢ va L — e. Tuy nhién, Chen va cOng s [23]] chi
ra 18i trong phuong phép 14y mau theo ngudng(threshold sampling) cta hai cong trinh
trén va khic phuc bang céch tai 1ap hé sb ¢ — e trong cung do phiic tap song song.

Céc nghién cifu hién tai vé bai toan SMK da dé xuét nhiéu thuit todn vdi hé sd
xap xi hang sb cung do phic tap truy vin va do phtc tap song song khac nhau, phu
hop vdi céc ting dung trong moi trudng dit liéu 16n hoidc yéu cau tinh todn song song.
Béng[2.1|t6ng hop chi tiét ba huéng tiép can chinh: tit dinh, ngiu nhién va song song.
Trong nhém thuét todn tat dinh, thuat tooan SMKDETACC hién dat can bang tot nhit
gitta hé s6 xap xi % — € va do phiic tap truy van O(nlog k). Tuong tu, trong nhém ngiu
nhién, thuit toan SMKRANACC dat hé sb xap xi % — ¢ v6i cung do phtc tap truy van.
V6i céc thuat todn song song, ParSKP2 1a dai dién tiéu biéu khi duy tri do phtc tap song
song O(log® n), d6 phiic tap truy vAn O(nk), trong khi duy tri hé¢ s0 xap xi —&3 — e.

Tir cac két qua hién tai, ludn 4n dit ra ba cau hdi nghién ctiu cu thé cho bai todn
SMK nhu sau:
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Bang 2.1: Bang so sanh céc thuat toan cho bai toan SMK.

Thuét toan Hé s6 xApxi DPPT Song song DPT truy vin Phan loai
SMKDETACC [53]] t—e - O(nlogk) Tét dinh
SMKSTREAM [53] % —¢ - O(%log B) Tét dinh, ludng
DLA (Thuat toan | ¢ - O(Zlog(%)) Titdinh
Alg.1 trong [14] ﬁ - poly(n) Tat dinh
FANTOM [90] e - O(% log(n))  Ngiu nhién
SAMPLEGREEDY[3] L —e - O(%log(%))  Ngiu nhién
SMKRANACC [53] 1 -« - O(nlogk) Ngiu nhién
RLA (Thuét toén’ZI} 1€ - O(Zlog(%)) Nghunhién
Alg.4 trong [38] - 1_¢ O(log®n) O(n?) Song song
ParKnapsack [2] gies — € O(logn) O(n?) Song song
Alg.3 trong [30] 1—¢ O(logn) O(nk) Song song
ParSKP2 [30] s — € O(log®n) O(nk) Song song
AST (Thuat toénH} 1_e O(logn) O(nk) Song song

- Cau héi nghién citu 1: Liéu c6 thé thiét ké mot thuit toan tit dinh mdi cho bai
toan SMK giit dudc hé s6 xap xi hang sb ¢ dong thdi giam su phu thudc vao kich
thude 16i giai & trong dd phic tap truy van?

- Cau héi nghién citu 2: Liéu c6 thé dé xudt mot thuit todn ngiu nhién méi cho bai
toan SMK giit dudc hé sb xap xi 1 — e theo ky vong, dong thdi loai bd phu thudc logarit
vao k trong do phiic tap truy van?

- Cau hoi nghién citu 3: Liéu c6 thé xay dung mdt thuit toan song song cho bai
todn SMK giit do phtic tap song song O(log n), dd phuc tap truy van gan O(nk), dong
thoi cdi thién hé sb xAp xi so v6i cdc thuit todn song song cling miic O(logn)?

2.2. Thuét toan tat dinh

Trong huéng tiép cin thuit todn tit dinh, luin 4n dé xuit thuit toan DLA cho bai
todn SMK. Thut todn nay dat ti 1& xap xi ¢ — ¢ v6i d0 phic tap truy van O(Z log(1)). So
v6i thuat toan SMKDETACC [53]], DLA giit cung hé sd xp xi nhung loai bd su phu
thudc logarit vao kich thudc 15i giai & trong do phtc tap truy van. DLA dudc xay dung
dua trén thuit toan nén tang LA, mot thii tuc tat dinh don gian dat hé s6 x4p xi hang s6
& v6i s6 truy vén tuyén tinh. LA chia tip c6 s6 thanh hai phan theo chi phi, sau d6 xay
dung hai tip rdi nhau bang chién lugc tham lam theo méat do 1oi ich bién. Trén co s do,
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DLA thay ngudng cb dinh bang mot day ngudng giam dan, dong thdi xét thém céc tién
td clia hai tip ing vién d€ cai thién hé sd xAp xi. Phan tiép theo trinh bay LA, DLA va
cac phan tich 1y thuyét tuong ting.

2.2.1. Thuat toan LA

Thuat toan LA (Algorithm [1)) chia tdp co s§ V thanh hai tap con V; va V. Tap V4
bao gdm céc phan ti c6 chi phi khong vudt qua %, trong khi V5 bao gdom céc phan ti
con lai. Chién lugc chinh ctia LA 12 phan chia tip co sé d& nhanh chéng uéc luong can
trén ctia nghiém t6i vu bang s6 truy véan tuyén tinh, sau dé chon céc phin tif tiém ning
vao hai tip con d€ dam bao hé sb x4p xi hing s6 cho bai toan SMK.

Do mdi phan tit trong 5 ¢6 chi phi 16n hon £, moi nghiém kha thi chi c6 thé chita
nhiéu nhit mot phan ti cta V. Vi vy, dbi v6i phan nay, LA chi can xét phan ti don
tot nhit ey, = arg max.cy f(e). P61 v6i Vi, thuat toan xay dung hai tip rdi nhau X va
Y bing quy tic tham lam theo mat do 10i ich bién. Mot phan ti e dudc thém vao tap
Z € {X,Y} néu %g) khong nhoé hon ngudng % va viéc lua chon nay van gilt dugc
tinh rdi nhau gitta hai tap. Budc nay tao ra hai tap X, Y phuc vu phan tich, trong do c6
thé ching minh f(0;) < 3(f(X) + f(Y)), nhung X va Y chua nhat thiét 12 nghiém kha
thi do téng chi phi c6 thé vuot qua B. Vi vdy, budc thi hai ctia thuit todn 14y cic doan
cubi X’ va Y’ clia hai diy phan tif da chon sao cho chi phi khong vudt qud B, rdi tra
vé tap ¢6 gid tri 16n nhét trong {X’,Y”, {€maa}}. Cu thé, cdc bude dugc trinh bay trong
Thuét toan [I] va dugc minh hoa trong Hinh

Khong giébng nhu phuong phap ciia Li va cong su [86]], von chi 4p dung cho ham
muc tiéu don diéu va khong cung cip nghiém kha thi, thuat toan LA x{ ly dudc ca ham
khong don diéu bang cach duy tri tinh roi nhau ctia X va Y, két hop véi bt dang thiic
f(O1) < f(XUO1)+ f(YUOy), vatu do suy ra f(O) < f(O1) + f(O2), trong d6 O la
nghiém toi wu ctia bai toan, O; va O, 1a nghiém toi vu tuong ung trén V4 va Vs.

Mot uu diém khac ctia LA 13 c6 thé st dung gid tri f(emnq,) d€ thiét ké va phan
tich can ly thuyét cho cdc thuat toan dudc dé xuit sau nay. Trong Thudt toan |1, néu
T = {ti,ta,...,t,} 12 thi tu cac phan ti dudc thém vao T € {X,Y}, thi T(j) =
{tm—j+1,---,tm} 12 doan cudi gdbm j phan t ctia 7. Do d6, X’ va Y” 1a céc doan cubi c6
téng chi phi 16n nhat nhung vin khong vugt qua ngan sach B. Cach cat nay chuyén hai
tap phan tich X, Y thanh hai nghiém kha thi X’ Y”.

Phic thao chitng minh. Phan tich ctia LA goém hai y chinh. Trudc hét, nho viée
xdy dung hai tip r&i nhau X va Y theo mat do 1gi ich bién, gid tri nghiém t6i uu trén
nhém phan ti nhé V; dude chin bdi tdng gid tri cia X va Y. Sau d6, vi X vaY c6 thé
vugt ngan sach, ching minh chi ra rang cac doan cudi kha thi X’ va Y’ van giit dudc
mdt phin di 16n gid tri ctia X va Y; phan nghiém ti vu nam trong V5 dudc chin béi
phan tit don t6t nhit e,,q,. Két hop ba thanh phan nay cho ra hé s6 x4p xi clia thuit todn.
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Input: f,V,B
V

emam <— maxeev f(e)
Vi < {e€V]cle) < g} 5
X+0,Y+0 i---Khoi tao

U
.. — duyét qua tung phan ti e trong V3 — ...
e ;
|
| |
Thém e vao X khi: Thém e vao Y khi:|
M0 5 [0 g | | el 5 S0 | - Vonglp chink
cle) — = '
Ao = flelv) | | £lelx) < few)
v v
DX J Y
________________ e
Cit liy duoi co chi phi Cit liy duoi co chi phi
l6n nhit nhung < B l6n nhit nhung < B
Vv
Y/

Return: arg MaX 7 (x! v/ femaz}} f(2)

Hinh 2.1: Luu d6 hoat dong cia thuat toan LA

Algorithm 1 Thuat toan LA

Input: An instance (f,V, B).

Output: A feasible solution S of SMK, i.e., ¢(S) < B

Vi {eeVicle) <ZH Vo= VAVL X« 0,Y < 0, €0, < argmaxeey f(e)
: foreach e € V| do

L Find Z € {X,Y} such that: Z = arg max rel2)5 1(2) f(elz)

Ze{X,Y}: > c(e)
If exist such set Z then Z + Z U {e}

s X' e argmaxxo<<|x|ex (<8 (X (7))

Y — argmaxy (j.0<j<|v|e(v(j)<B ¢(Y (J)), where T'(j) is the suffix consisting of the last j
elements inserted into 7' € {X, Y} and T'(0) = ().

R - arg maxZe{X/,y/,{emM}} f(Z)

: return S.

B6 dé 2.1/ cung cip mot gidi han trén clia nghiém tdi wu trén tap V; thong qua hai
tap rdi nhau X va Y, ddy 1a yéu t6 then chét trong viéc phan tich gidi han ly thuyét ctia
Thuat toan (1, Bén canh d6, luan an st dung ky hi€u sau: Véi e € X UY, ky hiéu X <¢ va
Y <€ 1an lugt 1a tap cdc phan ti trong X va Y trudc khi thém e viao X hoic V.
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B6 dé 2.1. Tai thoi diém két thiic vong Idp chinh cia Thudt todn |1} ta co6: f(O;) <
3(f(X) + f(Y)).

Chiing minh. Do quy tic lua chon ctia Thuit toan |I|va tinh chat submodular cta f, v6i
moi phan tli e € Y ta c6:

fle|X) _ flelX=°) _ f(e]Y™9)
c(e) s c(e) = c(e) (2.1)
Theo tinh chit submodular cua f, ta cé:
FO1UX) = f(X)< Y flelX)
ecO1\ X
= 3 0+ S e
ec01\(XUY) ecO1NY
< Y Yo 3 0 e
e€01\(XUY) ecO1NY
< Y Mo > 0w e
6601\(XUY) ecO1NY
< f(X)+ f(Y) (2.4)

trong d6 bit dang thiic 1a do thuc t& moi phan tif e € Oy \ (X UY') da khong dudc xét
d€ thém vao Z € {X, Y} tai Dong 3 ctia Thuat toan |1} tic I, fl(j'j) < %, Z e{X,Y};
bét dang thic 1a do 4p dung (2.1).

Tuong tu, ta cling co:

FOLUY) = f(Y) < f(X) + f(Y). (2.5)
Tir hai bat ding thic (2.4), (2.3) vado X N'Y = () ta thu dugc:
f(O1) < f(O1UX) + f(O1UY) <3(f(X) + f(Y))

diéu nay hoan tit chiing minh. ]

Dinh Iy 2.1. Thudt todn|l|la mét thudt todn tdt dinh, dat dugc ti 1é xdp xi bang % va

yéu cau O(n) truy vdn.

Chiing minh. Trudc tién, luan 4n chiing minh Thuét toan |1|can nhiéu nhét 3n truy van.
Pau tién, thuit toan quét mot 1an qua V' d€ tim e,,q, (dong |1} Thuat todn , tac vu
ndy can n truy van. Sau dé, thuit todn quét mot 1an qua Vi C V trong vong lip chinh
(dong 2-4). V6i mdi e € Vi, né tim hai do ting bién f(e|X) = f(X U {e}) — f(X) va
flelY) = f(Y U{e}) — f(Y) vatim Z € {X,Y?} tai dong 3| d€ thém e vao. Ta c6 thé luu
trit f(X), f(Y) tit vong ldp trude, do d6 chi can hai truy van cho tic vu nay. Vi vdy, vong
1ip chinh can 2|V;| < 2n truy van va thuit toan can nhiéu nhét 3n truy van.
Tiép theo, ta chiing minh hé s6 x4p xi ciia thuat todn.
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Ky hiéu X = {xl,xg,...,qu},Xi = {21, 29,...,2:},1 <4 <|X]|, X% = 0. Gia st
X1 =X\X'={a,...,e} va X' ={x;1,7149,... ;T x|}

Pau tién ta chi ra f(X;) < 24X Néu ¢(X) < B, thi X’ = X va X; = (), ménh d&
ding. Do d6, ta xét trudng hop ¢(X) > B. Do quy tic Iua chon phan tif d€ thém vao X
nén ta co:

FOX9) = OO+ a3 2 0y + 4

véi 1 < j < |X|. Do dé:

FXTTH = f(XTTh

B

!
|

fX) = f(X1) =) flolXaU{zig, -z })
1

e ~.
I

(T144)
B

FI\%O

FXaU{zga, - 2pio1 })
1

!
|

- .
Il

C(xé—H)f(Xl) _ C(‘;( )f(Xl)

DI\/1

.

=1
> X))

-2
Bit dang thiic cudi cung 1a do mdi phan tit trong V; c6 chi phi nhiéu nhét 5 va quy tic

Iya chon ctia X’ cho: B > ¢(X') > B -2 =25,

Do do, f(X;) < @ Theo tinh chét submodular ctia f, ta c6:

FX) > F(X) - F(X)) > @

Tuong tu, ta cé: f(Y') > L0 Mit khac, nghiém t&i vu trén V5 ¢6 nhidu nhit mot phan
td, nén f(02) < f(emaz)- Cudi cung, tif tinh chit submodular, quy tac lua chon cla
nghiém cudi cung trong Thuét todn (1| va B dé 2.1{ta thu dudc:
FO) < flONV1) + f(ONV2) < f(O1) + f(O2)
< 3(f(X) + f(Y)) + f(emaz)
SIf(X) + F(Y) + flemaz) < 19F(S5)

diéu nay hoan tit chiing minh. []
2.2.2. Thuat toan DLA

Thuét toan DLA (Thuét toan [2)) 12 mot thudt toan xap xi tat dinh dat ti 1& % — € VGi
do phiic tap truy van O(Z log(1)). Y tuéng chinh ctia DLA 1a ding LA d€ c6 mdt cén
ban dau cho gid tri t6i uu, sau d6 xay dung hai tap rdi nhau bang chién luge tham lam c6
ngudng giam dan. Khac v6i LA, thuét todn khong chi dung hai tip cudi cing X, Y, ma
con xét cdc tién t6 clia chiing trong pha thi hai. C4ch nay gitdp thuat todn chon dugc mot
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13:

14:
15:

phan nghiém c6 chi phi phit hop véi ngan sach con lai, roi bd sung thém mdt phan ti tot
nhat d€ cai thién gid tri nghiém.

Algorithm 2 Thuat toan DLA
Input: An instance (f,V, B), parameters € € (0, 1)
Output: A feasible solution S of SMK, i.e., ¢(S) < B

: S’<—LA(f,VB) F(—f(S’),e’<— 5

r
A [ log(l,ﬂ e X 0, 0
while § > "0—<) go
foreach e 6 V\(XUY)do
Find T € {X, Y} such that: ¢(T U {e}) < Band T = argmaxy(y vy sein) S CE
If exist such set 7' then 7" < T' U {e}
0+ (1—¢€)0

for [ =00 A do

X(,l) — Arg Max yi.o(xi)<e B(1+¢'),i<|X| L

Y(/) — arg maxyi.. (yi)<e'B(1+6’)l,i§\Y|i

wuten<s F(Xg Ude})
y <~ argMaXeey (v, U{e})<B f(Y(/z) U{e})

| X X Udexh Yo < Yy Udev}

ex < argmaXgcy. (X

S — arg maXTe{S,’X7Y7X(O)7’X(A)7Y(O)77}/(A)} f(T)
return S.

Thuat toan DLA nhan dau vio 1a mot bai todn (f, V, B) cling tham s6 ¢ va gom ba
thanh phan: khéi tao, pha 1 va pha 2. O budc khéi tao, thuit todn goi LA dé thu dudc
nghiém dng vién S’ va dit ' = f(5’). Theo hé sb xap xi ctia LA, gid tri t6i uu opt nim
trong khodng dudc kiém soat bdi I', nén I' dudc dung dé thiét 14p diy ngudng cho céc
budc tiép theo. Trong pha 1 (dong , thuat toan xay dung hai tap roi nhau X va Y.
Mbi vong lép quét qua cac phan tif chua dudc chon; mot phan ti dudc thém vao tap
T € {X,Y} néu chi phi con kha thi va mat do 1gi ich bién J(elT) dat it nhAt ngudng hién

c(e)
tai 6. O day, 6 1a mic yéu cau t6i thiéu vé 1gi ich bién trén mot don vi chi phi: ngudng 16n

gitip chon cdc phan ti rat tot & dau thuat todn, con viéc gidm dan 6 theo hé s6 (1 —¢') cho
phép thuat toan xét thém cic phan ti c6 mat do thip hon nhung van c6 ich cho nghiém.

Pha 2 (dong Xt 1y van dé con lai: cac tip X,Y dudc tao & pha 1 c6 thé chua
phai 13 phan nghiém c6 chi phi phit hop nhit d€ két hop v6i mot phan ti quan trong
ctia nghiém t6i vu. Goi 77 1a tién t6 gdm 7 phan ti dau tién dugc thém vao T € {X,Y}.
Trong phan tich, r = arg max,co ¢(0) 12 phan ti ¢ chi phi 16n nhit trong nghiém t6i uu
O; ky hiéu nay chi diung cho chiing minh vi thuat todn khong biét O. Néu biét r, tién td
tu nhién can xét 1a T = arg maxi.(riy<p_ () i» tic la tién to dai nhat con di ngan sach
dé€ ghép véi r. Do khong biét ¢(r), DLA duyét mot ludi gia tri ¢ B(1 + ¢/)! dé xép xi céac
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kha niing ctia phan ngan sach con lai, rdi v6i mdi tién t6 thu dugc, thuat toan thém phan
t kha thi t6t nhat. Cu thé, cic budc dudc trinh bay trong Thuit toan [2 va dudc minh

hoa trong Hinh

Input: f,V,B,e € (0,1)
v
S"«+ LA(f,V,B),T « f(5'),¢ « {5
L X0,Y«0

A [Flog()1,0 +

_€_

i--- Khoi tao

0> —55—

bung

@ Sai

... — duyét qua tirng phan tv e trong V' \ (X UY) — ...

e

!

Thém e vao X khi:

Thém e vao Y khi:
felY) -+ g

f(elY)

7% <

v
Y

0+ (1-¢€)8

Két thuc pha 1, bit dau pha 2

- N ]
Tu XtaocactapX(l),...,X(A

voi cac ngudng chi phi khic nhau

Tu Y tao céc tap Y(ll)’ ceey

Y/

)i

v6i cac nguong chi phi khac nhaul

--Phal

X Y
|- x!
-1 -+ — O X e
-+ L I §
I [ e '
|| 3 :
- Tim e thém vao XEl) E
A --d—t s
!/ H
arg maxeev:c(xgl))+c(e)g3 Fx oY e)

arg ma‘XTE{S’,X,Y,X(O) ’“’X(A) ’Y(O) ”Y(A)} f(T)

Hinh 2.2: Luu d6 hoat dong cta thuit todan DLA

Nhu vay, pha 1 tao ra hai day ing vién X, Y theo mat do 19i ich bién, con pha 2

chon cac tién t0 ¢o chi phi dai dién cho nhiéu muc ngan sach khac nhau va thi bd sung

mot phan ti tét nhat. Hai BS dé sau day phan tich chét luong nghiém cudi cuing trong
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hai tinh hudng ctia phan tii 7: ¢(r) < (1 — ¢/) B, khi phan t 16n nhit ctia nghiém t6i uu
chua chiém gan hét ngan sach; va ¢(r) > (1 — ¢)B, khi mot phan ti ctia nghiém tdi uu
gan nhu quyét dinh phan 16n ngan sich.

Dé phan tich ly thuyét cho DLA, luan 4n dinh nghia hoic nhic lai cdc ky hiéu
trong Bang

Bang 2.2: Bang cac ky tu toan hoc dung trong phan tich thuat toan DLA

Ky hiéu | Y nghia

O Nghiém t6i uu ctia bai toan SMK va opt = f(O)
X Gia st X = {z1, 29, .. -x)x|} theo thi ty cdc phan t dugc thém vao X,
ky hiéu X? = {z1, 20, ... x;} 12 tién t& gdbm 7 phan t{ dau tién
r Phan t c¢6 chi phi 16n nhit trong nghiém t6i wu O, tic 1a r =
arg max,co c(0); ky hiéu nay chi dung trong phan tich
t t = max{i : ¢(X?) + ¢(r) < B}, tiic 12 chi s tién td dai nhit cia X con

c6 thé ghép v6i r ma khong vugt qua ngan sach B

XYy | Céc tién t6 cia X va Y dudgc chon & pha 2 véi ngudng chi phi ¢ B(1+¢')!
X;,Y; | Lan lugt 1a X va Y sau vong 1dp thd j cta vong 13p dau tién trong
Thuit todn
X<¢,Y<¢ | Lan lugt 12 tp cac phan tif trong X va Y truc khi thém e € X UY vio
X hoacY
0; La gid tri 0 tai vong lap thi ¢; 6 dong vai tro nguong mat do 10i ich bién

t6i thiéu d&€ mot phan ti dudc chon
La gid tri # khi phan t& «; dugc thém vao X
Orast La gid tri 6 tai vong lip cudi cung ctia vong lip dau tién

Phic thao chitng minh. Phan tich ctia DLA dya trén viéc so sanh nghiém tdi wu
O véi céac tap X, Y dudc tao bdi ddy ngudng gidm dan. Phan ti ¢6 chi phi 16n nhat r
trong O dugc dung dé chia phan tich thanh hai tinh huéng: néu » chua chiém gan hét
ngan sach, pha 2 c6 thé tim mot tién t6 ctia X hodic Y c6 chi phi gan véi phan ngan sach
con lai d€ ghép v6i mot phan i t6t; néu r gan nhu chiém toan bd ngan sach, mot phan
t don hofic mot tién t6 ngan da du tao can tot. Hai bd dé tuong dng x1 Iy hai tinh hudng
nay, sau d6 dinh ly két hop cdc can dé suy rati1é  —e.

B& dé2.2) xét trudng hop phan ti c6 chi phi 16n nhit trong nghiém t6i uu khong
chiém gan hét ngan sach. Khi d6, phan ngan sach con lai B — ¢(r) van 16n hon € B, nén
mot tién tb thich hop ctia X hoic Y ¢6 thé dudc pha 2 clia thudt toan xAp xi thong qua
luGi gid tri ¢/ B(1 + €)'
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Bé dé 2.2. Néu c(r) < (1 — €)B, mot trong hai diéu sau xdy ra: a) f(S) > ———~opt; b)

N 6(1+¢)
Ton tai tdp con X' C X sao cho
1 ! 1—¢
FOUX') < 2f(S) + max { : 1), ( - ‘ >opt} .
— €
Tuwong tu, mot trong hai diéu sau xdy ra: ¢) f(S) > ———~opt; d) Ton tai tdp con Y’ CY

6(1+¢€')
sao cho

f(OUY') <2f(S) + max { 1 i— Zif(s)’ (1 g e’)opt} :

Chiing minh. Trong trudng hop nay ta ¢6 B — ¢(r) > ¢ B. Chiing minh dung ¢ d€ xac
dinh tién td dai nhit X clia X van c6 thé két hop véi r trong gidi han ngan sach. Néu
X' = X, toan bd tdp X van phu hop v6i phan i r; néu X c X, tién t6 ké tiép X' 1a
di€ém dau tién vugt qua phan ngan sach con lai, nén pha 2 sé chon mot tién t6 gan véi
muc chi phi nay. Ta xét cac truong hdp sau:
Truong hep 1. Néu X* = X sau khi két thiic pha 1, tiic 1a sau vong lip & cac dong
ctia Thuat todn [2| Theo quy tic Iua chon ctia thuit toan, mdi phan ti e € Y <% ¢6 mat do
Igi ich bién thda man:

FelXt) _ FelX<) _ fley =)

cle) —  cle) c(e)

Mai phan ti e € O\ (X! UY <) c6 mat do 1di ich bién v6i X! nhd hon 6y, tic 1a

t
f (f(g ) < 0,4, Nén ta thu dudc:

(2.6)

<

FXTU0) = FXN < > flelX)

ecO\X?
= ) flelXh+ Y felx)
ecONY <%t e€O\(XtUY <=t)
flelX?)
< Y rARaC > A 27)
ecONY <=t e€O\ (XtUY <%t)
}/<:e
< > FEY™) o) 4 e(0)hast (2.8)
ecONY <%t c(e)
o
< jy<ey B2 29)
trong d6 bit ding thic (2.8) 1a do (2.6), bit dang thic 2.9) la do thuc t& L") > g ¢

c(e)

v6i moi e € Y. Tur valuuy f(X) < f(X) < f(S) va f(Y<%) < f(Y) < f(9),
ta co:

(1 —¢)opt (1 —€)opt
6 6 '

Truong hop 2. X! ¢ X sau khi két thic pha 1. Khi d6 X**! Ia tién td dau tién
khong con ghép dudc véi r trong ngan sach, nén can diing pha 2 dé tim mdt tién t6 c6

FIXTUO0) < f(X') + fY=") + < 2f(5) +
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chi phi gan v6i B — ¢(r). Trong trudng hop niy, X chifa it nhat ¢+ 1 phan ti va ¢(X*+1) >
B — ¢(r) > ¢’ B. Ta xét vong lap thi hai cua Thuat toén ViéB < B —¢(r) < B, ton tai
mot sd nguyén [ sao cho

L=(14\dB<B—c(r)< 1+ B=L01+¢).

Giasu X El) = X' v6i mot s6 i. Theo Iua chon ctia X El) tai Dong 11 trong Thuat toan [2| va

c(X) > (X > B, tacod ¢(X?) < L < (X1, do do:

B—c¢(r) _ €B
>

14+€¢ —1+¢€°

(XY > L > (2.10)

Ta tiép tuc xét hai trudng hop con sau:

Truong hop 2.1. Néu phan ti thd i + 1 ciia X dugc thém ngay trong vong quét diu tién
ctia pha 1, khi ngudng con & mtc cao nhit 6, thi ban than tién tb X**+! da dd 16n dé suy
ra can dudi cho f(S5). Ta co:

¢B 19T opt

> X’i—f—l > X’i+1 >
J8) 2 JXT) 2 X0 > 05T E Z s oy

tlf d6 suy ra B8 dé ding.
Truong hop 2.2. Néu phan tif thi i + 1 clia X chi dudc thém & mot vong quét sau clia
pha 1, tifc 1a tai vong j > 2, thi cdc phan ti chua dudc chon & vong trudc déu cé mat do
loi ich bién nhé hon ngudng tuong dng. Nhan xét niy cho phép chin phan déng gép con
lai cia O bang gi4 tri ctia Y va tién t6 X1, Vi moi phan tire € V' \ (X? U Y <%), mat
dd 10i ich bién ctia né v6i X’ nhé hon ngudng tai vong lip trudc (trong vong 1ip dau
ti€n), tuc la:
flel X)) _ b+
c(e) S1oe

2.11)

Mt khac, mat do 1gi ich bién ctia mdi phan tit trong X! 16n hon hoic biang ngudng
O(i+1)> nén ta co:
FXY) S XA S b))
(X1 (Xerl) = (X1 (i+1)-
Ky hiéu O; = O NY<% va Oy = O\ (X’ U Oy). Két hop cac bit dang thiic ([2.10),
va (2.12), ta thu dugc:

JXTUO) = f(XTufr) < Y fEXTufrh s Y flelx)

(2.12)

ecO\ X' ecO\(XU{r})
= D fEXD+ D> flelx)
ecO1\{r} e€O2\{r}
< 3 fler+ Y e Z“ - (do (ZT1)
ecO\{r} e€02\{r}
O(i11)

< fY)+(B—cr))

1—¢
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o z+1
sf(Y)+(f§1 ()”{)((fil (do (ZT2))

< FY)+ HEfX”l (do (ZT0))

(i d6 suy ra: f(XTUO) < f(XPU{r}) + f(V) + L p(xitH),
Theo quy tic Iva chon clia ey tai dong . trong Thuét toan 2, f(X'U {r}) <
F(XTU{ex}) < f(S), dodé tacé: (X7 UO) < 2f(S) + 5 £(S).

€

Két hop ca hai trudng hop, ta cé két qua trong B dé. Theo 1ap luan tuong tu, ta
ciing thu dudc két qua tuong tu dbi v6i mot tip con Y/ C Y. O

? X £ a TN » —¢')?
Bo dé 2.3. Neu c(r) > (1 — €)B, mot trong hai diéu sau xdy ra: e) f(S) > %opt,‘j)
Ton tai tdp con X' C X sao cho

F(OU X') < 2f(S) + max {%,f@) 4+ € ‘épt} .

. _ )2 .
Tuong tu, mot trong hai diéu sau xdy ra: g) f(S) > %opt; h) Ton tai tgp conY' C Y
sao cho

f(OUY/) < 2f£(S) —l—max{(l_Tel)Optjf(S) + EICépt}.

Chiing minh. Trong truong hop nay, ta c6 c(O \ {r}) < ¢B,c(X") < ¢B.
Truong hop 1. Néu X! 1a X sau khi két thic vong lip dau tién. Bing phép bién d6i
tuong tu ti dén trong chiing minh B8 dé 2.2} ta ciing thu dugc:
(1 —€)opt
6

Truong hop 2. Néu X' C X, thi X chia it nhat ¢ + 1 phan tit. Xét vong 1dp dau tién ctia
thuat todn, 0; = 19r6(61/;36’)3 € [“‘gg"pt, 1696‘,’?] v6i moi vong 1dp j. Vi ngudng 6 gidm dan
theo hé s6 1 — ¢ sau mbi vong lip, nén ton tai mdt vong lip j thda man:
19T(1 — ) _ opt

6’ B 6B

f(X'U0) <2f(S) +

1 —¢)opt
( 6B) Pt g~
Ta tiép tuc xét hai trudng hop con sau:
-Néu X1 C X;. Néu ¢(X;) > (1 — ¢)B, thi
(1—¢€)?
F(8) 2 f(X;) = e(X;)0; 2 ~———opt.
Néu ¢(X;) < (1 —€)B. Ky hiéu Oy = ONY; va Oy = O\ (X; UO1). Vi ¢(X;) +

maxeon g} c(e) < e(X;)+(O\{r}) < B, taco <(')§ 1) < 9; v&i moi e € 05\ {r}. Do do:

fXU0) - fXuir) < Y felX))

ecO\{r}
doofelxn+ D> flelxy)
ecO1\{r} e€02\{r}
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DRI
ecO1\{r} e€02\{r}
/

< 'goPt _ < opt.
_f(Y)—I—eBGB f(Y)+6opt
Theo quy tac Iya chon ctia nghiém cudi cung va luu y f(r) < femaz) < f(S) < F(S),

ta thu dugc:

FX;U0) < F(X; U ) + 1Y) + 2
< FOG)+ 1)+ F) + Sont

/
< 3f(S)+ %opt.
-Néu X; ¢ X**1. V6i moi phan tii e € V' \ (X* UY <), mat do Igi ich bién ctia n6
ddi v6i X' nho hon ngudng tai vong lip trudc (trong vong lip dau tién), do dé:
flelXt) _ Ot opt
< b,
c(e) S1-e =" 6B

Ky hiéu O; =0NY<* vaOy =0\ (X' UOy). Véiluuy c¢(O3\ {r}) < €B, ta co:
FXTUO) - fxufh < Y fextui < S felx)

ecO\{r} e€O\{r}
D oflelxh+ D flelx?
ecO1\{r} e€02\{r}
D NICIaENDY
ecO1\{r} e€02\{r}
<t opt
< S +e(02\ {r}) e
gf(Y)+62pt-

Diéu nay suy ra:
/

F(XTUO0) < F(XTU{r}) + f(Y) + =opt

6
/
< (XY 4 S(r) + [(Y) + Zopt
/
< 3f(S)+ 6gopt.
Két hop ca hai trudng hop, ta cé két qua trong B dé. Theo 1ap luan tuong tu, ta
cling ¢ két qué tuong tu véi Y/ C Y. ]

DPinh ly 2.2. Vi moi e € (0,1), thudt todn DLA la thudt todn tdt dinh c6 do phiic tap
truy vdn O(2 log(1)) va dat dugc ti 1¢ xdp xi & — «.

Chitng minh. D phiic tap truy vin cia Thuit toan 2| dudc tinh bang cach két hop thao
tac ctia Thuét toan [1] va hai vong 1ap chinh ctia Thuat toan [2] Vong lip thi nhét va thi
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hai lan lugt c6 nhiéu nhat [4 log(12)] + 1 va [Llog(4)] Vong lap Mbi vong 1dp trong
hai vong nay can O(n) truy van; do dé6 ta thu dudc tong s6 truy vAn nhiéu nhét 1a:
1 19 1
30+ (5 1oa(5)] +1) + [ loa()] = O(* log(-))

D& chitng minh hé s6 xap xi, ludn an xét hai trudng hop sau:

Truong hop 1. Néu c(r) > (1 — ¢)B. B?:mg céch st dung B8 d&[2.3| ta xét hai tinh
hudng: néu xdy ra e) hodc g). Vie = 5 < 4, ta cd: opt < (6f( )) < 6(1 +B)2f(9) <
(6 + ¢€)f(S), do d6 Pinh ly dudc chiing minh. Ta xét trudng hgp ngudc lai: ca e) va h)
déu xay ra. Khi dé ton tai X’ C X, Y’ C Y va X’ NY’ = () théa man:

opt = f(O) < f(OUX")+ f(OU Y’)
opt opt

Ta xét hai trudng hop con: Néu f(S) > %, Pinh ly ding. Néu f(S) < %, thay vao

(2.13)) ta dugc:

< 47(S) + 2max{(1 - &)= (2.13)

1+¢€ 12
opt < 4f(S)+ ;6 opt = opt < 2f(5:) < (64 ¢€)f(9).

— €
Truong hop 2. Néu c(r) < (1 — ¢')B. Ap dung B& d&[2.2] ta xét hai tinh hubng: néu xay
ra a) hodc ¢), taco f(S) > 6(°pt 7 = opt < (6 + 6¢) £(S) va Dinh ly diing. Néu c4 b) va
d) déu x4y ra. Khi d6 ton tai X’ C X, Y’ C Y va X' NY’ = () thda man:

opt = f(0) < f(OUX') + f(OUY)

L1 hs), u%&opt}. (2.14)

Néu f(S) > ‘%pt, Pinh ly ding. Ta xét trudng th f(S) < %, thay vao (2.14) ta dudgc:
opt < 4f(S) + LS %t Suy ra:

<4f(S) + 2max {

6(1—¢€) B 6¢/
opt < 2 £(8) = (6+ —5)1(8) < (6+f(S),
Két hop hai trudng hop, ta thu dudc chiing minh. ]

2.3. Thuét toan ngau nhién

Trong huéng tiép cin thuit toan ngiu nhién, luan an dé xuit thuat toan RLA cho
bai toan SMK. Thuit toan RLA dat i 1& xap xi ky vong 1 — € v6i do phuic tap truy van
O(Z1log(1)). So v6i SMKRANACC [53]], RLA giit ciing hé s6 xap xi trong nhém thuat
to4n ngau nhién gan tuyén tinh nhung loai bé su phu thudc logarit vao kich thudc 19i giai
k trong do phiic tap truy van. RLA dudc xay dung tif thuat todn nén ting LAR. Diém
ngau nhién trong LAR nam & budc 1dy mau tap V}, con diém ngiu nhién trong RLA nim
& bude quyét dinh c6 dua phan tif da diéu kién vao day nghiém S; hay khong véi xéac
sut 5. Sau ddy, ludn an trinh bay chi tiét LAR, RLA va phén tich 1y thuyét lién quan.
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2.3.1. Thuat toan LAR

Thuit toan LAR 1 phién ban ngiu nhién héa ctia Thuit toan (1| Trudc hét, thuat
todn xdc dinh tdp V4 gdm céc phan ti ¢6 chi phi khong vugt qua £. Sau d6, mdi phan ti
e € V4 dugc chon doc 1ap vao tap Vj, vi xac suét p. Day la ngudn ngau nhién chinh cta
thuat toan: mdi 1an chay c6 thé tao ra mot tap V, khac nhau, tif d6 dén t6i day phan td
dugc xét va nghiém cudi cung khéc nhau. Trén tap da liy mAu V,, thuat todn xay dyng
mot tip S bing quy tic tham lam theo mat dd Igi ich bién, rdi cit thanh doan cubi kha
thi S’ tuong tu nhu cach LA tao X’ va Y’. Cu thé, cac budc dudc trinh bay trong Thuat
toan 3] va dugc minh hoa trong Hinh

Input: f,V,B,pe (0,1),a € R
v
€maz < MaXecy f(e)
Vi< {eeVicle) <L}, 5+ 0 - Khoi tao
Vp < {e € V1 : Chon e véi xac sudt p} ‘

... — duyét qua ting phan tu e trong V,, — ...
e

I

Thém e vao S khi:
f(elS) aﬂ i--- Vong lap chinh

c(e) B

Cit lay dusi c6 chi phi
l6n nhit nhung < B

Return: arg MAXTe(S! {emaz}} F(T)

Hinh 2.3: Luu dd hoat dong cta thuat todn LAR

Mic dit LAR 12 mot thuét toan ngiu nhién, nhung né cung cip ti 1& x4p xi t6t hon
s0 v6i LA va c6 thé dugc st dung 1am nén tang cho viéc thiét ké thuit toan ngiu nhién
hda sau nay la RLA.

Tiép theo, luan 4n tién hanh phan tich 1y thuyét cho thuét todn LAR. Phac thao
chitng minh. Y tudng chitng minh ctia LAR 1a lién hé nghiém tbi uu trén tap phan tit
nho V7 véi tap ngau nhién V, dugc lay mau. Hai b8 dé vé tap con ngiu nhién cho phép
chin ky vong gia tri clia phan giao gilta nghiém tdi uu va V,, ciing nhu gia tri khi ghép
tap ngau nhién véi nghiém dang xay dung. Sau d6, quy tac tham lam theo mat do lgi ich
bién dudc dung d€ chuyén cin nay thanh cin theo E[f(S)], con budc cit suffix bao dam
nghiém kha thi S’ van gilt dudc mdt phan di 16n cta S. Toi uu cac tham sb p va o cho ra
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Algorithm 3 Thuat toan LAR
Input: An instance (f,V, B), parameters p € (0,1),a € R
Output: A feasible solution S, for SMK, i.e., ¢(S,) < B
€maz < argmax.cy f(e), Vi + {e € V]c(e) < g}
V, < {e € Vi : Select e with probability p}, S < ()
foreach ¢ € V, do

tlff ds) > o1 ( then S < S U {e}

S' 4 argmaxs(j).o<;<|s},(SG)) (S(])), where S(j) is the suffix consisting of the last j

<BC
elements inserted into S and S(0) =

SO — a‘rg maXTE{Sl,{emaz}} f( )
return S,.

hé sb xap xi cubi cung. P& phuc vu cho qud trinh nay, ludn 4n nhic lai hai bd dé quan
trong da dudc chiing minh trong cac cong trinh nghién ctiu trudc day.

Bé dé 2.4 (BS dé 2.2 cia Feige va cong su [43]). Cho f : 2V — R, la mét ham
submodular. Ky hiéu A(p) la mot tdp con ngdu nhién cia A trong dé méi phan tit xudt
hién Vi xdc sudt nhiéu nhdt p (khéng nhdt thiét doc ldp). Khi do ta co E[f(A(p))] >
f@)+p- f(A).

BG dé 2.5 (B& dé 2.2 ctia Buchbinder va cong su [13]). Cho f : 2V — R, la mét ham
submodular. Ky hiéu A(p) la mot tdp con ngdu nhién cia A trong dé méi phan tit xudt
hién vdi xdc sudt nhiéu nhdt p (khéng nhdt thiét déc ldp). Khi do ta co E[f(A(p))] >
(1=p)f(D).

Tru6e khi chitng minh Dinh 1y 2.3 luan dn dua ra B& dé sau, gitp thiét 1ap mbi
lién hé gitta S va §'.

B6 dé 2.6. f(S") > %5 f(S).

Chiing minh. Néu S’ = 5, B d& hién nhién ding. Ta xét trudng hop S’ C S. Ky hiéu
S1=5\95.Goi S = {31,32,...,5‘5|},Si = {s1,52,...,5},1 <i<19,S° = 0. Gia st
=9\ S8 = {s1,...,s1} va S’ = {s111, 5132, - .-, 5|9 }- Theo quy tac Iua chon ctia moi
si € S, ta dé thiy f(S™t1) > £(S%). Vdi lap luan tuong tu nhu trong chitng minh Dinh 1y
ta co:
El

f(S) = f(S1) = Z f (5144l 81 U {1y s14i-13)

IS'

(s1
Z H FOS1ULsi41,- -5 814i-1))

="y,
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S af(51)
- 2
suy ra f(57) < Q%Q £(S). Nho tinh chét submodular ctia f, ta thu dugc:
f(8) = [(S) = f(S1) = f(9).

Diéu nay hoan tit chiing minh. O

(8]
o+ 2

Dinh Iy 2.3. Thudt todn |3|yéu cau O(n) truy vdn va dat dugc ti 1é xdp xi bang o1 VoI
p=vV2—1vaa=+2+2V2
Chitng minh. Thuit todn can n truy van dé tim e,,q, va nhiéu nhét n truy van dé€ xay
dung S, do d6 do phuc tap truy vén ctia thuat toan 1a O(n). Ky hiéu O 1a nghiém t6i uu
cta bai toan (f, V1, B) va O, = O1 N'V,. Do cach chon 1, mdi phan ti e trong O xuét
hién trong O, v6i xdc suét p, nén E[c(0,)] = pc(O1) < pB va bang cach dp dung B3 dé
ta co:
E[f(Op)] = f(0) +pf(O1) = pf(O1).

Vi mdi phan i e trong V xut hién trong S v6i x4c sut nhiéu nhét p, nén khi 4p dung
B& d&[2.5/cho ¢(-) = f(- U O,), ta dudc:

E[f(SUOp)] = EE[f(SUOp)|Op] = (1 = p)E[f(Op)] = p(1 —p)f(O1).

Theo quy tac lua chon trong Thuat toén taco L i?g) < a@ véimoie € O, \ S, do do:

p(L=p)f(O1) ~E[f(S) <E[f(SUOy) ~ (S) <E[ ) —Z=f(S)]
e€cOp\S
< B9 (5] < oyl (s)

suy ra f(O1) < pl(irf‘;’)E[ £(S)]. Theo tinh chit submodular ctia f, ta cé:

14+ ap
f(O) < f(Ol) + f(02) < MEU<S)] + f(emaac)
< ((1 ;(Ol‘p_)(;‘); 2 4 1) E[f(S,)] (Ap dung BS d&[2.6).

Cudi cing, ta c6 bit dang thiic sau:

(1+ ap)(a+2)
f0) < ( p(1—pla

+ 1) E[f(So)],

ta dat

(14 ap)(a+2)
p(1 —pla

khi d6 ta c6 f(O) < C(a, p)E[f(S,)], nén hé sb xap xi 1a 1/C(«, p). Do d6, ta Iva chon

cac tham sd o > 0 va 0 < p < 1 sao cho C(a, p) 12 nhd nhit. Xem C/(«, p) nhu mot ham

Cla,p) ==

+ 1,

theo a (véi p cb dinh) va ap dung diéu kién t6i uu bac mot, ta thu dudc quan hé o?p = 2.
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10:
11:

12:
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Sau do, chon p = v/2 — 1 (khi d6 (1 — p)/p = v/2, gitp don gidn biéu thic C(a, p)), ti
o?p=2suyraa’®=2/p=2+2+1) =2+22,do dé a = /2 + 2/2. V6i lua chon
o =1/2+2v2vap=+/2— 1, tanhin dugc hé s6 xap xi mong mudn.

[]

2.3.2. Thuat toan RLA

Thuat todn RLA (Thuat todn [4) 12 thuat todn xap xi ngdu nhién dat ti 1€ 1 — e theo
ky vong vé6i do phiic tap truy van O(Z1log(1)). Thuét todn ké thira y tudng dung cin ban
dau tir LAR va dung ngudng giam dan nhu DLA, nhung thay hai tap roi nhau bing mot
ddy nghiém ngu nhién S;. Khi mot phan td vugt qua diéu kién mat do 1¢i ich bién va
con kha thi vé chi phi, thuat toan dua phan ti d6 vio danh sach ting vién U; sau d6 phan
t& chi duge thém vao nghiém ké tiép véi xdc suat 3. Vi vy, tinh ngau nhién ctia RLA
khong nam & viéc kiém tra diéu kién ngudng, ma nim & budc nhan hoic loai phan tif du
diéu kién.

Algorithm 4 Thuat toan RLA

Input: An instance (f,V, B), parameters € € (0, 1)
Output: A feasible solution S of SMK, i.e., ¢(S) < B

. 8"« LAR(f,V,B,p=+v2—1,a = /2 +2V2)

Sj 0,7 0,0« f(5), € « 5,0« 8L A« [Llog($)]
while 9 > "0=<) do
foreache € V' \ {uy,ug,...,u;} do
if % > 6 and c(S;) + c(e) < B then
Ujp1 < €
With probability 3 do: Sj1 < S; U {e} otherwise Sj.; < S;
Jjg+1

O (1—€)0

for [ =0t A do

S(ry € ArgMAXg,c(s,)<e' B(1+¢/),0<i<) |

Cinas < G maxeev:e(s;, u{ep<s f (57 U {e})
| S(l) — sz) U {el

max}

S 4 argmaxxe(s,s;,s,..sa)}  (X)
return S.

Pha diu tién ctia thuat toan bao gdbm mot vong 1dp ngudng. Mdi vong quét qua cic
phan ti chua thudc tap dng vién U = {uy, ..., u;}. Néu mot phan tif e c6 mat do 1¢i ich
bién khong nhd hon ngudng 6 va van thoa rang budc chi phi khi ghép véi S, thuit todn
ghi nhan e 12 phan t dng vién tiép theo u; 1. Sau do, thuit todn st dung mot phép chon
ngu nhién: véi xdc sult 1, dit S;11 = S; U {e}; v6i xdc sult con lai, dit Sj1 = 5. CO
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ché nay gitip mbi phan ti di diéu kién c6 xdc suat xuat hién dudc kiém sodt, 1 co s6 dé
ap dung cac bd dé vé tap con ngiu nhién trong phan tich.

Trong pha thy hai, thuat toén ting cudng chét lugng ctia nghiém ting vién S; bang
cach st dung chién lugc tuong ty nhu trong DLA (dong . Cu thé, céac buée dudc
trinh bay trong Thuét toan [] va dugc minh hoa trong Hinh

Input: f,V,B,e € (0,1)
]
S« LAR(f,V,B,p=+v2—-1,a=V2+2V2) | !
Sj 0,5 0T « f(5"),0  180AL - Khoi tao
. :

¢ 5.8 [Flog()]

... — duyét qua tung phan ti trong V\U — ...

e

Thém e vao S véi xac suat 0.5 néu thoa man:

%ze,c](su{en@

---Pha 1

U + U U {e} néu 6|S >0

c(e)

Ry

1 S)

\\_/
S e TR ;
| Két thac pha 1, bit ddu pha 2 I% -

rI‘tr S tao cac tap S(O)’ ceey SéA) véi cac chi phi khac nhal{

S
] — :___ / E
-1t = H i S(l)i---S(l) ,
N ] ' - Pha 2
- ] .
— e -——
A — \Tim e thém vao S(,l)
T ’ 7
- argmaxeeV:c(SEl))-i-c(e)SB f(S(l) Ue)

arg ma'XXE{S/,Sj,S(O),. 0 "S(A)} f(X)

Hinh 2.4: Luu dd hoat dong cta thuit todan RLA

Tiép theo, luan 4n tién hanh phan tich hiéu ning ctia RLA. Xét tai thoi diém két
thiic ctia thuat todn, trudc tién ta dinh nghia hodic nhac lai mot so ky hiéu trong Bang
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Bang 2.3: Bang cac ky tu toan hoc dung trong phan tich thuét toan RLA

Ky hiéu | Y nghia
@) Li giai ti uu cla bai toan SMK va opt = f(O)
U Danh sich cic phan ti vudt qua diéu kién ngudng trong pha 1, dugc ky
hiéu theo thit ty xult hién 1a U = {uy,ug, ..., u;}
7(e) | Chi s6 thdi diém phan ti e dugc dua vao danh sach U: néu e = u; € U
thi 7(e) =i va S<¢ = S;_1; néu e ¢ U thi 7(e) = +o0
T; Chi s0 tién t6 dung trong phan tich v6i danh sach U = {uy, ..., u;}: néu
c(Sj—1 U{u;}) < B —¢(r) thi Tj = j; ngudc lai 7j = min{i : 0 < ¢ <
J— 1 e(SiU{uiy1}) > B—c(r)}
Xei, Yei | Cac bién chi bdo trong B& dé IEI; chi s6 i cho biét cac bién nay dudc
xét tuong ung vdi trang thai S;

Béng[2.3|diing ky hiéu T} thay cho 7" d€ nhan manh ring chi sd nay phu thudc vao
danh sach ng vién sau pha 1. Tuong tu, cac bién chi bdo dugc viét 1a XeivaY; vi

chiing phu thudc dong thdi vao phan ti e va trang théi S; dang xét.

Phéc thao chitng minh. Phan tich cia RLA két hop hai ngudn cin: cin ngiu

nhién tif viéc mdi phan ti di diéu kién chi dudc dua vao nghiém véi xdc suit 1, va can
chi phi tif pha chon tién t6 tuong tu DLA. B6 dé chinh theo doi trang thai S; sau tiing
phan ti Ging vién, qua d6 chiin gi4 tri ctia phan nghiém tdi wu da dudc xét va phan chua
dugc xét. Sau khi ¢6 can cho moi tién t, dinh 1y tach theo trudng hop phan ti 16n nhét r
c6 chiém gan hét ngan sach hay khong, 16i dung cac nghiém ting cudng & pha 2 dé dat

hé s6 1 — ¢ theo ky vong.
B3 dé[2.7| cung cAp mot cong cy hitu ich d& uéc lugng £(S;) véi moi i < j, tir d6
hé trg phan tich va ching minh hiéu ning ctia RLA.

B dé 2.7. Véi mdi u; € {ui,...,u;}, ta dinh nghia: O<; = {e : ¢ € O,7(e) < i},
Osi={e:ecO,7(e) > i} va

1, GEOSi\SihOdCGESi\O,
0, nguoc lai.

1, e€ O\ (S;U{r}) hodcu € 5;\ (O\{r}),

0, nguoc lai.

a) Voi moi S; ta co E[f(S;)] = E[Y o Xe,i - f(e]S<9)].
b) Voi moi S; théa man c(S;) < B — c(r) ta co E[f(S;)] = E[>_ oy Yei - f(e[S<9).
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Chitng minh. Ching minh nay dudc dua trén B& dé 3 ctia Han va cong su [53]].
Chirng minh a. V6i moi e € V, ta dinh nghia:
R — f(elS<€), e€sS;,
0, ngudc lai.

Theo dinh nghia cua R,, ta c6 f(S Z ccv Be. Tasé chira B[R] = E[X.; - f(e|S<)].
V6i moi e € V, ta dinh nghia mot blen b bat ky d&€ m6 ta qua trinh ngiu nhién cta thuat
toan cho dén thdi diém e dudc xét tai Dong 5 ctia Thuat todn 4 Ta xét cac kha ning ddi
v6i e thong qua qua trinh ngau nhién &,.
Truong hop 1. & 12 bién ¢ e khdng vuot qua diéu kién tai Dong 5 ctia Thuat todn
Khi d6: E[R.|E] = E[X,,; - f(e|S<¢)|E] = 0.
Truong hop 2. & 1a bién cb e vugt qua diéu kién tai Dong 5 ctia Thuat todn . V6i
&, thi S<¢1a cb dinh va e 12 ngiu nhién. Vi e dudc chon vao S; v6i xdc suit %, ta co

E[Re|E] = 3 f(e|S<¢). Ta s& chira: E[X.; - f(e|S<¢)|&] = 1 f(e|S<¢) bidng cach xét hai
truong hdp sau:

-NéueeO=e¢S;\ 0. Néu e dudc thém vao S; (tic 12 khong bi loai bd), khi
doeec S;NnOvaX,;=0. Néu e khong dugc thém vao S;, khi do e € O<; \ S; va do do
Xei = 1 Suy ra E[Xe, - f(e]5<)E] = 17(elS<e).

-Néue¢ O,tacée ¢ Oc;\ Si. Néu e duge chon vao S; (tic 1a khong bi loai bd),
khidoee S;\Ova X,; =1. Néu e bi loai bd, khi d6 e ¢ O U S;, do d6 Xei=0.Suyra
E[Xe,i - f(e]S<9)] = 5.f(e] S<°).

Két hop hai trudng hop trén, ta c6 diéu phai chiing minh.
Chitng minh b. Tuong tu nhu phan trudc, véi moi e € V, ta dinh nghia
R — f(e]S<¢), ee€S,,
0, ngudc lai.
Taco f(Si) =Y .cy f(el5<°). Ta € chi ra: E[R] = 3E[Y; - f(e|S<9)].
Ta xét cac kha niing ddi véi e thong qua mot qua trinh ngau nhién &,
Truong hop 1. &, 1a bién cd e khong bao gio dugc xét tai Dong 5 ctia Thut toan hoéc
c(S<€) +c(e) > B —c(r). Khi do: E[R.|E] = E[Ye,i - f(e]S<¢)|E] = 0.
Truong hop 2. &, 1a bién cb e dugc xét bdi thuat todn va ¢(S<¢) + ¢(e) < B — ¢(r). Khi
d6 ta ciing c6 E[R |E] = 1 f(e]S<) bing céch xét hai tinh hubng:

-Néue e O\ {r},khidée ¢ S;\ (O\ {r}). Néu e khong bi loai bd, khi dé
e € S;N(O\{r}) vaY,; = 0. Néu e biloai bd, khi d6 e € O<;\ (S;U{r}). Dodd Y, ,; = 1.
Vivay, E[Ye,f (e[ S<9)|Ec] = 3.f(e] S<°).

-Néue ¢ O\ {r}, khidé e ¢ O\ (S; U{r}). Néu e khong bi loai bo, khi d6
e € S;\(O\{r}) vaY.; = 1. Néu e bi loai bd thi Y, ; = 0. Do d6, E[Y, ;f(¢|S<¢)|E] =
L1(el5<°).
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Diéu nay hoan tit chiing minh. O

Dinh ly 2.4. Vi moi ¢ € (0,1), RLA la mét thudt todn ngdu nhién cé do phiic tap truy
van O(%log(L)) va dat dugc 1l 1¢ xdp xi % — € theo ky vong.

Chitng minh. Do phic tap truy van ctia RLA dudc xdc dinh bang lap luan tuong tu nhu
trong ching minh Pinh ly Ky hi€u 0; la 6 tai vong lap thu 4, 6; la 6 khi v; duge
thém vao U va 0, 12 0 tai vong 1ip cudi cing ctia vong lip thi nhit.

D& chitng minh hé sb xap xi, ta xét cdc trudng hop sau:
Truong hop 1. Néu ¢(r) > (1 — ¢)B, khi d6 ¢(O \ {r}) < B— (1 —€)B = ¢ B. Ta xét
hai truong hgp con:

Trudng hgp 1.1. Néu ¢(S;) > (1 — €)B, khi d6 f(S) > f(S;) > c(S;)(1 — €)% >
(1— e/)QOTpt

Vie = < g tacopt < 15 < 4(1+ )2/(S) < (44 €)f(S).

Trudng hgp 1.2. Néu ¢(S;) < (1—¢')B, khi do c(S; ) cle) < e(Sj)+c(O\{r}) < B

1— <

véimoie € (O\ {r})\ S;. Do dé ((‘S) i) < (12]63’)r <! )Opt . Suy ra:
FONTFHUS) =S < > flelS))
e€(O\{r})\S;
opt opt
<O\ {rH1- ) <1 - )2 (2.15)

Vi mbi phan tif trong V xuét hién trong S; v6i xdc suat 3, d4p dung BS dé [2.5|ta c6

E[f(O\{r}us;))] = 3 f(O\{r}). Két hop véi , taduge: f(O) < fF(O\{r})+f(r) <
QE[F(O\ {r} U S))] + flemaz) < 3E[£(S)] + St Suy ra:

CEL/(S)] _ SE[/(S)]
2—€(1—-¢) = 2-¢
Truong hop 2. Néu ¢(r) < (1 — ¢)B, khi d6 ¢(O \ {r}) > ¢B. Ta xét cdc trudng
hdp con sau:
Truong hop 2.1. Néu T; = j, theo dinh nghia cta T} ta ¢6 O~1; = (). Do d6

f(STj UO)_f(STj> < Z f(6|STj>

opt <

< (4+9E[F(9)].

eEOSTj\STj
< D SEST Y Fels<) 2.16)
e€0<1;\ST; e€S,\O
= 5" KXoy - £(el5<) = Elf(Sp,)) 2.17)

ecV
Trong d6 (2.16)) 1a do f(e[S<) > 0, v6i moi e € S; va X, 7, dugc dinh nghia trong

B& dé 2.7l Ap dung lai B8 de tac6 E[f(OU ST,)] > (2 ). Két hop véi (2.17), ta thu

E[f(OUST.)]
dugc: E[£(S)] > E[f(Sr,)] > ——p il > HO)
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Truong hgp 2.2. Néu 7; < j, khi d6 U chia it nhit 7; + 1 phan ti va ta c6
c(S;) + c(ur,41) > B —¢(r) > € B.

Bay gio ta xét vong 1dp thd hai ctia Thuat toan 2, Vi € B < B — ¢(r) < B, tOn tai
mot s6 nguyén [ sao cho

€B < (1+ el)le/B <B-—c(r)<(l+e¢ )Hl 'B.
Gia st SE =S v6i mot i. Theo quy tac lya chon SEZ), ta co c(S;) < (1+€)eB <
C(SZ' U {uiH}) do do6 C(S U {ul+1})

Ta xét hai truong hgp con:
Néu ui1 dugc xét tai vong ldp ddu tién, theo quy tic chon ¢! & vong lip thi hai,

1+6

ta coO:

f(Say) = f(SiU{uiv1}) = e(Si U {uig1})b1 > ﬁ~

Suy ra, opt < 4(1+€)*f(S) < (4 +€)f(S).
Néu ;i1 duwoc xét tai vong Idp thit 1, | > 2. Dt S = S;\ (O \ {r}) va O =
O<; \ (S; U{r}). Ta chiing minh:

c(8) + c(uir1) > ¢(0i \ {r}). (2.18)
C6 thé thiy:

c(Si\ (O\{r})) +c(Si N (O\A{r})) + e(uits) = ¢(Si) + c(uiy1) > B —¢(r) = ¢(O\ {r})
2 c(O5i \ {r}) +c(Si N (O \ {r})),
nén dung.

Mat khac, v6i moi e € Os; \ {r}, do tang bién cua no so vdi S; nhé hon ngudng

tai vong lap trudc, tuc la (("j D < @. Két hop véi (2.18), ta thu dudc:

S s = Zf\s

e€O0s:\{r} e€O0<\{r}

(O>Z \ {T}) (i+1) - (S U {Uz+1}) (i+1)
- 1—¢ 1—¢
< Zeegu{uiﬂ} F(elS=)

- 1—¢ ’

(2.19)

trong d6 2.19) do £ ) > 0(i+1), VOi MOi e € S; U {u11}. Suy ra:

f(S;U0) = f(S;u{r}) < Z f(e]Si)

e€O\(S;U{r})

=Y flels)y+ D flelsy) (2.20)

e€O e€Os;\{r}
< Y oeco FelST) + D0 e felS<€) + f(uir1]Ss)
1—¢

2.21)
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< Y:e,i : f'(e‘S<e) + f(egnax’SZ)

< (2.22)
1—¢
trong d6 Y, ; dugc dinh nghia trong BS dé
Tir (2.22)) va ép dung B& dé 2.7, ta co:
E[f(S:)] +E[f(€!,qz]Si
E[f(S: UO)] < [/ (Si)] +1 _[J:/(emaxl )] .
E[f(S 2—¢
E[f(5: 0 {rp)] < 2200 L Elp(9)] = 2= CEIf(9)]
Ap dung BS d&[2.5 ta c6 f(0) < 2E[f(S; U O)]. Do d6
22 —¢€
70) < 2= JE(p(5) < (44 OELF(5)]
Két hop tht ca cdc trudng hop, ta hoan tit chitng minh. O

2.4. Thuat toan song song

Trong huéng tiép can thut toan song song, luan 4n dé xuét thuat todn AST cho
bai toan SMK. Thuét toan AST dat hé s6 x4p xi ky vong % — ¢, duy tr1 do phuc tap song
song O(logn) va do phuc tap truy van O(nk). So v6i thuat toan ParSKP1 cta Cui va
cong su [30], AST cai thién hé s0 xap xi tit § — ¢ 1én 1 — ¢ trong cling mic do phic
tap song song O(logn). So véi thuat toan ParSKP2 c6 hé sb tot hon —= — e nhung can
O(log? n) vong song song, AST uu tién giit s6 vong song song & mitc O(logn). Y tudng
chinh ctia AST la x4y dung hai tap ting vién X va Y theo co ché ngudng luin phién: &
cac vong 18 cap nhit X, & cac vong chan cap nhat Y, sau d6 tao thém cic nghiém kha
thi tf tién t6 clia hai tap nay.

2.4.1. Mét s6 khai niém lién quan

D¢ xay dung AST, luin 4n st dung hai bai todn con. Bai toan thi nhét 12 t6i da
ham submodular khong rang budc, dudc dung trong pha cudi dé xt ly phan ti c6 chi phi
rit nho trong V;. Bai todn thy hai 12 ngudng mat do 10i ich bién, dudc dung trong thii tuc
RandBatch d€ loc song song cac phan tif c6 mat do di 16n khi cip nhat X hoic Y. Hai
bai todn con dudc phét bi€u nhu sau:

Dinh nghia 2.2 (Bai toan t6i da ham submodular khong rang budc - UnSubMax [43]).
Bai todn yéu cau tim tip con S C V sao cho f(S) 1a 16n nhit, khong c6 bat ky rang
budc nao.

Bai toan nay da dudc ching minh 1a N P-khé [43]]. D€ dat dudc hé sb xap xi da
néu, luin 4n st dung thuét todn c6 do phic tap song song thip ctia Chen va cong su
[21]], dat hé sb x4p xi (3 — €) trong s6 vong song song héng s6 O(2 log(2)) va sb lugng
truy van tuyén tinh O(% log®(2)).
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DPinh nghia 2.3 (Ngudng mat do 1gi ich bién - DS). Bai toan nhan mdt bd (f, V, B), mdt
ngudng cd dinh 7 va tham sb e > 0, yéu cAu tim tp con S C V thda man hai diéu kién:
(1) £(S) 2 e(S) - 7 (D) Xpeys F(elS) < € opt.

Hai thuat toan trong tai liéu [2] va [30] ddm bao céc diéu kién trén. Trong luin 4n
nay, nghién ctu sinh st dung lai thuat toan RandBatch(Thuét toan [5)) dugc gidi thiéu
béi Cui va cong su [30] dé giai cho bai toan ngudng mat do 1gi ich bién. Thuat todn
RandBatch nhan vao tap I, ham submodular f(-) va céc tham s ¢, M d€ diéu chinh do
chinh x4c va do phtc tap ctia 19i giai. RandBatch dugc két hop véi ngudng mat do 1oi
ich bién d€ thiét 1ap co ché loc song song cho bai toan SMK. Hiéu ning ctia RandBatch
dudc thé hién trong cac B3 dé sau.

Algorithm S Thuat toan RandBatch [30]
Input: 0, I, M,p € (0,1], e € (0,1), f(-), c(*)

A< 0,U + 0, count < 0

L{uel:IE0>0nc(AU{u}) < B
while L # () A count < M do
{v1,v9,... 04} < GetSEQ(A, L,c(+));
foreachi € {0,1,...,d} do
Vi < {v,v9,...,0}, G+~ AUV
Ef « {ue L: 48 > g (G U {u}) < B}
E- «+{uelL: f(ulG;) <0};
D; «+{v;j:jei]A f(v;]JAUV,_;) <0},
Find t; <« min<i{c(E) < (1 — €)e(L)}, to <+ min<q{c ZueE;r fulGy) <
S UG+ e LF1AUY; 1))
t* < min{ty,to}; U < U U Vs,
With probability p do:
A+ AU V.
If t5 < ¢4 then count < count + 1

Lef{ueL\U: &0 >0 c(Au{u}) < B}
return (A, U, L)

Algorithm 6 Thu tuc GetSEQ(A, I, ¢())[30]
Input: A base set A, a candidate set /, and cost function ¢(-)
X+ I1,Q<«+ 0,1+ 1
while X +# () do
Draw a; uniformly at random from X

Q% [al,ag,...,ai]
X+ {ee X \{ai} : cle) +c(Q) + c(A) < B}
141+ 1

return()

67



B6 dé 2.8 (BS dé 1 ctia Cui va cong su [30]). Cdc tdp A, L dugc sinh boi RandBatch(6,1, M, p, ¢,
f(),c()) thoa man E[f(A)] > (1 —¢)*0 - Elc(A)]vae- M-, ., f(ulA) < opt.

B& dé 2.9 (BS d& 2 Cui va cong su [30]). RandBatch cé O(Z(log(|1] - B(I)) + M)) do
phiic tap song song va do phiic tap truy vdn ciia né la O(|I|k) ldn do phiic tap song
song, trong do B(I) = maxy,, % Néu ta s dung tim kiém nhi phdn tai Dong 10 ciia
RandBatch, thi no co O(e—;(log(|l| -B(I))+ M)log(k)) do phiic tap song song va do phiic

tap truy vén cia né la O(|I|) lan do phiic tap song song.

C6 thé st dung tim kiém nhi phan tai budc xéac dinh t1, ¢y vi cic diéu kién diing
trong tht tuc RandBatch dugc kiém tra trén day tién t& V; = {vi,...,v;} sinh bdi
GetSEQ. Khi i ting, tap tién td 16n dan va céc dai luong tuong dng c6 thé dudc kiém tra
theo thif tu tién t6, nén thuat todn khong can duyét tuyén tinh toan bd céc gid tri i trong
mbi 14n goi thi tuc. Cch nay 1am ting s6 vong song song bdi mot thita s6 logarit nhung
giam s6 truy vAn can dung trong mdi vong. Bén canh d6, luin 4n con khai thac thém
mot tinh chat hitu ich ctia RandBatch khi 4p dung trong thudt todn AST.

Bé dé 2.10. Cdc tdp A, L dugc sinh bdi RandBatch(0,1, M,p,e, f(),c(+)) thoa man
E[f(a;|Ai—1)] > (1 — €)*E[c(a;)]0, vdi A = {a1,as, ... yaja}, Ai = {ar,a, .. a)

2.4.2. Thuat toan AST

Thuét toan AST (Thuit toan (7)) nhan dau vao 1a mot bd ba (f, V, B) cung cic tham
s6 6, €, va ¢6 hai pha chinh. Piém can luu y 12 viéc chia V thanh V; va V; khong phai
1a mot budc phu doc 1ap: V; 1a tap phan ti dudge xii Iy trong vong 13p ngudng luan phién,
con Vj dudc giit lai d€ xit Iy bang thii tuc UnSubMax & pha thit hai khi phan chi phi ctia
X1 U Vp con nho.

Trong pha dau tién, thuit toan chia tip co s V thanh V = {e € V : ¢(e) < eB/n}
va V3 = V \ V). Thuat toan chi dua V7 vao tdp lam viéc I cua vong lap chinh. Sau
do, thuat toan goi thu tuc ParSKP1 tif cdng trinh ctia Cui va cong su [30] d€ thu dudc
nghiém ban dau Sy, qua d6 thiét 1ap gia tri I dung cho diy ngudng. Trong vong lip
chinh, AST cap nhat luan phién hai tap ng vién: néu i 18 thi dit ngudng X va goi
RandBatch trén ham bién f(-|X) d€ sinh A4;, sau d6 cip nhat X < X U A;; néu i chin
thi 1am tuong tu v6i Y thong qua B;. Sau mdi 1an cip nhat, cic phan ti da dudc dua vao
tap hién tai dudc loai khoi 7, nho do6 hai tap X va Y dudc xay dung theo hai Iugdt xen keé.

Pha thit hai tao cic nghiém kha thi tif cic tap di xay dung. Néu ¢(X; U Vp) < eB,
thuat todn goi UnSubMax trén X; U V; d€ khai thac nhém ph?ln tu co chi phi rat nho.
Tiép theo, thuat todn xét cic tién td X’ va Y theo thif tu phan ti dudc thém vio, rdi
ghép mdi tién té véi mot phan i kha thi tot nhat. Nghiém cubi cung 12 tip c6 gid tri
ham muc tiéu 16n nhit trong cic dng vién nay cling véi X, Y, S;. Cu thé, cic bude dudc
trinh bay trong Thuét toan [7| va dugc minh hoa trong Hinh
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AST dudc xay dung theo khung thuat toan tham lam ngudng ludn phién, noi hai
16i giai dudc cap nhat luan phién qua cac vong lap. Khung nay khac biét véi cac thuat
toan gan day [2,30]], von cip nhat ca hai tip 16i gidi trong mot vong song song duy nhit,
va cing khac v6i phuong phap “twin greedy” trong [52], noi ca hai tap dugc cap nhat
dong thoi. Phan tich 1y thuyét ctia AST tap trung vao (1) mdi lién hé gitta X va Y sau
m&i vong va (2) vai trd ctia phan tif chi phi 16n nhit » nham ki€m soat hé sd x4p xi.

Input: V, f,B,a € (0,1),e € (0,1),8 € (0,1)
]
Vg{eeV: c(e)<e WV VAV, I+ Vy,p1 ;
Sp + ParSKP1(L,6, £(-), (), T « SBaf(Sp) ;-"th‘yitao

(1-80)eB
A (1g1 7]+ LM ¢ - L(2+1,X<0,Y 0

T 2(1-89)
/&

0= 1"(1 —€)
y ichin | ile v

| A; = Rand(6,T, M,p, €, f(|X),¢()) | B; = Rand(6,1,M,p,e, f(Y), ()

‘. Phal

| X< Xud;IeI\X | Y« YUB;, I« I\Y

i=1+4+1

[Két thac pha 1, bét dau pha 2|

Tu X tao céc tap x1 .., xIX] Tir Y tao cic tap vyl ylYl

~~~~~

véi cac kich thugc ting din véi cac kich thuéc ting din

- i +Phe2
\Tim € dé them vao X% tl

ecV:c(XUe)<B FX*U{e})

arg max

T
T T T T

[S1 < USM(X1 U V) néu c(X1 UVp) < €B]

Return: arg max £(T)

Te{X’i}L‘: Lu{Y'i}Lﬂlu{X,Y,sl}

Hinh 2.5: Luu d6 hoat dong ciia thuat toan AST

Xem xét hai tdp X va Y sau khi két thic pha 1, tiic 1a sau vong lip & cac dong
Vi thuat toan cap nhat X & vong 1€ va cip nhat Y & vong chan, cac ky hiéu dung trong
phén tich cAn phan biét trang thai ctia tip sau tiing vong lip véi tién td theo thi ty phan
tt dudc thém vao. Trudc tién, nghién citu sinh dinh nghia hodc nhic lai mot sé ky hiéu
dugc st dung trong phan tich thuat toan trong Bang

Phan tich ctia luan 4n tip trung vao viéc khai thac mdi quan hé gitta hai tip tng
vién X va Y trong qua trinh x4y dung luan phién. Dic biét, sau mdi vong lip, chi mot
trong hai tdp dugc cap nhat, do d6 gia tri can dudi cho mdi vong c6 thé dudc xac 1ap
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10:
11:

13:

14:
15:

D AU

. S+ argmax

Algorithm 7 Thuat toan AST
Input: An instance (f, V, B), parameters «, €, § € (0, 1)
Output: A feasible solution S of SMK, i.e., ¢(S) < B

Vo {eeVicle) eE} Vi VA Vo, I+ Vi,p+ 1

So < ParSKP1(%,d, f(-),¢()), T « (ifif;;fzg
X0, +0,A« Hogiez(f—f&s)prl,]\/[%e%(%Jrl)
fori =11t A do

if 7 is odd then

0% « I'(1—e)

(A;, Ui, Ly) < RandBatch(6%, I, M, p, e, f(:|X),c(+))
X+ XUA, I+ IT\X

else

0¥ < T'(1 —e)
(Bia UzaLl) <~ RandBatCh(9Y7[7 Map7€7 f(|Y)7C())
Y« YUBLI+I\Y

For T € {X,Y}, define T; as the state of T after iteration 7 of the first loop, and 7" as the prefix
consisting of the first 7 elements inserted into 7'.
if ¢(X; U Vp) < eB then

L S1 < UnSubMax(X; U V)

:fori =11 |X|do

| a; + argmaxeey.(xiveg<n f(X' U{e}), X'+ X' U{a;}

cfori=11r|Y|do

L bi arg MaXecy:c(YiUe)<B f(Yl U {6})’ Y Y'u {bl}

Te{x i} XlufyiyYluixv.s} H(T)

. return S

riéng biét va cong gop sau cling. Mot yéu t6 then choét 1a nhan dinh khi loai bd phan tir
c6 chi phi 16n nhét r, ta c6 thé ki€ém sodt chit ché hon ti 1& x4p xi téng thé, nhd vao viéc
gi6i han déng gép bién thap ctia phan ti nay trong nghiém tdi vu. Cac bd dé tiép theo
sé trinh bay chi tiét titng budc danh gid gid tri hAm muc tiéu clia cdc tip ing vién so
v6i nghiém t6i uu da diéu chinh, tir d6 dan dén két qua cudi ciing vé hé sb xap xi clia
thuét toan.

70



Bang 2.4: Bang cac ky tu toan hoc dung trong phéan tich thuat toan AST

Ky hiéu | Y nghia

X', Y" | Latap hop gdm i phan tif dau tién dudc thém vao X va Y tuong tng

X;,Y; | Latrang thai cua X va Y sau vong lap thu 7 trong vong lap chinh; mac
dlnh Xo = Yb =0
O Oy 1a nghiém t4i vu ctia bai toan SMK trén bo dit liéu con (f, Vi, B)

@) O =01\ X1, 0" = Oy \ {r}, v6i r 1a phan ti c6 chi phi 16n nhat trong
O1
o O™ = O’ \ {r}, v6i r 1a phan ti c6 chi phi 16n nhat trong O,

X<e, Yoo | V6i mot phan tii e € X UY, ky hiéu X_,, Y., tuong dng la trang thai
cla X, Y ngay trudc thdi di€ém e dudc thém vao X hoidc Y
0X,0Y | V6i mot phan ti e € X UY, ky hiéu 6, 6¥ tuong tng 1a trang thai clia
ngudng 6%, #Y ngay trudc thoi di€ém e dugce thém vao X hodc Y
I(e) Chi s6 vong lip tai d6 phan ti e dudc chon

Phac thao chirng minh. Phan tich ciia AST dua trén viéc theo doi hai tip ung
vién X va Y dugc cap nhat luan phién. Mdi 1an mot tiap dudc cip nhat, cdc phan ti tbi
uu khong dugc chon sé bi chiin bdi ngudng mat do clia vong tuong tng, con cic phan
t ducc chon & tip kia tao ra cin bu thong qua ky vong 10i ich bién. Phan tG 16n nhét r
tiép tuc dudc dung dé tach cac trudng hop chi phi, trong khi tap Vy gdm cic phan ti rt
nhd dudgc xt ly bang UnSubMax khi phit hgp. Céc bé dé 1an luot thiét 1ap can cho tiing
nhom phan tir, roi dinh ly cong cdc can nay d€ thu dugc hé s6 1 — e cung do phiic tap
song song O(logn).

B& dé 2.11. Sau bdt ky vong ldp i nao ciia vong ldp thit nhdt (Dong 4-12) ciia AST,
ta co:
a) Néui>1,ilasélévac(X;) < B—c(r). Véi T CY;_1NOy, ta co:
Yoeer felXs) <> op W + € - opt.
b) Néui>2,ila sé chinva c(Y;) < B —c¢(r). Vi T C X;_1 N O, ta co:
Y eer FelYi) < 3 p HHES 4 e opt,

BG dé 1a budc nbi gitta cd ché ngudng luan phién va phan tich xap xi. Y tudng
1a: khi mot phan ti ctia nghiém t6i uu khong dudc chon vao tip dang xét, mat do 1oi ich
bién ctia n6 da bi chiin bdi ngudng ctia vong tuong dng; trong khi d6, cc phan ti dudc

chon vao tap con lai cung cAp mot cin bu thong qua ky vong clia gia tri bién.

Chitng minh. Chitng minh a) Néu i = 1, Y = 0, BS dé dudc chiing minh. Ta xét trudng
hop khac. Ta chia 7' thanh nhiéu tp con bao gdm 7' = T, U Ty U ... U T;_y, trong d6
T; 1a tap hop tit ca cac phan tif trong T dugc thém vao Y; tai vong ldp j < i — 1. Vi
T; CY;1NO1vace(X;) < B—c(r)nén e¢(Xc,) +c(e) < e(X;)+c(e) < Bvdimoie € 7.
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Do d6, ta phan loai cdc phan ti trong T; thanh hai tip r6i nhau 7; = T1 U T2,

trongd(’)le —{eeTy: % < 06X c(X<e) +cle) < B} VaT2 {eeTj: fle |(X)<e) >

0X c(X<e) +cle) < B}. Vi (1 — )X = 9%6) v6i moi e € T}, ta c6:

D SelXae) = Y flelXae) + ) flelX<e)

ecT; e€T} eeT?
t
<3 (e °p (2.23)
eGT1
=Y o+ 2
1 — e
eET1
e|Y<e opt
< Z oo + =7 (2.24)
eeT1

trong d6 bat dang thic (2.23) theo BS dé[2.8 m, bat dang thic (2.24) theo BS dé m

E[f(elY<c)] > (1= OEle(e)}6),

Tu do suy ra:

dofelXy =Y O flelx)

e€T §=2,4,.i—1 €T

< > O felX<) (2.25)
J=2,4,...;i—1 e€lj
elYee o
< >, X M + $>
7=24,..,i=1 eeT!
Do 5
E[f
(1-

IN
’ﬂ

ec
(e]Y<e)]

ee )
trong d6 bét dang thiic 1a do tinh chit submodular, bit dang thiic 1a do
cach chon M.
Chitng minh b). Néu i = 2, X; N O = 0, B& dé dudc chiing minh. Néu i > 2, ta chi xét
tap T C X;_1 N O’ vi ta khong thé chin f(e|Y.,) néu e € X.

Ta cung chia 7" thanh cac tdp con: T' = T3 UT5 U ... U T;_4, trong do T} la tap

IN

+ eopt, (2.26)

N

dugc thém vao X tai vong 1dp j < i — 1. Ta cling phan loai céc phan ti trong 7; thanh

hai tap 7; = T} UT7, trong d6 T} = {e € T; % < 0¥, c(Yee) +cle) < B} va

T2 ={eeTy: 1 |(Y)<e> > 0¥, ¢(Y<) + c(e) < BY}. V6i 1ap luan tuong ty trudng hop
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trudc, ta co:

suy ra:

Do dé, chiing minh hoan tt. ]

Bang viéc st dung BS dé m ta tiép tuc dua ra can trén cia f(O' UT) vé6i T 1a
mot tip con clia X hoidc Y trong B6 dé khi ¢(r) it 16n, tic 1 ¢(r) > (1 — €)B.

B6 dé 2.12. Néu c(r) > (1 — €)B, thi mot trong hai ménh dé sau xdy ra
a) E[f(S)] > (1 — €)’aopt.
b) Ton tai mét tdp con X' C X sao cho

E[F(S)] + (2 + —Jopt.

f(X'Uu0) < (1+ i

1
i—op
Tuwong tu, mot trong hai ménh dé sau xdy ra:

c)E[f(S9)] > (1 — €)°aopt.

d) Ton tai mét tép conY' C'Y sao cho
1

T EL(S)] + e+ L Jopt.

fY'uo) <1+ i

Chitng minh. Ching minh a), b). Trong truong hop nay ta ¢6 ¢(X?) < B — ¢(r) < eB,
ta xét cac truong hdp sau:
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Truong hop 1. Néu X! = X, ky hiéu Y4y = Y<u,, tiic 1a tp Y ngay trudc khi thuat todn
thu dugc X!, V6i moi phan tit e € O\ (X UY(y)), ta cd ¢(X?) + c(e) < B. Do do, ta xét
O'\ (X UYy) =0"U0?, trong d6 O" = {e € O'\ (X UY(y) : flelX) < c(e)bis
={ec O'\(XUYy): fe|X) > c(e )6;% . }. V6i cach dit A, tai bét ky vong lidp i nao
ta co:
8af(So)(1 —¢)
(1—-86)eB

ef(S0)(1 —¢)
B

—T(1—e)>T(1—e>T(1—e)">

vado dé 0%, < D192 < cont £p qung B dé[2.11|va BS d&[2.8] ta c6:

last — —€

f(XUuO) - ) < Z f(e|X) (Do tinh chit submodular ctia f)
ecO\X

= D fe+ D> flelX)

e€0'NY e€O'\(XUY(y))

= N )+ > felx) + ) felx)

e€0'NY ecO’1 ec0’?

E[f(e[Y<e)] n opt
> Toqs Teoptte (0wt + =7
6€O/ﬂY(t)

_ E/(p)
==
E[f(V) ot

< t t+ —.
(1= op + copt + €op +eM

IN

opt

+ eopt + Bélast + — i

Suy ra:

X) + ]izl[“’f_—(i))zj + (2¢ + ﬁ)opt

TS+ e+ opt

Truong hop 2. Néu X' # X, ta xét cic trudng hop sau. Xét vong lidp z, z > 1 sao cho

<(1+

_ _ \z
(1 — €)aopt <6, - al'(1 —€) < Ozopt'
B eB B

) L 2 o z,néu z 1as6 18
Ta dinh nghia mot sO nguyén le [ nhu sau:l =
z 4+ 1,ngugc lai.

Suy ra:
(1 — €)?aopt aopt
-t <0, < 9 <6, < ——.
B - T - "~ B
Ta xét hai truong hgp sau:
Truong hop 2.1. Néu X! C X, ta xét tiép hai tinh hudng:
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- Néu ¢(X;) > (1 — €)B, theo B§ de-ta co:
E[£(S)] > E[f(X))] > E[c(X))](1 — €)%6* > (1 — €)®aopt.

- Néu (X)) < (1= €)B. Vi ¢(O") < €B, ¢(X]) + c(¢) < B, v6i moi e € O". Két hop
v6i B6 dé va B6 d&[2.8] ta c6:

JXuo) = fXiurh < Y flelX)

GEO/T\XZ
< D fley+ ) felXy)
e€0'" MY,y e€Om\(XUY; 1)
¢S B on s 2
ee0'"NY;_1
E[f(Yi-1)] opt
< A=l -
< (1_ ) + exopt + aeopt + M
E[f(Y)] opt
< WA -
_(1_6)3—1—2 pt+eM

Két hop véi quy tic chon nghiém cudi: f(X; U {r}) < f(S), ta cé:

FX U0 < f(XU{r)) + ]i[f_(;)?} + 2aeopt + %

<1+ 16 )]E[f(S)]—f—Qozeopt—l—jth.

Trudng hgp 2.2. Néu X; ¢ X', thi ¢(X;) +c(e) < B v6i moi e € O1. Do d6 ta ciing c6:

FUO) = f(xufrh < Y flelXy)

e€cO'™\ X,
= > flelX)+ > felx)
ecO'™NY;_4 €€O/T\(X1UY2_1)
E[f(e]Y<e)] mypX L OP
< Z 1= o) + eopt + (00 + =Y
eeO0'"NX;_4
E[f(Yi—1)] opt
< — 7 -
S T—ep + ecopt + aceopt + i
E[f(Y)] opt
Sh-op + 2aeopt + YR

Luuy f(X;U{r}) < f(S) do quy tic chon nghiém & vong lip thif hai. Do do:
f(X;u0) < (1+ ﬁ)E[f(S)] + 2aeopt + %.

Két hop tat ca cac trudng hop trén véi luu y a < 1, ta thu duge chiing minh.

Chitng minh c), d). Ta chiing minh trudng hop nay bang lap luan tuong tu nhu trudng

hop truée va dp dung B& dé v6i i 1a 56 18.

Truong hgp 1. Néu Y* = Y, ky hiéu X (u) = Y<y,, tic la tdp X ngay trude khi thuét
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toan thu dudc Y. V6i moi phan tiie € O\ (Y U Xuy)s taco c(Y") +c(e) < B. Do do, ta
x€t 0"\ (Y U X(,)) = O] U5, trong d6 O] = {e € O\ (Y U X(y)) : f(e]Y ) c(e)oy .
O, ={e € O’\(YUX( )i fle]Y) > c(e) last} Ta co: Glat F(i 9> <& Apdung
B6 dé va Bo de 2.8l ta co:
f(yuo) ) < Z f(e]lY) (Do tinh chit submodular ctia f)
ecO'\Y
= D> feM+ DY fey)
GGO'ﬂX(u) 660/\(YUX(u))
= D feM) D ey + ) fely)
e€0'NX(y) e€0] ecO)
E[f(e]X<e)] / opt
< Z i—op + eopt + ¢(O; )GZast + — Y
eGO’ﬂX(u)
Elf(e]X<e)] opt
< — 7
S Ao + eopt + BOY  + — i
E[f(X)] opt
< —_.
STU—ep + eopt + ecopt + M
Suy ra:
E[f(X)] 1
/ —
fYuo f@ﬁ+(1_d3+@e+dwwm
1 1
< — —)opt.
< (14 g BUS) + (e + pont

Truong hop 2. Néu Y* + Y, xét vong lip z, z > 1 sao cho

_ _\z
(1 — €)avopt <0, - al'(1 —¢) < aopt
B eB B

. L o z,néu z 1a s6 chan
Ta dinh nghia mot sO nguyén chan [ nhu sau: [ =
z 4+ 1,ngugc lai.

Suy ra:

(1 — €)2aopt aopt
- <4, < 9 <6, < ——.
B - T - "~ B

Ta xét hai truong hgp sau:
Truong hop 2.1. Néu Y+ C Y}, ta xét tiép hai tinh hudng:
- Néu ¢(Y}) > (1 — €)B, theo BS d&[2.§|ta co:

E[f(S)] > E[f(Y)] = E[c(Y))(1 - €8] > (1~ ¢)’aopt.
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- Néu ¢(Y}) < (1 —€)B. Vi ¢(O') < €B, ¢(Y}) + ¢(e) < B, v6i moi e € O'". Két hop
v6i B6 dé va BS d&[2.8] ta c6:

JYiu0) = fiu{rh) < Y fley)

ecO'™\Y;
= > e+ D) fle)
ecO'"NX;_4 eGO’T\(YlUXl_l)
Elf(e]X<e)] gy . OPt
< Z (L + eopt + c(O™")0; + Y
ecO'™"NX;_4
E[f(Xi-1)] opt
< — -
(1 — e) + ecopt + «eopt + i
E[f(X)] opt
< —= —.
== 6)3 + 2aeopt + i
Két hop véi quy tic chon nghiém cubi, ta cé:
E[f(X)] opt
/ S ——— —
fYuo) < f(Y1) + TEE +2acopt + —
1 opt
< — —.
<1+ = 6)3)IF£[f(S)] + 2aeopt + M
Trudng hgp 2.2. Néu Y; € Y1, thi ¢(Y]) + c(e) < B v6i moi e € 0. Do d6 ta ciing c6:
FMUO) —fvurh) < Y fle)
ecO'™\Y;
= > e+ DY fem)
eeO'™"NX;_4 CGO/T\()/}Ulel)
Elf(elX<e)l rpX , OPt
< Z (1_—6)34‘€Opt+0(0 )91 ‘f’m
eeO'™"NX;_4
E[f(Xi-1)] opt
= T2 ) + eaopt + aeopt + M
E[f(X)] opt
< WA -
S =P + 2ceopt + a

Luu y: f(Y; U {r}) < f(S) do quy tic chon nghiém & vong lip thif hai. Do d6:

fvuo) <1+ ﬁ)E[f(S)] + 2aeopt + %.

Két hop tt ca cdc trudng hop, ta thu dudc chitng minh. []

BG dé 2.13. Néu c(X,) < eB va c(Ys) < eB, ta co:
- Néu c(r) < (1 — €)B, thi f(0') < 5?{ 3)94)1 + eopt
- Néu c(r) > (1 — €) B, mot trong hai truong hop sau xdy ra:
a) E[f(9)] > (1 — ¢)®aopt.

b) £(0') < TTLEL 42 (2¢ + 7 ) opt
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Chitng minh. Chiing minh BS dé bang cach xem xét cin than céc trudng hop sau:
Truong hop 1. Néu ¢(r) < (1 — €)B, thi B — ¢(r) > €B.
Truong hop 1.1. Néu ¢(X) va ¢(Y) déu 16n hon B — ¢(r). Vi ¢(X*1) > eB va ¢(Y*H!) >
e B, thult toan phéi thu duge X*! va Y**+! sau vong lap thu 4, i > 3. Ta ching minh
trudng hgp nay khi thuat toan thu dude X truée Y. Khi xét tAp con 7' C O’ trong Bo
dé vai trd clia X va Y 1a gidong nhau. Do dé, ta c6 thé chiing minh tuong tu cho
trudng hop con lai. Vi cic phan ti trong X dudc thém vao & cac vong 18, nén bat ky
phan tit e € O’ \ X* nao cling khong dugc thém vao X tai vong s = I(z441) — 2. R0 rang
X, C X*. Ap dung BS d&[2.11] ta c6:

FOUXY = f(xTurh < Y flelx?)

ecOm\ X't

= ) flelXh+ D felxh

e€Ycr,NO'™ ecO'm\(XtUY<z,)

< Y wﬂopw > flelxh. (2.27)

e€Y<q,NO'™ ecO'm"\(XtUY<x,)
Dong thdi, ap dung B dé 2.11/mot 1an nita, ta co:

fFOTUY") = fY*U{r})

= D flevyh+ > f(elY™)

e€0""NX <y, e€0'\ (X <y, UY %)
E[f(e]X<e)] u
< —_— . .
< Z TE + eopt + Z flelY") (2.28)
e€O0""NX <y, e€O0'\ (X <y, UY'¥)

Do tinh chit submodular ctia f va X' NY* = 0, ta cé:
FO) < FO'UXY) + f(O'UY™).

Tir day, ta cAn chiin cic hang ti bén phai ctia (2.27) va (2.29).

3 ] El[f(e|X<e
@) Chin clia 3. com (v, /XD + Decornxe,, g

-Néuzyyq ¢ O, khid6 O\ (X'UY,,) = O\ (X UY.,,) vaO" nXt = 0 n X+,
Moi phan tit e € O \ (X! UY_,,) khong dugc thém vao X tai vong s = [(z441) — 2.
Ap dung B8 d&2.8] ta cé:

S gelxh= > el

€€O/T\(XtUY<xt) eEO””\(XHluY@gt)

< > flelx)

ecO'™\ (Xt UY<y, )

0 opt
) oP% (2.29)

< c(O™\ (XU Y<xt))m I
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Vic(XH) > B—c(r) > ¢(O) nén ¢( X1\ O™) > ¢(O""\ XH1) > (O \ (X UYy,)).
Két hop vé6i (2.29), ta co:

> felXae) = (XTI OMOT
eeXtt1\Or
opt

=), (2.30)

S-S Hex) -
€O\ (XtUY <y, )
T (2.30) va (2.29) v6i luu y X, C X, ta thu dugc:
E[f(e[X<c)]
t —
SINNTETRD SR
QGO/T\(XtUY<mt) ec0"NX <y,

ZeeXtJrl\O/T fle|X<e) E[f(e|X<e)] = opt
S (= P iy (e Y

ecO'rNXt+1

-Néu ;41 € O™, khi d6 O N X1 = (0" N X)) U {zy11} vA O \ (XL U Y <o) =
O™\ (XU Yy=<*t) U {z4+1}. Do do:

S eyt Y el EUXTH opt

(1—¢)3 (1—¢)3 eM
GGO/T\(XtUY<It) SEO/TQX<yu

b) Chén cua Zeeo,r\(xq oy f(elY™). Moi phin tif e € O \ Y* khong dudc thém
vao Y tai vong I(y,) — 2. Ap dung B& dé[2.8)véi luu y (O \ (X<y, UY™) < B —1 <
c(YU 1), ta ¢o:

wy o SV opt
< —.
Z flelY™) < (1—e)t T

€0\ (X <y, UY'™)

Thay cac chan trén (a va b) vao (2.27), (2.28)), ta co:
fO) < FIO'UXYH 4+ fF(O'UYY) < % + eopt.
— €
Truong hgp 2: Néu ¢(r) > (1 — €)B. Dua trén BS dé ta xét cdc tinh hudng. Néu
mot trong a hoic ¢ trong B dé xay ra, thi B& dé ding. Néu ca b va d xdy ra,
ta co:
2

=
qua d6 hoan tit chiing minh. [l

E[£(S)] + 2(2€ + ——)opt

fO) < fIOUX')+ fF(O'UY') < (2+
eM

Cubi cung, két hop cac B dé 2.11} 2.12] [2.13|va chia O thanh cac tap con phu
hop, ta phat bi€u hiéu ning cua thuit todn trong Dinh Iy
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Pinh Iy 2.5. Vdi o = 1, ¢ € (0,1), 6 € (0, 1), Thudt todn [7| cdn O(logn) d¢ phiic tap
song song va O(nklog®n) do phiic tap truy vdn va trd vé mot nghiém S théa man
E[f(S)] > (3 — €)opt.

Chiing minh. AST dau tién goi ParSKP1 dé tim nghiém tng vién Sy. Budc nay ton
O(%log(%)) do phic tap song song va O(nklog”n) do phic tap truy van [31]. Vi
vong 1dp thu nhat, thuat todn goi RandBatch A = O(Z log(1)) 1an. Mdi lan, RandBatch
can O(Llog(2) + M) = O(Llog(2) + % log(1)) = O(logn) do phiic tap song song va
O(™ Jog(2) + 2 log(L)) = O(nklogn) d6 phic tap truy van.

Trong giai doan thi hai, thudt todn c6 thé can O(L log(1)) do phiic tap song song
va O(% logg(%)) do phiic tap truy van dé goi thuat toan UnSubMax clia Chen va cong su
[21]] (Dong 16-17). Sau do, thuat toan chi c6 hai vong 13p song song va tén O(kn) do
phiic tap truy van dé€ tim X" va Y” (Dong 19-24). Do d6, d6 phuc tap song song clia
thuat todn 12 O(} log %) + O(L log(%) logn) + O(L log(2)) + 2 = O(logn) va do phic tap
truy van 1a O(nklog? n) + O(nklogn) + O( log3(%)) + O(nk) = O(nklog®n).

Vé hé sb xAp xi, ta xét cac trudng hop sau:
Truong hop 1. Néu ¢(X) > B hoic ¢(Y2) > €B, ta ¢

—€)?
£(S) > max{f(X1), f(Y2)} > eBal'(1 —¢)?® > (1 - ) opt > (% — €)opt.

Truong hop 2. Néu ¢(X)) < B va ¢(Ya) < €B, ta cd

FO) < fFlON(Vi\ X1)) + f(ON (Vo U X)) (2.31)
= f(O") + f(ON (VhU Xy)) (2.32)
< f(O') + (2+ E[f(5)] (2.33)

trong d6 bat dang thiic 12 do tinh chit submodular cta f va (V1\ X1)N(VoNXy) = 0,
dang thiic 1a do dinh nghia ctia O’, va bét dang thiic la do ap dung thuéat
toan cua Chen va cong su [21]].

Ta 4p dung B8 d&[2.13|d€ chin £(0'). Néu ¢(r) < (1 — ¢)B, thi:

10) < T copt 2+ QB[ (S)) < L]

+ eopt.

Do do:

(1—6)50 o LB
7 p

Néu ¢(r) > (1 — €)B, ta xét hai trudng hop:

- Néu a) trong B6 dé xdy ra, thi

Elf(9)] =

1
opt > (? — €)opt.

EL(5)) > L= Lopt > (£ — clopt
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- Néu b) trong B8 dé x4y ra, thi

10) < TTEE s+ taes Zppont + 24 BLF(S)

TE[f(S)] 29
< 1—0)p + - eopt. (2.34)
trong d6 bét dang thic 2.34) lado eM = L(2 +1) > Y véie € (0,1),5 € (0,%). T do

suy ra:

E[f(5)] > (1 - (1 — Dejopt > (5 — clopt

~|

Qua d6 hoan tat chitng minh. O
2.5. Thuc nghiém

Trong phan ndy, luan 4n tién hanh cic thuc nghiém dé danh gid hiéu ning thuc té
ctia ba thuat toan dugc dé xuat — DLA, RLA va AST — trén bai toan SMK véi ba ting
dung tiéu biéu: Toi da 16i nhuan, Tém tat hinh anh va Tbi da cit trong s6. Do su khac
biét vé dic trung gitta c4c thuat todn song song va tuan ty, &€ ddm bao tinh khach quan
va cong bang trong so sanh, ludn 4n phan chia cac thuit todn thanh hai nhém:

- Nhom thuét todn song song: bao gdm ParSKP2, ParSKP1, ParKnapsack, AST,
dudgc danh gia dua trén hai ti€u chi gia tri ham muc tiéu dat dugc va do phtc tap
song song;

- Nhém thuét toan tuan tu: bao gdm FANTOM, SAMPLEGREEDY, SMKDE-
TACC, SMKRANACC, SMKSTREAM, RLA va DLA, dudc danh gia dua trén hai tiéu
chi gid tri hAm muc tiéu va sb luong truy van dén ham muc tiéu.

Céch tiép can ndy dam béo viéc ddnh gia hiéu ning gilia cdc thuit todn la toan dién,
minh bach va phu hgp véi dac tinh cua tiing nhém.

Céc thuc nghiém dudc thiét ké nham kiém tra hai khia canh khac nhau ctia thuat
toan: chat lugng nghiém, dugc do bang gid tri ham muc tiéu, va chi phi tinh toan, dudc
do bing sb truy van oracle d6i v6i nhém tuan tu hodc sb vong song song ddi véi nhém
song song. Viéc tdch hai nhém thuit toan 12 can thiét vi thuét todn tuan tu va thuét todn
song song tbi uu theo hai tiéu chi van hanh khac nhau; so sanh truc tiép sb truy van clia
thuat todn tuan tu véi sd vong song song clia thuit toan song song sé khong phan anh
ding ban chét tinh todn cilia tiing nhém.

2.5.1. Ung dung va bo dit liéu

T6i da doanh thu. Cho mot mang x4 hdi dudc biéu dién bsi do thi G = (V, E),
trong d6 V 12 tip cic ngudi dung va F 1a tip cac két ndi gilta ngudi dung. Méi canh (u, v)
dudc gan trong sb W(y,») phan anh mic do “gan giii” gilta u va v. Theo Mirzasoleiman
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va cong su [90], doanh thu quang cao ciia mdt tip dinh S C V dugc dinh nghia la:

=D 2 U

ueV\S |/ veS:(vyu)eE

Trong sb Wy, dUge lay ngiu nhién tf phan phoi déu lién tuc U/(0,1) va chi phi ctia
mdi dinh v 12 ¢(u) = g (\/Z(u,v)eE w(uw)), VOi g(x) = 1 —e M va pu = 0.2 [53]. Véi
ngan sach B cho trudc, muc tiéu 1a chon tip S ¢6 tdng chi phi khong vudt qua B dé tdi
da f(S). Py 1a mot trudng hop cia bai toan SMK [53]]. Ung dung nay sit dung bo dit
liéu Facebook tir [82]], gdm hon 4, 039 dinh va hon 88,234 canh va bo dit liéu YouTube
(39, 841 niit, 224, 235 canh).

Tém tit anh. Cho mot do thi G = (V, E) trong d6 mbi dinh u € V dai dién cho
mot dnh va mbi canh (u,v) € F mang trong s0 w,,,, biéu thi mic do tuong dong gitta hai

anh. Chi phi thu thap anh v 1a c(u). Muc tiéu la chon mot tap dai dién S C V v6i ngan
sach gidi han B sao cho gia tri dai dién dudc téi da:

Zmaxwuv - |V| Zzwum

ueV ves
theo [53,90]. Ham f(-) la khong don diéu, khong am va submodular [90]. Theo cac
cong trinh gan day [53, 00], thuc nghiém dugc thuc hién bi“lng cach chon ngau nhién
500 &nh ti tap dit liéu CIFAR [71},90], sau d6 tinh do tuong dong gitta cac anh dua trén
cosine similarity ctia cac vector pixel 3,072 chiéu. Cubi cling, do tuong phan RMS dudc
dung l1am chi sd danh gia chit lugng anh va x4c dinh chi phi cho tiing anh.

T6i da cat trong s6. Cho do thi G = (V, E) véi trong sb canh khong am w,,, cho
mbi canh (u,v) € E. V6i mot tip dinh S ¢ V, ham cat trong s6 dudc dinh nghia 1a
F(8) =Y uevs 2oves Wuo- Bai todn tim cit trong s6 16n nhit 1a tim tap S C V sao cho
£(S) dudc tdi da. Theo cac cong trinh gan day [3,[72], ham f(-) 1a khong don diéu va
submodular. B6 dif liéu dugc st dung gdm dd thi ngiu nhién Erdos-Renyi vé6i 5,000
dinh va xac suit canh 13 0.2, chi phi ¢(u) ctia mdi dinh dugc chon ngiu nhién tif phan
phdi déu (0, 1) theo Amanatidis va cong su [3].
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Béng 2.5: Tong hop tng dung va bd dit liéu trong ddnh gid thuc nghiém

Ung dung Bo dit liéu/thiét 1ap Pac trung danh gia

T6i da doanh thu | Facebook va YouTube; trong s6 canh | Do thi mang xa hoi, kich thudc vua
lay tir phan phdi déu; chi phi phu | valén
thudc trong sb ké

Tém tit anh 500 anh CIFAR; d6 tuong dong co- | Dit liéu c¢6 do tuong dong cao, dé
sine trén vector pixel 3,072 chiéu xuét hién tring 1ip thong tin

Toi da cit trong s6 | Do thi Erdos-Renyi v6i 5,000 dinh, | Bai toan dd thi mo phdng c6 ciu
xéc suét canh 0.2 tric ngau nhién

2.5.2. Thuat toan so sanh

Trong nhém thuit todn tuan tw, thuat todn RLA va DLA dugc tién hanh so sdnh
véi cac thuat toan sau:

- FANTOM: Thuét toan ngau nhién [90], c6 ty 1& xap xi ky vong L — € v6i d phic
tap truy van O(”?2 log(n)).

- SAMPLE GREEDY (goi tit 13 GREEDY): Thuét toan ngau nhién [3]], c6 ty 1& xap
xi == — € v6i do phic tap truy van O(Z log(Z2)).

- SMKDETACC: Thuét toan tat dinh [53]], ty 1& xip xi § — ¢, truy vAn O(Z log(%)),
nhanh nhét trong céc thuat todn tit dinh cho NSMK.

- SMKRANACC: Thuét todn ngdu nhién [53], ty 1& xap xi ky vong 1 — ¢, truy van
O(2log(4)).

- SMKSTREAM: Thuit to4an dong dau tién cho bai toan nay, ty 1& xap xi ¢ — e voi
truy van O(%log(B)) [53].

Trong céc thuc nghiém dbi v6i nhém thuit todn tuan tu, ngan sach dugc dit trong
khodng tli 2% dén 12% tdng chi phi clia tip co sé nhu clia Amanatidis va cong su [3].
Tham sé dudc dit 12 e = 0.1 cho tat ca cac thuit toan va o = 8 = %, h = 2,7 = 2 cho
SMKSTREAM [53].

Trong nhom thuat toan song song, thuat toan AST dudc so sanh véi cac thuat
toan sau:

- ParSKP1: Thuét toan song song cua Cui va cdng su [30], c6 do phic tap song song
1

O(logn) va trd vé mot nghiém S thda man E[f(S)] > (1 — €)opt.

- ParSKP2: Thuat todn Cui va cdng su [30], c6 do phiic tap song song O(log® n) va
1
5+2v/2 o
- ParKnapsack: Thuat toan song song cia Amanatidis va cong su [2/], dat hé so xap

trd vé mot nghiém S thoa man E[f(S)] > (

— €)opt.
Xi g4z — € trong O(log n).
Trong cac thuc nghiém doi v6i nhom thuit toan song song, luin an dat tham so

dd chinh x4c e = 0.1 cho tit ca cac thuit todn dugc danh gia va dbi véi AST, luan 4n
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dit § = 0.12. Viéc lap trinh song song dudc thuc hién bang ngon ngit C++ véi OpenMP.
Bén canh d6, cic thuc nghiém dudc tién hanh trén cum mdy chii tinh toan hiéu ning
cao (HPC) vdi céc thong sd: partition=large, #threads(CPU)=128, s6 node=4, bd nhé tdi
da = 3,073 GB. Déi v6i UnSubMax, luan 4n st dung thiét 1ap ctia cic nghién ciiu trudc
[2,130], cu th€ 1a diéu chinh thuit todn cta Feige va cOng su [43] d€ dat dugc ti1é 1 — e
trong mot vong lip song song va do phuc tap truy van O(n).

Bang 2.6: Tong hop tham s6 va tiéu chi danh gia trong thuc nghiém Chuong 2

Nhém thuét toan

Thuat toan

Tham sé chinh

Tiéu chi danh gia

Tuan tu FANTOM, SAMPLE- | € = 0.1; ngan sach tif | Gi4 tri ham muc tiéu
GREEDY, SMKDETACC, | 2% dén 12% tong chi | va sb truy van oracle
SMKRANACC, SMK- | phi; SMKSTREAM
STREAM, DLA, RLA ding « = [ =
R R
6 h = 2, r=2
Song song ParSKP2, ParSKP1, e = 0.1; AST dung | Gia tri ham muc tiéu

ParKnapsack, AST 5 = 0.12; trién
khai C++/OpenMP
trén cum HPC

va sO vong song song

2.5.3. Két qua thuc nghiém
a) Cdc thudt todn tudan tu

Két qué thyc nghiém dugc thé hién trong Hinh 2.6] Pau tién, cac Hinh [2.6(a), (b)
va (c) minh hoa chét luong nghiém ctia cac thudt toan tuan tu thong qua gia tri ham
muc tiéu. Trén céc thiét 1ap nay, DLA thuong dat gid tri cao trong nhém thuit todn tt
dinh va cho thy uu thé 16 hon so v6i SMKDETACC & mdt sb mic ngan sach. Pi vé6i
nhém thuat todn ngiu nhién, RLA cho chit lugng nghiém gan v6i SMKRANACC, trong
khi c6 10i thé vé do phiic tap truy vén ly thuyét do khong con phu thudc logarit vao
k. FANTOM va SAMPLEGREEDY la cac baseline quan trong vi dai dién cho nhiing
hudng tiép can da dudc st dung rong rai, tuy nhién trong cic thuc nghiém nay thudng
c6 gid tri ham muc tiéu thap hon hoic chi phi truy vin cao hon. Nhin chung, két qué cho
thdy DLA va RLA dat su can bang t6t giita chat lugng nghiém va sé truy van, nhung
miic d chénh 1éch phu thudc vao tng dung va ngan sach cu thé.

Cac Hinh d), (e) va (f) biu dién sb luong truy van ctia cdc thuit todn néu
trén. FANTOM 1a cao nhét, tiép theo 1a SMKSTREAM, trong khi céc thuat todn con
lai thAp hon nhiéu. FANTOM va SMKSTREAM cén hang triéu truy van, trong khi céc
thuat todn con lai thAp hon hang nghin 1an. Trong nhém con lai, GREEDY thudng c6 s6
truy van cao hon céc thuit todn khac, trir trudng hop (f). S6 truy van ciia DLA, RLA
va SMKRANACC la gan nhu tuong duong, trong khi SMKDETACC dao dong theo
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Facebook (n=4039)

Facebook (n=4039)

o GREEDY SMKRANACC 3 GREEDY SMKRANACGC
= FANTOM 1 RLA s % FANTOM —+— DLA —&—
< SMKDETACC DLA S SMKDETACC RLA
) SMKSTREAM N SMKSTREAM —8—
26K \ \ S100M |-
BAK - i i I 1 1 S 1M - —8—8——8—8
SN | \ S 0K P oS e e
2% 4% 6% 8% 10% 12% 2% 4% 6% 8% 10% 12%
B (% total cost) B (% total cost)
(a) Gia tri ham muc tiéu (d) S6 lugng truy van
CIFAR-10 (n=500) * CIFAR-10 (n=500)
o) @
> — - =
g 40 S 1.5M
> A * ’ 600K - —9®— 9 88— &
2 y ©
5445 | - - N H H ¥ 5 10K -
o o
o % E 2Kro—© & E—=F—0
O § 5
zZ | | | | | |
2% 4% 6% 8% 10% 12% 2% 4% 6% 8% 10% 12%
B (% total cost) B (% total cost)
(b) Gia tri ham muc tiéu (e) S6 luong truy vin
ER (n=5000) * ER (n=5000)
o) @
f_:‘; E100M -
820K =
B : "R R RI = Ml ® 98— & 5 &
B10K - ® 15K - - 5589
2 Qo : = 7 -
8 °K E sk ©
prd | | | | | |
2% 4% 6% 8% 10% 12% 2% 4% 6% 8% 10% 12%

B (% total cost) B (% total cost)

(¢) Gia tri ham muc tiéu (f) S6 lugng truy van
- Ung dung: (a), (d)T6i da doanh thu; (b), (¢) Tém tat anh; va (c), (f) Cat trong sb 16n nhit.

Hinh 2.6: Két qua thuc nghiém clia c4c thuét todn tuan tu cho bai toin SMK.

bd dit liéu. RLA st dung it truy van nhit vd DLA ciling yéu cau it truy vin hon so véi
SMKDETACC. Khi B ting, s6 luong truy vin ciia RLA ting cham nhét, trong khi cta
SMKDETACC ting nhanh nhét. Dic biét, trong ting dung Tém tit anh, tai B = 2% tong
chi phi, c4c thuat toan DLA, RLA, SMKDETACC va SMKRANACC déu khoing 2K
truy van; tuy nhién, tai B = 12%, SMKDETACC cao gip 5 lan so vdi cdc thuit todn
con lai.

Tong thé, cac thuat toan DLA va RLA ctlia luan 4n thé hién uvu diém chinh & kha
ning gift chit luong nghiém canh tranh trong khi ki€ém so4t sd truy van oracle. Han ché
clia phan thuc nghiém tuén tu 1a cdc bd dif liéu van chii yéu 1a benchmark va mo phdng
hoc thudt; vi viy, cac két qua nay nén dudc hi€u nhu bang ching thuc nghiém ban diu
vé hiéu qua thut toan, thay vi thay thé cho danh gia trén cdc hé théng trién khai thuc té.
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RLA —H— ParSKP2 ParSKP1

SmkRanAcc AST —&— ParKnapsack —(—
Youtube (n=39,841) Youtube (n=39,841)
K _
20K >

)

=

S 23K -

2 g /

3, 2

Ne]

© 1K

| | |

0.001 0.005 B 0.01 0.015 0.001 0.005 B 0.01 0.015
(a) Gia tri ham muc tiéu (d) S6 vong song song
CIFAR-10 (n=500) 15K CIFAR-10 (n=500)
450K
S
T 0 1.0K - _
2 g EV/EVAE/AE\*E/Aﬂ\Wz/)ﬂ
8 2 05K -
Ke]
) e e
445K 1 | r | |
0.01 0.05 B 0.1 0.15 0.01 0.05 B 0.1 0.15
(b) Gia tri ham muc tiéu (e) S6 vong song song
ER (n=5000) 40K ER (n=5000)
2 400K 30K -
© o
- =
:12: 300K : ag
5 200K b/ g
200K z
O /
100K -
I | | |
0.01 0.05 B 0.1 0.15 0.01 0.05 B 0.1 0.15
(c) Gia tri ham muc tiéu (f) S6 vong song song

—Ung dung: (a), (d) Téi da doanh thu; (b), (¢) Tém tat hinh anh; (c), (f) Cit trong sb 16n nhét.

Hinh 2.7: Két qua thuc nghiém clia cdc thuit todn song song cho bai toan SMK.

b) Cadc thudt todn song song
Trong Hinh 2.7(a), (b) va (c) so sanh gid tri muc tiéu gitta cac thuat toan khac
nhau. Két qua cho thidy AST dat dugc gia tri muc tiéu tot nhat cho ca hai ung dung Toi
da doanh thu va Ti da cat trong s6. Trong Toi da doanh thu, cdc gi tri muc tiéu dat
dudc bdi RLA, SmkRanAcc va ParSKP1 1a giébng nhau, ParKnapsack dat gi4 tri thap
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hon, trong khi ParSKP2 c6 gid tri thip nhit trong cac thuit toan. Dic biét, thuit todn
ctia luan 4n dat gid tri cao nhit khi B = 0.015, cao hon khodng 1.3 1an so véi cac thuat
toan khac trong Toi da doanh thu. Trong Tém tit anh, ParKnapsack dat gia tri cao nhét
trong khi ParSKP2 dat thip nhit. Thuit toan cda luan an cho két qua t6t nhit & mot s6
diém va gidm & nhiing di€ém khac. Nhu thé hién trong Hinh 2.7|(b), hau hét cic thuat
to4an dao dong manh. Su bién ddng trong chit luong clia cac thuat toan nay c6 thé 1a do
dac trung cia bo di liéu.

Trong Hinh d), (e) va (f), so sanh vé s6 vong 1ip song song. Két qua cho thiy
SmkRanAcc va RLA luén yéu cau sd vong lip song song cao nhat & ca ba ting dung
bdi vi day 1a hai thuét todn tuan tu. Vi AST, s6 vong lip song song tudng duong véi
ParSKP1 trong Toi da doanh thu va Téi da cat trong s6. Bén canh d6, trong Tém tit anh,
s6 vong lidp song song ctia AST cao hon so v6i ParSKP1, von c6 s6 vong thap nhat. Tuy
nhién, su chénh 1éch nay 1a khong dang ké.

Téng thé, AST cho thiy 10i thé rd & tiéu chi s6 vong song song khi so véi cac thuat
toan tuan tu va giit dudc chat luong nghiém canh tranh véi cdc thudt toan song song lién
quan. Trén bai toan Toi da doanh thu va Tbi da cat trong s6, AST dat gid tri ham muc
tiéu tot trong khi van duy tri s6 vong song song thip. Trén bai toan Tom tat anh, két qua
dao dong hon va ParKnapsack c6 thé dat gia tri cao hon & mot s6 mic ngan sach; diéu
nay cho thiy hiéu qua thuc nghiém ctia AST phu thudc vao ciu triic dif liéu va mic do
tuong dong gitta cdc phan ti.

2.6. Két luan chuong

Chuong 2 tip trung nghién ctiu Bai todn Ti da hAm submodular v6i rang budc chi
phi (SMK) — Bai toan nghién cttu 1 ctia ludn 4n — va dé xuat ba thuat todn xp xi: DLA,
RLA va AST. DLA la thut todn tat dinh dat hé s6 xap xi $ — ¢ v6i do phic tap truy
van O(2 log(1)), gitt cung hé sd xp xi v6i SMKDETACC nhung loai bd sy phu thudc
logarit vao kich thu6c 18i gidi k. RLA 1a thuit todn ngiu nhién dat hé s6 xap xi ky vong
1 — € v6i 0 phuc tap truy van O(Z log(1)), tuong ung véi hudng cai thién do phic tap
truy van trong nhém thuét todn ngau nhién gan tuyén tinh. AST 14 thuat todn song song
dat hé s xp xi ky vong % — ¢, duy tri do phtc tap song song O(logn) va do phuc tap
truy van O(nk), qua d6 céi thién hé sd x4p xi so v6i thuat toan ParSKP1 trong cling miic
dd phiic tap song song. Céc két qua nay cho thiy ba thuit todn dudc thiét ké cho cac
bdi canh tinh todn khac nhau: DLA va RLA phil hgp véi moi trudng tudn tu can giam
s6 truy van oracle, trong khi AST phu hdp véi mdi trudng song song. Tinh ding din
clia cic thuit toan dudc chiing minh bang phan tich ly thuyét va dudc kiém chiing thém
bang thuc nghiém trén cac bd dit liéu benchmark.

Céc két qua nghién ctiu ctia Chuong 2 di dudc cong bd tai hoi nghi qubc té xép
hang A*:
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Cich tiép can Thuat toan Cong bb
X 9 1 1
— Titdinh —> DLA(§ —¢0(2log(<))) —>

Ve N IJCAT 2023, A*

‘ SMK /if‘{ Ngiu nhién H RLA(§ —¢,0(Zlog(1))) ]_’

—P[ Song song HAST(% —€,0(log n),O(nk))H 1JCAI 2024, A® }

Hinh 2.8: Tong hop cac két qua chinh ctia luan 4n cho bai todn SMK.

1. Canh V. Pham, Tan D. Tran, Dung K.T Ha, My T. Thai, Linear query approxima-
tion algorithms for non-monotone submodular maximization under knapsack constraint,
2023, In Proceedings of the Thirty-Second International Joint Conference on Artificial
Intelligence (IJCAI 2023), 4127-4135 (RANK A¥*);

2. Tan D. Tran, Canh V. Pham, Dung K.T Ha, Phuong N.H. Pham, Improved parallel
algorithm for non-monotone submodular maximization under knapsack constraint,
2024, In Proceedings of the Thirty-Third International Joint Conference on Artificial
Intelligence (IJCAI 2024), 1961-1969 (RANK A*);
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CHUONG 3
BAI TOAN TOI PA HAM £-SUBMODULAR VOI RANG BUOC CHI PHI
NHOM VA BAI TOAN TOI PA HAM DR-SUBMODULAR VOI RANG BUOC
LUC LUONG

Trong nhiing nim gan day, cdc bai todn t6i vu ham submodular mé rong, bao gom
k-submodular (Dinh nghia va DR-submodular (Pinh nghia|l.16), da thu hit su
quan tdm manh mé nhd kha niing biéu dién cdc bai toan c6 ciu tric phiic tap trong nhiéu
linh vuc nhu hoc mdy, hé théng khuyén nghi, mang xa hdi va cdm bién thong minh.
Chuong ndy, luan 4n trinh bay hai huéng nghién cttu chinh vé hai 16p ham nay duéi
cac rang budc khac nhau. Hai huéng nghién cttu dugc dat trong cung mot chuong vi
cling xuét phat tif nhu cdu md rong mo hinh tbi uu submodular ¢ dién sang cac khong
gian quyét dinh giau ciu tric hon. O hudng thit nhit, mdi phan ti chi dugc chon vao
mdt trong k£ nhém va mbi nhém c6 ngan sach riéng;  huéng thit hai, mbi phan tif c6
thé€ dudc chon véi mic dd nguyén khac nhau dudi mot rang budc luc ludng chung. Do
d6, diém chung ctia chuong 12 nghién ctiu cac thuit toan xAp xi cho cac bai toan tdi uu
submodular md rong khi tai nguyén khong con 1a mot rang budc don gidn, ma duge to
chic theo nhom hoac theo muc do lua chon.

Thit nhét, bai todn t6i da ham k-submodular véi rang budc chi phi nhém — Bai
to4n nghién cttu 2, mot mo hinh phan dnh chinh xéc cic ing dung nhu tbi da anh hudng
da cht dé va phan phbi cam bién da loai. D€ gidi bai todn nay trong moi trudng dit lidu
16n, luan 4n dé xuAt mot thuat toan ludng (Pinh nghia _) mang tén STR, chi yéu cu
hai lugt quét qua d liéu va su dung bd nhd gidi han. Thuat todn dat hé sd xAp xi (k +1)
cho ham muc ti€éu don diéu va 2k =5 cho ham khong don di€u, v6i do phuc tap truy van
O(”—Ek log(B)) va bo nhé O(% log(n)), trong d6 n 12 kich thudc dit liéu dau vao, k 1a sb tap
con rdi nhau (theo dinh nghia k-submodular), B 1a téng chi phi va e € (0,1) 1a tham s6
chinh xac. Trong cac thuc nghiém dudc trinh bay ¢ muc sau, thuat toan nay thuong dat
chit lugng nghiém canh tranh hoic cao hon phuong phdp tham lam, dong thdi gidm 16
rét s6 luong truy van trén cac bo dit liéu 16n. Cac két qua nghién ciu tuong dng da dudc
cong bd tai The 12th International Symposium on Information and Communication
Technology (SOICT 2023), ky yéu hoi thdo dudc 1ap chi muc trong SCOPUS va trén
Asia-Pacific Journal of Operational Research (APJOR), mot tap chi qudc té uy tin thudc
danh muc SCIE, dudc xép hang Q3.

That hai, bai todn tdi da ham DR-submodular véi rang budc luc lugng — Bai toan
nghién citu 3, noi cic phan ti c6 thé dudc chon nhiéu 1an v6i miic do khac nhau, phi hop
véi cac ing dung phan b6 tai nguyén da cAp. Hai thuat toan dudc dé xuét 1a FastDrSubva
FastDrSub+, 1an ludt dat hé sd xap xi 0.044 va i — € v6i do phtic tap truy van O(n log(k)),
trong d6 n 12 kich thudc dit liéu dau vio va k 12 rang budc luc lugng. Theo dbi sanh véi
cc hudng tiép can dugc tong hop trong Bang 3.5 diy 1a cac thuat toan x4p xi hing s6
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c6 chi phi truy vén thip cho bai toan DrSMC trong bdi canh ham muc tiéu khong don
diéu. Ca hai thuat toan dudc ki€ém chiing qua cic bai toan thuc nghiém t6i da doanh thu
v6i ham muc tiéu dang DR-submodular, trong d6 FastDrSub+ dat chit luong nghiém
canh tranh véi cdc thuit todn so sdnh va FastDrSub c6 uu thé 16 vé sb luong truy van/thsi
gian chay. C4c két qua nghién ctiu tuong ng da dugc chip nhan cong bb trén Journal of
Combinatorial Optimization (JOCO), mot tap chi qudc té uy tin thudc danh muc SCIE,
dudc xép hang Q2.

Tiép theo, ludn an sé trinh bay chi tiét mo hinh bai toan, cac thuit toan dé xuat,
phan tich 1y thuyét vé hiéu qua xap xi, ciing nhu cac két qua thuc nghiém minh hoa.

3.1. Bai toan tbi da ham k-submodular véi rang budc chi phi nhém
3.1.1. Pinh nghia bai toan

Ham k-submodular (Pinh nghia la mot mo hinh mé rong cia ham submodu-
lar, cho phép mo hinh héa cac quyét dinh lua chon khi can phan chia mot tip co sé V
thanh & tip con rdi nhau. Nhd vao tinh chit tdng quat nay, ham k-submodular dugc st
dung trong nhiéu bai toan tdi vu rdi rac c6 ciu triic phan nhém 16 rang.

Mot trong nhiing bai toan trung tAm 12 tdi da ham k-submodular vé6i rang budc chi
phi, trong d6 mdi phan t e € V di kém v6i mdt chi phi ¢(e) > 0 va tong chi phi clia céc
phan tif dugc chon khong vugt qua mot ngan sach B. Bai toan nay c6 thé dugc hiéu nhu
viéc lwa chon mot k-tap (51, So, ..., Sk) sao cho cdc tap con S; 1a rdi nhau va tong chi
phi Zle D ees, cle) < B, dong thoi gid tri ctia ham muc tiéu f(Sy, ..., S;,) dudc tdi da.
Tuy nhién, do rang budc chi phi 4p dung chung cho toan bd k& nhém, c6 thé xay ra hién
tugng mat can bang nghiém trong: mot nhém chiém hau hét ngan sach trong khi céc
nhém con lai khong dude lua chon phan ti ndo, dan dén hiéu suit tdng thé thap hoic
khong phit hdp véi yéu cau thuc té.

Dé gidi quyét bt cap d6, bai todn dugc md rong thanh bai toan tdi da ham k-
submodular v6i rang budc chi phi nhém, trong d6 mdi nhém i € [k] = {1,2,...,k} dudc
cAp mot ngan sich riéng B; va yéu cau véi moi i thda min Y e s, ¢(e) < Bj. Rang budc
nay phan anh chinh x4c c4c yéu cau kiém soat ddc 1ap ngan sach giita cdc nhom trong
nhiéu tdng dung thuc tién. Mot vi du tiéu bi€u 1a bai todn trién khai cam bién k-loai
(k-type sensor placement), trong d6 mdi loai cAm bién dai dién cho mdt nhém va ¢
ngan sach trién khai riéng biét. Muc tiéu 1a Iva chon vi tri dit cam bién sao cho do phu
thong tin clia toan hé théng dudc t6i da trong khi vin ddm bio tdng chi phi trién khai
clia tiing loai cdm bién khong vudt qua gidi han ngin sich tuong ting.

Cu thé, Bai todn t6i da ham k-submodular véi rang budc chi phi nhém (ky hiéu 1a
kSMIK) dugc phét biéu nhu sau:

DPinh nghia 3.1 (Bai toan tdi da ham k-submodular véi rang budc chi phi nhém —
kSMIK). Cho mdt tdp co s6 V = {eq, ez, - - - , e, } gdm n phan td, mot sé nguyén k > 0
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va mot ham k-submodular f : (k + 1)V — R, xac dinh trén khong gian ho & tap doi
mot khong giao nhau, duge goi 1a k-tap (k-set), cu thé: (k+ 1)V = {(S1, So,...,Sk) |
S; CV,Vie€l[k], S;nS; =0, Vi#j}. Mbiphan tif e € V dugc gdn mot chi phi duong
c(e) > 0. Véimdi vitrii € [k] = {1,2,...,k}, tong chi phi cla tp S; dudc dinh nghia
1a ci(s) = 3, c(e) vamdi vi tri c6 mot ngn séch riéng B; > 0. Khong mat tinh tong
quat, ta gid st véi moi e € V, ¢(e) < B, trong d6 B = Zle B;. Muc tiéu cua bai toan
kSMIK la:

arg max f(s).
s€(k+1)V:ci(s)<B;,Vic (k]

Trong pham vi luin 4n nay, mot thé hién cta bai toan kSMIK dudc ky hiéu 1a bd
ba (f,V, k) va nghiém t6i vu dugc ky hiéu 12 o, véi gid tri tdi uu tuong ting 1a opt = f(0).
Bén canh d6, luin 4n st dung thém céc ky hiéu sau d€ ho trg trinh bay va phan tich
thuat toan:

- Ta dinh nghia supp;(s) = S;, supp(s) = U Si, trong d6 S; 1a tap thi i cua s va
0=(0,...,0)1a mot k-tip rong.

-V6ix = (X1, Xo, ..., X3),y = (Y1,Ya,....V}) € (k+ 1)V, taquy uc néu e € X;
thi x(e) = i va i dudc goi 12 vi tri clia e, ngudc lai x(e) = 0. Viéc thém mot phan ti
e ¢ supp(x) vao X; dugc bi€u dién bdi x U (e,4). Khi X; = {e} va X; = 0, v6i moi j # i,
x dudc ky hiéu bdi (e, ). Ta ky hiéu x C y khi va chi khi X; C Y; v6i moi i € [k].

- Loi ich bién ctia (e, 1) khi dudc thém vao x € (k+1)V dudc ky hiéu la Ay f(X) =
fxu(e 1)) = f(x).

Bai todn kSMIK c6 tinh ting dung cao trong cic hé théng ra quyét dinh da muc
tiéu, noi tai nguyén phai dudc phan b dong thdi cho nhiéu nhém doc 14p, mdi nhém
di kém v6i mot rang budc ngan sach riéng. M6 hinh nay xuét hién phd bién trong céc
linh vuc nhu t6i uu phan phdi noi dung, quan Iy tai nguyén trong mang cdm bién, thiét
ké chién ludc tiép thi da kénh va phan b6 ngan sich trong cac hé théng khuyén nghi
c4 nhan héa. Trong linh vuc hoc mdy, kSMIK c6 thé dugc ting dung dé€ chon tap huin
luyén dai dién theo nhiéu chi dé hodc nhém ngudi dung khic nhau, méi nhém cé gidi
han riéng vé dit liéu hoic chi phi thu thap, véi muc tiéu ti da hiéu qua hoc tdng thé.
Ngoai ra, bai toan con phit hgp véi cac kich ban chon dic trung da nhém hoic tdi uu
hoa md hinh trong mdi trudng da tic vu, ndi cic rang budc tai nguyén can dudc kiém
soat tach biét theo tiing chiéu chién ludc hodc nhém tic vu cu thé.

3.1.2. Nghién citu lién quan

Nhiam lam rd dong luc nghién citu, luin 4n tdng hop va phan tich cdc cong trinh
lién quan dén tdi wu ham k-submodular theo hai huéng chinh: (1) bai todn tdi da hAm
k-submodular duéi nhiéu loai rang budc va (2) céc thut toan ludng ap dung cho ham
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k-submodular. Viéc hé thdng héa nay khong chi gitip xdc dinh khoang tréng trong
nghién cttu hién tai ma con la cd sé d€ xay dung va phat trién cdc thuit toan méi phu
hop véi bai toan dat ra trong luan an.

T6i wu ham k-submodular. Bai toan ti uu k-submodular duge khdi ngudn tir
cong trinh clia Singh va cong su [111], trong d6 tac gia giai quyét trudng hop k = 2,
con goi 12 tdi da ham bisubmodular. Sau d6, bai toan dugc mé rong cho moi gia tri k.
Pang chd y, khi k& = 1, bai todn trd thanh bai todn t6i da ham submodular ¢& dién, von
da dugc chitng minh 12 N P-khé. Diéu nay kéo theo bai toan k-submodular ciing thudc
16p bai toan N P-khé. Pbi vé6i trudng hop khong rang budc, Ward va cong su [123] dé
xuat mot thuat toan tham lam mang tinh quyét dinh véi hé sd xap xi 3. Tiép theo, Iwata
va céng su [63]] cai tién bang mot phién ban tham lam ngu nhién, dat hé s6 xap xi
2/<: 7 thong qua viéc két hop phan phdi x4c sult véi cach Iua chon cac phan tif ¢6 1di ich
bién 16n. Sau d6, Oshima va cong su [99]] loai bo tinh ngiu nhién trong thuét todn, tuy
nhién diéu nay lam ting s6 luong truy van can thiét. Cac bai todn k-submodular c6 rang
budc ciing di dugc nghién ctiu & nhiéu huéng. Ohsaka va cong su [08] tap trung vao bai
todn t6i da ham k-submodular ddn diéu duéi rang budc luc lugng va dé xuit mot thuat
toan tham lam dat hé s6 xap xi 1 trong trudng hop rang budc tong luc luong va i 5 trong
truong hop don luc lugng. Qlan va cong su [104] gidi thiéu mot thuit toan tién hoa da
muc tiéu cho bai toan tbi da k-submodular don diéu dudi rang buodc téng kich thuée.
Trong khi d6, Zheng va cdng su [127] nghién cifu bai toan véi hAm muc tiéu dudc xap
xi bdi mot ham k-submodular gin diing, nham phuc vu cho cdc bai toan c6 rang budc vé
kich thudc. Ngoai ra, bai todn tdi wu k-submodular dudi cic rang budc phiic tap khéc
cling da dugc quan tAm. Sakaue [108] trinh by mot thuét toan tham lam vé6i hé s6 xap
xi & cho bai toan c6 rang budc cAu tric. Tiép do, Rafiey va céng su [103] dé xuét mot
phuong phéap tham lam lién tuc riéng biét, cling dat hé s xap xi 1 1 cho cuing bai todn.
Gan day, nhiéu nghién cifu di tap trung vio bai todn k:—submodular dudi rang budc chi
phi [51, 102, 103, [118}, [122] va dat dudc cac hé sd xap xi hiang sb dang ké.

Thuét toan luong cho ham k-submodular. Dbi v6i cic ham k-submodular,
[63], [123]] da phat trién cac thuat toan ludng (Pinh nghia mot lugt quét. Trong
do, Iwata va cong su [63] 4p dung Iva chon ngiu nhién va cic nghién ciu tiép theo da
cai tién bang cach st dung phan phdi chon phan ti méi dua trén chi phi khadc nhau va
thiét 1ap mdi quan hé giita nghiém hién tai va nghiém t6i uu. Rafiey va cong su [105] 1a
nhiing ngudi dau tién dé xuat thuit toan ludng cho bai todn ti da k-submodular duéi
rang budc téng kich thudc trong diéu kién c() nhiéu. Ho dua ra hai thuat todn v6i hé

s6 xap xi O(ﬁ) cho ham don diéu va O(7% ) -) cho ham khong don diéu. Gan day,

(1-
Pham va cong su [103]] dé xuat hai thuit todn ludng mot ludt quét cho bai todn tbi da
k-submodular dudi rang budc chi phi, v6i do phic tap O(" log(n)) va hé sd xp xi ky

vong lan lugt1a 1 — e va s — e
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Theo ra soat cac cong trinh li€n quan néu trén, cac nghién cttu hién c6 da xem xét
nhiéu dang rang budc cho bai toan k-submodular, nhung chua tip trung truc tiép vao
rang budc chi phi riéng cho tiing nhém nhu trong bai todn kSMIK. Diéu nay chi ra mot
khoang trong nghién ctiu ding k& va nhan manh sy can thiét phai phat trién cic phuong
phdp va thuat todn mdi. Viéc 1ap day khoang trong nghién ctiu ny sé gép phan quan
trong vao viéc hoan thién ly thuyét t6i uu k-submodular va tng dung né vao céc bai
todn thuc tién ¢4 rang budc chi phi nhém.

3.1.3. Thuét toan dé xuat

Trong muc ndy, luan 4n trinh bay mot thuat toan ludng dé€ giai bai toan kSMIK.
Tru6c tién, mot phién ban don gidn cla thuit todn dudc gidi thidu vdi gia dinh biét trudc
gid tri tdi uu opt, goi 1a STROPT. Thuit todn niy déng vai trd nén tang dé xay dung
thuat todn chinh STR, khong yéu cau biét truSc opt. Thuat toan STR c¢6 do phiic tap
truy van 12 O(2% log(n)), st dung bd nhé O(£ log(n)) va dat hé s6 xap xi ﬁ dbi voi
21,;3 ddi v6i ham khong don diéu. Céc chi tiét vé thuit todn
cung phan tich ly thuyét tuong ing sé dugc trinh bay trong cic muc sau.

ham muc tiéu don di€u va

3.1.3.1. Thuét toan luong STROPT

Thuét toan STROPT dudgc xay dung dua trén y tudng sit dung mot gia tri xip xi v
clia gid tri toi uu opt nhu mdt ngudng dé hudng din qua trinh lua chon phan ti vao tap
16i gidi. Cu thé, thuat toan danh gia mdi phan ti tif ludng dit liéu dua trén hai tiéu chi:
gid tri 16i ich bién khi thém phan tif d6 vio mot trong cac tap con hién tai va tuan thi
rang budc ngan sach. Bén canh dé6, d€ tranh trudng hop khong chon dugce phan ti nio
trong toan bo ludng, thuat toan ludn duy tri va cip nhat mot cip phan ti don (emay, imax)
c6 gia tri muc tiéu cao nhit quan sat dudc tinh dén thai diém hién tai.

Thuét toan nhan dau vao 1a mot thé hién (f, V, k) clia bai ton, cling véi gia tri xap
xi v sao cho (1 — €)opt < v < opt, bd ngan sach (By, By, ..., By,) va cc tham sb diéu
khién o, € € (0,1), trong d6 opt 12 gia tri toi wu ctia bai toan. Quad trinh x{ ly dit liéu dudc
thuc hién trong mot luot quét duy nhat, v6i mdi phan ti e 1an ludt dudc xét dén theo thd
tu xuat hién.

Tai mbi budc, thuat todn xac dinh vi tri i, trong sd k tAp con sao cho phan ti e
mang lai 10i ich bién 16n nhét khi dudc thém vao vi tri d6. Pong thdi, thuit todn so sanh
gid tri f((e,i.)) v6i gid tri cao nhat hién c6 va cip nhat cip (emax, imax) NEU can. Néu
phan t e thda man ca hai diéu kién: (i) khong vuot qua ngan sach nhém tai vi tri i, va
(i1) 1gi ich bién du I6n so v6i ngudng g‘—i, thi cap (e, ie) s€ dudc thém vao tap ung vién s.
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Input: V, f,k, B1,Bs, ..., Bg,v,a € (0,1),e € (0,1)
]
| 5 0, (Comms max) < (nll,0) |
... — dir lieu dén \[/ theo luéng — ...

e
v

| e < argmax;cy f((e,1) |
]

(emax; tmax) < arg MaAXye{(emax,imax),(€sie)} f(x)

i---Lu‘qt 1

Return argmaxgc e . io) o) f(s"

Hinh 3.1: Luu d6 hoat dong ctia thuit to4an ludbng STROPT

Sau khi két thic qu4 trinh quét, thuat todn trd vé nghiém tot nhat giita tap ting vién

S va phﬁn tlf don (emax, imax)- Cu thé, cdc budc dudgc trinh bay trong Thuit toan (8] va
dugc minh hoa trong Hinh

Algorithm 8 Thuit todn luong STROPT

1:

—
R )

—_ =
=T A Al O

Input: V, f, k, By, B, ..., By, an approximate value v of opt such that (1 — €)opt < v < opt,
parameters a, € € (0,1).
Output: A solution s of kSMIK.
s < 0, (emazxs imaz) < (null,0)
foralle € V do
ie < argmax;c(y) f((e, 1))
(emaza z'mayc) < ATGMAXxe{(emam,imaz ), (erie)} f(X)
if c(e) + ¢i. (s) < B;, then
if A f(s) > % then
s« sl (e, ie)
end if
end if

. end for

. /
LS a‘rg maXSIE{(emazyimaz)ys} f(s )
. return S
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Bang 3.1: Bang cac ky tu toan hoc dung trong phan tich thuét toan STROPT

Ky hi€u | Y nghia
0 Nghiém tdi uu clia bai toan trén tip V, v6i gid tri téi wu tuong ting 1a
opt = f(0)
(ej,i;) | Cdp phan ti thd j dugc thém vao trong vong ldp chinh ctia Thuét todn
t S6 luong cip phan tit dugc thém vao tap s sau khi két thiic vong lip chinh
s st = {(e1,i1),...,(es,is)}: k-tAp s sau khi vong 1ip chinh két thiic, v6i t =
|supp(s')|
s/ s’ = {(e1,i1),...,(ej,1j)}: k-tap s tai budc thu j trong vong ldp chinh, voi
1 < j <t;ban daus’ = 0 va sau cing s* = s
o’/ o/ =(oUs)US
v Gia tri du doan cua opt, thoa man: (1 — €)opt < v < opt
o112 | o112 = (ous)us!
s/~1/2 | ¢i71/2: Néu ¢; € supp(0), thi /=12 = s/~ 1 (ej,0(¢;)). Néu ¢; ¢ supp(o), thi
§/—1/2 — gi—1

Tiép theo, luan 4n tién hanh phan tich hé s6 ctia thuat toan STROPT. Truéc tién,
mot s6 ky hiéu quan trong dudc st dung trong qua trinh phan tich dugc dudc dinh nghia
hoic nhic lai tai Bang

Phac thao chirng minh. Phan tich cia STROPT dua trén viéc so sanh nghiém
dang xay dung s’ v6i nghiém t6i uu o sau tiing phan ti dudc chap nhan tif ludng dit liéu.

B4 dé dau tién cho thiy phan gid tri tbi vu bi mat khi thay dan o bdi cac phan ti clia s/

c6 thé dudc chiin bdi gia tri clia s/; hé s6 chiin khac nhau gitia trudng hop don diéu va

khong don diéu. Cac bé dé tiép theo tach hai kha ning: néu nhiéu phan ti t6i vu khong

dudc chon vi khong dii 16i ich bién thi tdng déng gép con lai bi chin bdi ngudng; néu

khong dudc chon vi hét ngan sach nhém thi nghiém da sit dung dii ngan sach dé bao

dam mot cin dudi cho gia tri. Két hop hai tinh huéng nay va chon tham s a phu hop

cho ra hé s6 xap xi cia thuat toan.
Trudc hét, luan 4n thiét 14p mbi quan hé gitta f(0) va f(s’) thong qua B& dé

B6 dé 3.1. Vi moi j, 0 < j <t, ta co:
- Néu f la ham don diéu, thi f(0) — f(07) < f(s7).
- Néu f la ham khong don diéu, thi (o) — f(07) < 2f(s?).

Chitng minh. Xét trudng hgp f 1a ham don diéu. Ta ¢6 o' =

(ousY) LS va do d6

f(0) = f(0%). V6imoi 0 < j < t, ta cO:

flo) — f(o’) =

(f(0'™h) — f(0"))

M-

=1

(f(0™1) = F(0'"1/?)) (theo tinh don diéu claf)

1

7
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J
< (f(s"%) — f(s'1)) (hé qua tinh chét k-submodular)

j
< Z( f(s") — f(s*1)) (theo cach chon clia thut todn)

Xét truong hop f 1a ham khong don diéu. Ta can st dung tinh chit don diéu theo
tiing cip (pairwise-monotonicity) d€ phan tich chit ché hiéu f(o’~!) — f(0/). Nhic lai
(ej,4;) 1a cdp phan td thd j dugc thém vao nghiém ng vién s sau vong 13p cta Thuat
toan 8] Ta xét hai trusng hop:

Truong hop 1: Néu e; ¢ supp(o), ddt | € [k], | # ij va 0{ la k-tap thoa man
Og(e) =0/(e) v6imoi e € V' \ {¢;} va 0‘7(6]) =, taco:

f(OJ_l)—f(OJ) f(0]) = F(0)71) = (f(07) + f(0]) — 2f(0/ 1))
f(o ) f(0’~1) (theo tinh don diéu tiing cip)
f(s]) — f(s’~1) (hé qua tinh chit k-submodular)
f(s?) — f(s’71) (theo cach chon ctia thuat toan).

Truong hgp 2: Néu ¢; € supp(0), ta xét hai kha ning:
- Néu 0/~!(e;) = i;, do tinh don diéu theo tiing cdp cla f, ton tai i’ € [k] sao cho
f(8771 U (e5,1)) > 0. Khi d6, f(0/) — f(0/™1) =0 < f(s7) — f(s771).
- Néu 077! (e;) # ij, ta co:
FOIY = f00) =2f(07 1) — 2f (0P 12) — (f(07 1) + f(o)) — 2f(07"1/?))
<2f(0’ 1) —2f(0’71/?)
2f(s7) —2f(s’71).
Tong hop hai trudng hop trén, ta thu duge: f(0/~1) — f(07) < 2f(s7) — 2f(s771).
Suy ra:

IN

Vay chifng minh hoan tét. ]

B6 dé 3.2. Sau khi két thiic vong ldp ddu tién, néu véi moi cdp (e,i) théa mdn e €
supp(0) \ supp(s') va i € [k] sao cho ci(s") + c(e) > By va A, f(s') < “G°°, thi:
- Néu f la ham don diéu, ta cé f(s") > 20520,
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v(l—ak)
3

- Néu f la ham khong don diéu, ta cé f(s?) >
Chuing minh. V6i truong hdp f 1a ham don dié€u, ta c6:

floh) — f(s") < Z Aeo(e)) f(8") (hé qua tinh chit k-submodular)

ecsupp(o)\supp(st)

k
= Z Z Aco(enf(s")

i=1 ecsupp(0)\supp(s), o(e)=i

k
ci(0)av , ., .4 PR
< Z - B, (gia thiet trong bo de)
i=1
k

i=1
Mit khdc, theo BS dé ta co:
v—f(s") < f(0) — f(s")
= f(0) — f(0) + f(0") — f(s")
< f(s") + kaw.
Suy ra f(s') > 3v(1 — ak).
Xét truong hop f 1a ham khong don diéu. Ta ap dung lap ludn tuong tu véi trudng
hop don di€u:
v—f(s") < f(0) — f(s")
= f(0) — f(0!) + f(0') — f(s') (theo B& dé[3.1)
< 2f(sh) + Z Aco(enf (")

ecsupp(0)\supp(s)

k
= 2f(s") + Z Z Aeo(e)) f(8")

i=1 e€supp(0)\supp(s), o(e)=i

k
< 2f(sh) + Z
=1

= 2f(s") + kawv.

B; , , " .
gw (theo cach chon cua thuat toan)
i
Do do, ta c6 f(s') > fv(1 — ak). Vay chiing minh hoan tat. O

B& dé 3.3. Néu ton tai mot phdn ti e € supp(0) \ supp(st) va mot sé6 nguyén i € [k sao
cho ¢i(s') + c(e) > Bi va A f(s') > LG, thi f(s) > 9.
Chiing minh. Vi A ;) f(s') > c(e)ag, nén ta co:

cle)aw

Fls U () = 1(s) = 5
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B;
ci(sh)  cle)aw
> B, + B; 3.1
- (ci(s!) + c(e))aw
> B
> av. (3.2)

Trong d6, bat dang thic (3.1) 1a do quy tic Iua chon ctia thuét toan. Luu y, sau khi
vong lap chinh ctia Thuat toan |8 két thic, ta c6 (emaz, imaz) = arg maxeeyicik (€ 7)),
do do:

f(s) > maX{f(St), f((emaz imaz))}
> f(st) + f((emaxa imam))

- 2

I+ 1)

- 2

L U e )

- 2

av

> —. .

> < (3:3)
Bt dang thic (3.3)) 1a hé qua truc tiép cta (3.2). Ching minh hoan tat. ]

Cubi ciing, luin 4n phat biéu két qua hiéu ning ctia Thuit toan 8| nhu sau:

Dinh ly 3.1. Vdi e,a € (0,1) va gid tri xdp xi v sao cho (1 — e)opt < v < opt, Thudt
todn|8|co do phiic tap truy vdn la O(nk) va:
- Néu f la ham don diéu va o = 17, thi thudt todn trd vé nghiém xdp xi voi
77145 l1—e€
- Neu f la ham khong don diéu va o = ﬁ thi thudt todn trd vé nghiém xdp xi voi

tlé 211{%3
Chiing minh. Thuét toan thuc hién t6i da n vong lip. O mdi vong lip, thuat todn thuc
hién t6i da k truy van d€ quyét dinh c6 thém phan tif e vao s hay khong. Do do, téng do
phtic tap truy van 1a O(nk).

Tiép theo, ta chiing minh gi6i han dudi cho gia tri 15i gidi. V6i trudng hop f 1a
ham don diéu, ap dung cic B& dé[3.2/va ta xét hai truong hgp:

Truong hop 1. Sau khi két thic vong 1ip chinh, néu véi moi e € supp(0) \ supp(s)
va i € [k] sao cho ¢;(s) + c(e) > B, thi A ;) f(s) < c(e)av. Theo B6 dé va chon

1 ta dudc
o0=—-", :
k+1 :

v(l — ak) v opt(l—e¢)
f(s)> 2 = 20k +1) 2(k+1)° (3.4
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Truong hop 2. Néu ton tai e € supp(0) \ supp(s) vai € [k] sao cho ¢;(s) +c(e) > B;
va A ) f(8) > c(e)av, thi theo Bo dé ta cling co:
1—c¢)
> feh) > v S opt(
1) 2180 2 35571y = 20+ )
V6i truong hop f 1a ham khong don diéu, ta ap dung 1ap luan tuong tu nhu v6i ham
don diéu dé€ suy ra két qua. O

3.1.3.2. Thuét toan luong STR

Sau khi da trinh bay thuét todn dau tién véi gia dinh biét trudc gid tri toi uu opt,
ludn 4n tiép tuc gidi thiéu thuat toan chinh mang tén STR (Thuéit toan @), trong do gia
dinh vé opt dudc loai bd. STR khdi tao mot tap cac gia tri uéc luong cho opt theo cong
thic O «+ {v=(1+¢)): M < (1+¢) < BM}, trong d6 B = Zle B; va M la gia tri
16n nhét ctia cac phan ti don 18 (e,,4z, imaz) dudc gdp cho dén thdi diém hién tai. Thuat
toan STR bao gdm hai lugt quét dit liéu:

Trong luogt tha nhét (dong , thuat toan xay dung mot tap cac nghi€ém tng
vién s, tuong ting véi mdi gia tri v € O. V6i mbi phan ti dén e, thuit toan thuc hién hai
thao tac:

- Cap nhat gia tri M va tap O dua trén cdc phan ti da nhan (dong . Cu thé, M
s& dudc cap nhat theo gid tri tbt nht hién tai ctia cip don 18 (emaz, imaz) Va til d6, tip O
dudc cap nhat lai tuong Ung.

- Thém phan ti e vio cic nghiém dng vién s, v6i v € O, néu phan ti nay c6 1di ich
bién du 16n va viéc thém n6 khong vi pham rang budc ngan sach.

Trong lugt thit hai (dong[16H23), thuat todn tiép tuc ci thién chit lugng 15i gii.
V6i m&i phan tit dén e, thuat todn tim vi trf t&i uu i, d€ chén e (dong[18)). Sau d6, néu
cap (e, i) 0 101 ich bién duong, thuat toan sé thém vao nghiém tng vién s, tuong ung
(dong . Cu thé, cic budc dudc trinh bay trong Thuat toan @ va dudc minh hoa
trong Hinh

99



Input: V, f,k,B1,Bs,...,Bp,a € (0,1),e € (0,1)

... — dir lidu dén theo ludng — ...

e
v
ie arg max; e ) f((e,2))
(emax, ’Lmax) < arg maxxe{(emax,imax),(e’ie)} f(x) : :
M «+ f((emaX7 tmax)) ) Cap nhat O
O+ {v=>01+¢€J:M< (1+¢)) < BM} 5 :

svj<—(?) Vv €0

@ ~ivéiméiv € O taxem xét} - Luot 1

v € ATEMAX;e k] c;(sy,)+o(e) <B; A(esi) f(5v5)
(e,4y) duoc them vao sy ; khi thoa man:
c(e)av;
A(e,iv)f(svj) =z Biv
V V V
ST
S’U1 S'Uj . e ’U|O|

... — di lieu dén theo luéng — ...

fe — ATEMAXje k) c; (s ;)+c(e) <B; & (e,i) F(5v)
(e,%e) duoc thém vio sy ; khi théa man:

A(e’ie)f(Syj) >0

SUl s S’Uj e SU|O

Return AT MAXy e (e imax) }Ulspwe0} f(x)

Hinh 3.2: Luu dd hoat dong cia thuat todn ludng STR.

Trong phdn sau, luan 4n tién hanh phan tich dam bao ly thuyét cia Thuat toan [9]
Lu4n 4n phat biéu ddm bdo hiéu ning cta thuat todn STR trong dinh ly sau:

Phic thao chitng minh. STR loai bo gi4 dinh biét trudc opt bing cach duy tri
dong thdi nhiéu nghiém tng vién, mdi nghiém tuong Gng véi mot gid tri du dodn v cla
t6i vu. Y tudng chinh 1a gia tri phan t don tot nhit A/ tao ra mot khoang chifa opt, con
1u6i hinh hoc { (14 €)’} bao dam ton tai mot gia tri v di gan opt. Vi gid tri v ndy, toan bd
phan tich cia STROPT van 4p dung dudc, chi mat thém mot thira sd (1 — ¢) trong hé s6
xap xi. Do phtic tap truy van va bd nhé ting theo s luong gia tri du doan dudc duy tri.
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Algorithm 9 Thuit todn ludng STR

1: Input: V, f, k, By, Ba, ..., By, parameters «, € € (0, 1).
2: Output: A solution s of kKSMIK
3: M + 0, (emazs imaz) < (null,0)
4: foralle € V do
50 de + argmax;epy f((e, 1))
6:  (maz;imaz) < arg MaXye{(e,ic),(emazsimaz)} f(x)
7 M <+ f((emawaimq:v)) ‘
8 O« {v=>01+4¢!:M<(1+¢! <BM}
9: forallv e Odo
10: Gy 4= QTG MAXe (k] c;(s,)+e(e)<B; D(eyi) [ (Sv)
11: if Ay f(s0) > C(GW then
12: Sy < Sy L (e, zy)
13: end if
14:  end for
15: end for
16: foralle € V' \ supp(s,) do
17:  forallv € O do
18: e ¢ AT MAXc[k] (s, )+c(e)<B; D(e,i) f (Sv)
19: if A4y f(sy) > 0 then
20: Sy < Sy LI (e, ie)
21: end if
22:  end for
23: end for
24: S < arg MAXye (100 imaz) Ulsuve0} £ (X)
25: return s

Dinh ly 3.2. Thudt todn @ thite hién hai luot quét qua tdp co s6, cé do phikc tap truy vin
O(£log(B)) va yéu cau bg nhd O(£ log(B)) Vé hé s6 xdp xi:
- Néu f la ham don diéu va o = k+1’ thi Thuat todn @ dat duoc ti 1é xap X1 (k+1)

- Néu f la ham khong don diéu va o = thi Thudt todn @ dat duoc ti 1¢

s 7 1—e¢
xap xi 2%k13"

2k+3’

Chitng minh. Thudt toan thuc hién hai ludt quét. VSi mdi phan tif dén e, thut toan thuc
hién |O|k truy vAn dé tim vi tri ti uu nham quyét dinh cé nén thém e vao s,, v € O hay
khong. Do d6, téng sb truy van clia thuét todn tbi da 1a:
klog(B klog(B
210l = 2. K18 _ <—” o8 )) .
€ €
Thuét toan yéu cau Iuu trit |O| nghiém ting vién, mdi nghiém yéu ciu B don vi bo
2, 2 A A 2, N B

nhd, do do tong bd nhé la O(Z log(B)).

Tiep theo, ta ching minh ti 1€ xap xi cua thuat toan. Vi Mopt < BM, nén ton tai
mot gid tri v = (1 + €)? sao cho:

t
(1 —€)opt < % < v < opt.
€
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Do d6, c6 thé ap dung B6 dé[3.2] d€ thu dugc hé s6 xAp xi nhu da phat biéu. O
3.1.4. Thuc nghiém

Luan 4n so sanh cac thuit toan dé xuat trén ba ing dung sau: (1) T6i da doanh
thu san pham theo k-loai dudi rang budc chi phi nhém (kPMIK), (2) B tri cdm bién
theo k-loai dudi rang budc chi phi nhém (kSPIK) va (3) Téi da 4nh hudng theo k-chi dé
dudi rang budce chi phi nhom (kIMIK). Cac thuat toan dudc so sanh dua trén ba tiéu chi
chinh: (1) gid tri ham muc tiéu; (2) s6 1an truy van ham muc tiéu; va (3) thdi gian thuc
thi. Nhu di dugc trinh bay trong phan nghién ctiu lién quan, hién tai chua c6 cong trinh
nao giai quyét truc tiép bai toan kSMIK. Do d6, luan 4n tién hanh so sanh thut todn
STR véi phuong phap tham lam truyén théng (Thuat todn d€ danh gid hiéu qua.

Ba ting dung dudc Iva chon nham kiém tra thuét toan trong cc bbi canh khac
nhau: kPMIK dai dién cho bai to4n trén mang x4 hoi c6 quy mo tif nhd dén 16n; kSPIK
dai dién cho bai todn cdm bién vdi s6 luong vi tri nhd nhung c6 y nghia thuc tién 16
rang; con kKIMIK dai dién cho bai toan md phdng lan truyén anh hudng theo nhiéu chi
dé. Cach Iua chon nay gidp danh gia dong thdi chit luong nghiém, chi phi truy van va
kha nang mé rong cua thuat toan.

Két qua thuc nghiém cho thiy cac thuat toan dé xuat déu dat hiéu qua cao va 6n
dinh trén nhiéu bo dit liéu va bdi canh khac nhau. Pic biét, thuit toan STR thudng cho
nghiém c6 chit luong canh tranh trong khi van duy tri mic chi phi truy vAn thip. Céc
két qua dat dugc phu hop véi cac phan tich ly thuyét da trinh bay, dong thdi cho thiy
tinh kha thi cta cdc thuét todn khi tri€n khai trong céc ting dung thuc nghiém c6 quy mo
va dic diém khdc nhau.

3.1.4.1. Ung dung va bd dit liéu

T6i da doanh thu san phiam theo k-loai dudi rang budc chi phi nhém (KkPMIK).
Dua vao bai toan tdi da doanh thu (Pinh nghia , bai toan KPMIK dudc dinh nghia
nhu sau: Cho do thi G = (V, E), trong d6 V' 1a tap cac dinh dai dién cho khéach hang va
mdi canh (4, j) € E ¢6 trong s6 w;; > 0 phan dnh muc do lién hé gitia hai khach hang
i va j. Muc tiéu 1a phan bd & san pham cho khach hang bang cach xdc dinh mot k-tap
s = (S1,5,...,5%), trong d6 S; 1a tp con khach hang dudc phan bd sédn pham i, sao cho
ham muc tiéu f(s) dudc cuc dai. Ham muc tiéu dudc dinh nghia nhu sau:

-3 (Z ww> o

ueV i=1 \weSs;
VOi o, € (0,1). Ham f(s) 1a mot ham k-submodular va don diéu.
Trong thuc nghi€ém véi kPMIK, luédn an st dung ba bd di liéu: Facebook [83],
Astro [81] va Enron [[84]].
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B6 tri cAm bién theo k-loai dudi rang budc chi phi nhém (KSPIK). Dua vao bai
toan B6 tri cam bién (Pinh nghia , Bai toan kSPIK dudc dinh nghia nhu sau: Cho
k loai cdm bién phuc vu cdc muc dich do ludng khic nhau va mot tap V gdm n vi tri,
mbi vi tri chi ¢6 thé bd tri mot cAm bién. Mbi cdm bién e c6 chi phi ¢(e) tity thudc vao
loai i tuong ting. V6i tip cic gia tri ngan sach By, By, . .., By, muc tiéu 12 bd tri cic cam
bién sao cho ham thong tin thu dugc la 16n nhat, véi diéu kién ¢(S;) = 3~ g c(e) < Bi
v6i moi i € [k].

Goi X' 1a bién ngAu nhién dai dién cho thong tin thu thap tif cAm bién loai 7 tai vi
tri e. V6i k-tdp cam bién s, thong tin thu dudc dudc tinh bang:

fe =8| |J x].
e€supp(s)
trong do H la ham entropy. Ham f 1a ham don di€u va k-submodular [98]].

Bai toan kSPIK dudc ki€ém ching thuc nghiém trén tap dit liéu Intel Lab [12]], dudgc
thu thap tif 54 cdm bién dit tai Intel Berkeley Research Lab trong thoi gian tir 28/2/2004
dén 5/4/2004.

T6i da Anh hudng theo k-chi dé duéi rang budc chi phi nhém (KIMIK). Dua
vao bai toan T6i da anh hudng (Pinh nghia[l.25)), Bai todn kIMIK dudc mo hinh héa
trén do thi c6 huéng G = (V, E), trong d6 V 1a tip ngudi diing va E 1a cac canh dinh
hudng. Mdi canh (u,v) c6 trong s6 w'(u, v) dai dién cho mifc do 4nh hudng tit u dén v
theo chi dé 7. Mdi ngudi diung « ¢6 ngudng anh hudng 6% (u) € [0, 1] dbi v6i mdi chi dé.

Mai chii dé i ¢6 ngin sach B; va nhiém vu 1a chon tap hat gidng S; sao cho téng
chi phi ¢(S;) < B;, dong thoi téi da sé ngudi ding dudc kich hoat trong it nhat mot chii
dé. Gia tri muc tiéu la:

max  o(s) =L U oi(S)
]

se(k+1)V ik
véi didu kién ¢(S) < Bi, Vi e [k].

Ham o(-) 1a ham don di€u va k-submodular [98]].

Thuc nghiém véi kKIMIK st dung bd dit liéu ngiu nhién ER vé6i n = 500, x4c suat
lién két p = 0.1 va md hinh khuéch tan £-IC [98]]. Méi gid tri muc tiéu dudc uSc luong
bang trung binh qua 1.000 1an m6 phong.

Cic cai dat khac trong thuc nghiém. Trong tit c4 cic thuc nghiém, luin an
thiét 1ap € = 0.1 va k = 3. Khong mét tinh tdng quat, luan 4n gia dinh cic ngan sach
Bi, By, ..., Bj 12 bing nhau. Tong ngan sich B = B; + By +. ..+ B;, dudc thiét lap trong
khodng tif 3% dén 30% tong chi phi clia toan bo tap dinh.
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Béng 3.2: Bang thong ké cac bo dif liéu diing trong thuc nghiém cho bai toan kSMIK

Bo dur liéu #Pinh  #Canh  Phan loai
Enron [84] 36,692 183,831 VO hudng
Astro [81] 18,772 198,110 Vo6 huéng
Facebook [83] 4,039 88,234 V6 hudng

Intel Lab sensors [[12] 54 - -

ER [40] 500 - Co hudng

Bang 3.3: Thiét 1ap thuc nghiém cho bai todn kSMIK

Ung dung Bo dit liéu Thuit toan so | Tham sb chinh | Chi tiéu danh gia
sanh
kPMIK Facebook, Astro, | STR, Greedy e = 0.1, k =3, | Gia tri ham muc
Enron Bt 3% dén 30% | tiéu, sb truy véan,
tdng chi phi thoi gian chay
kSPIK Intel Lab sensors STR, Greedy e = 0.1, k = 3, | Gia tri ham théng
ngin siach nhém | tin, sb truy vén, thoi
bing nhau gian chay
kIMIK ER, n = 500, p = | STR, Greedy 1.000 1an md | Anh hudng ky vong,
0.1 phéng, mod hinh | s6 truy vén, thdi
k-1C gian chay

Algorithm 10 Thuat toan tham lam cho bai toan kSMIK
Imput: V, f, k, By, B>, ..., By.
Output: A solution s of kKSMIK.
s < 0.
while V # () do
. Age,i f(s)
(em,im) < arg MaXeeV,ielk:c;(s)+c(e)<B; #
if (€, im) = () then
break
end if
S < sU (em,im)
V+—V\{en}
: end while
: return s

R A U o > e

—_— = =

3.1.4.2. Két qua thuc nghiém
Luan 4n danh gid hiéu qua cia céac thuit toan theo ba chi sd chinh: gid tri ham
muc tiéu, s6 lugng truy van va thoi gian thuc thi. Hinh [3.3] [3.4] va 3.5/ trinh bay két qua
thuc nghiém dbi vé6i bai todn kPMIK trén céac bo dit liéu Facebook, Astro va Enron.

104



Trong khi d6, Hinh 3.6/ minh hoa két qua cho bai todn kSPIK trén bo dif liéu Intel Lab
va Hinh [3.7] thé hién két qua cho bai toan KIMIK trén bd dit liéu Erdos—Renyi (ER).

a) Doi vdi bai todn kPMIK.

Caéc hinh [3.3](a), 3.4(a) va[3.5(a) trinh bay gia tri ham muc tiéu thu dugc. Nhin
chung, thuit toan STR lién tuc cho két qua ham muc tiéu cao hon so vé6i thuat todn
Greedy trén ca ba bd dif liéu. Miic du c6 mot sb trudng hop ngoai 1& ma thuit todn
Greedy dat gid tri muc tiéu cao hon, nhung su chénh 1éch nay khong dang ké (véi
B =0.09 va 0.15 trén tap Facebook; B = 0.06 va 0.18 trén tap Astro). Pang chu y, thuat
toan STR thé hién xu hudng ting déu clia gia tri muc tiéu khi gia tri B ting. Nguoc lai,
thuat todn Greedy c6 su gia ting nhanh ban dau nhung dan chiing lai khi B tiép tuc ting.
bac biét, trén bd dit liéu Enron, gia tri muc ti€u ciia STR cao hon trung binh 16% so véi
Greedy khi B > 0.15.

Céc hinh [3.3(b), 3.4(b) va[3.5(b) minh hoa s6 lugng truy vAn ham f(-). Thuat toin
STR ludn yéu cau sb lugng truy van it hon dang ké so v6i Greedy trén ca ba bo dif lidu.
Cu thé, trén tap Facebook, Greedy thuc hién s truy van gap tir 21.2 dén 23.9 1an; trén
tap Astro tif 92.4 dén 103.6 1an; va trén tap Enron tli 63.5 dén 130.8 1an so véi STR. Péng
luu ¥, s6 luong truy van cta Greedy ting nhanh khi B ting, trong khi STR duy tri s6
luong 6n dinh hon.

Thoi gian thuc thi dudc thé hién trong cac hinh c), c) va c). Thuat toan
Greedy ludn c6 thoi gian thuc thi 16n hon déng k€ so v6i STR. Cu thé, trén tp Facebook,
Greedy cham hon tir 1.1 dén 7.0 1an; trén tap Astro tlf 1.1 dén 1.5 1an; va trén tap Enron
tir 31.1 dén 47.3 1an. Su khac biét niy dic biét ro rét trén tap Enron do sb lugng dinh 16n,
qua d6 cho thiy 1gi thé ctia STR vé thdi gian chay trong thiét 1ap thuc nghiém nay.

Facebook (n=4,039) Facebook (n=4,039) ‘ Facebook (n=4,039) ‘

*Greedy =STR *Greedy =STR *Greedy =STR
30K 35
10M //./W’QHH .
25K " L5

20K

15K 0
5

10K 0
0.05 0.10 0.15 0.20 0.25 0.30 0.05 0.10 0.15 0.20 0.25 0.30 0.05 0.10 0.15 0.20 0.25 0.30

B/Total cost B/Total buget B/Total buget

value

jective

Obj

(a) Gia tri ham muc tiéu (b) Sb lugng truy van (c) Thai gian chay

Hinh 3.3: Két qua thuc nghiém trén tip dif liéu Facebook cho ting dung kPMIK.

b) Doi vdi bai todn kSPIK.

Hinh a) trinh bay gid tri hAm muc tiéu. Két qua cho thiy gid tri muc tiéu gitta
hai thuat toan STR va Greedy la tuong duong nhau, mac du thuat toan Greedy luon dat
gid tri cao hon mot chiit. Hinh [3.6(b) minh hoa s6 lugng truy vAn. Thuét toan Greedy
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Objective value

Objective value

Astro (n= 18,772) ‘ Astro (n= 18,772)

Astro (n= 18.772) eGreedy =STR eGreedy =STR
*Greedy =STR 350

80K /./‘_*4—0——0—0_“ 300
100M 250

70K E

ies

—
=3
3

Running time

oM

Number of queri

50
40K
™M 0

0.05 0.10 0.15 0.20 0.25 0.30 0.05 0.10 0.15 0.20 0.25 0.30 0.05 0.10 0.15 0.20 0.25 0.30
B/Total buget B/Total buget B/Total cost
(a) Gia tri ham muc tiéu (b) SO lugng truy van (c) Thai gian chay

Hinh 3.4: Két qua thuc nghiém trén tip dif liéu Astro cho tng dung kPMIK.

Enron (n= 36,692) ‘ Enron (n= 36,692) ‘ Enron (n= 36,692)
*Greedy =STR *Greedy sSTR *Greedy =STR

100K 1,000
1000M
90K /HM 800

80K

70K

100M 600

Running time

400

Number of queries

- ./.——-——I—-"""_‘H—._. 200
60K

o —i———a————a—a
0.05 0.10 0.15 0.20 025 030 0.05 0.10 015 0.20 025 030 0.05 0.10 0.15 0.20 025 030
B/Total cost B/Total cost B/Total cost

(a) Gia tri ham muc tiéu (b) S6 lugng truy van (c) Thoi gian chay

Hinh 3.5: Két qua thuc nghiém trén tip dif liéu Enron cho ting dung kPMIK.

lién tuc yéu cau nhiéu truy van hon so v6i STR & moi mtic ngin sach. Cu thé, tai cac
muc B = 10 vd B = 20, Greedy can sd truy van nhiéu hon khoang 1.5 1an. Khi B > 30,
s6 truy van cta Greedy ludn gap doi so v6i STR. Hinh c) trinh bay thai gian thuc
thi. Do bd dit liéu Intel Lab chi gdm 54 dinh nén thdi gian chay clia hai thuit to4n gan
nhu tuong duong. Tuy nhién, thdi gian thuc thi ctia STR vin thap hon mot cach &n dinh

so vGi Greedy.

Objective value

N
S

@

5

Intel Lab Sensor (n=54) Intel Lab Sensor (n=54) Intel Lab Sensor (n=54)
*Greedy =STR *Greedy =STR ©Greedy WSTR
3000 5
2500 5
§ 2000 @5
¢
S 1500 25
E 1000 e 4
500 4
0 4
10 20 30 40 50 10 20 30 40 50 10 20 30 40 50
B B
(a) Gia tri ham muc tiéu (b) SO lugng truy van (¢) Thai gian chay

Hinh 3.6: Két qua thuc nghiém trén tip dit liéu Intel Lab cho ting dung kSPIK.

¢) Pébi vdi bai todn kKIMIK.

Tuong tu hai ting dung trudc, ba chi sé gdm gid tri ham muc tiéu, sé lugng truy

van va thdi gian thuc thi déu thé hién xu hudng nhét quan. Cu thé, gia tri ham muc tiéu
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ctia hai thuét todn gan nhu trung khép, chi dao dong nhe tai mot s6 diém va su khéc biét
nay c6 thé xem 12 khong dang ké. Vé s6 lugng truy van, nhu thé hién trong Hinh [3.7(b),
thuat toan Greedy ludén yéu cau nhiéu truy vin hon ding ké, cao gip tir hai dén ba lan
so v6i STR. Pic biét, sd luong truy van clia Greedy ting nhanh khi ngén sach B ting,
trong khi s6 truy van ctia STR chi ting nhe. Ddi véi thai gian thuc thi (Hinh c)), Xu
hudng nay phan 4nh tuong quan truc tiép vdi s6 lugng truy van, cho thly mdi quan hé
gitta thoi gian chay va chi phi truy vAn trong qua trinh thuc thi thudt toan.

ER (n=500)
oGreedy =STR

ER (n=500)
*Greedy =SIR

ER (n=500)
*Greedy =SIR

Number of queries

1 2 3 4 5
B B B

(a) Gia tri ham muc tiéu (b) S6 lugng truy van (c) Thoi gian chay

Hinh 3.7: Két qua thuc nghiém trén tip dit liéu ER cho tng dung KIMIK.

Bang 3.4: Tong hdp nhan xét chinh tir thuc nghiém cho bai toan kSMIK

Ij'ng dung

Gia tri ham muc tiéu

S6 truy van

Nhén xét

kPMIK

STR thudng cao hon
Greedy, dac biét ro trén
Enron khi ngan sach tang.

STR yéu ciu it truy vin
hon ro rét trén ca ba bd dit
liéu.

Phi hop v6i bdi canh
mang 16n, ndi chi phi truy
vén 12 yéu t6 quan trong.

kSPIK

Hai thuat todn cho gia tri
gan tuong duong; Greedy
nhinh hon nhe & mot s
diém.

STR can it truy van hon khi
ngan sach tang.

Dit liéu nhé nén khac biét
thoi gian chay khong 16n.

kIMIK

Gi4 tri muc tiéu gan tuong
duong gitra hai thuat toan.

Greedy can nhiéu truy van
hon, thuong cao hon tu hai
dén ba lan.

STR thé hién 1gi thé vé
chi phi tinh toan trong mo
phong lan truyén.

Téng hop cac két qua trong Bang 3.4 cho thiy wu diém chinh ctia STR nam & kha
ning kiém soat sb lugng truy van va thdi gian chay khi dif liéu 16n hoic ngan sich ting.
Vé chit lugng nghiém, thuit toan thudng dat gia tri canh tranh v6i Greedy va trong mot
s6 thiét 1ap cho gid tri cao hon, nhung khong phai moi bd dit liéu déu cho cing mot miic
cai thién. Diéu ndy phan 4nh ding dic di€ém cla thuat todn ludng: vu thé nSi bat 1a kha
ning md rong va chi phi truy van thip, trong khi chit lugng nghiém phu thudc vao cu
tric dif liéu va muc ngan sach cu thé.

Phan trén da trinh bay bai toan trong d6 mdi phan ti dudc gdn vio nhiéu nhat mot
nhom va mdi nhém c¢6 ngin sach riéng. Phan tiép theo xét mot ki€u md rong khac: mot
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phan ti c6 thé dudc chon nhiéu 1an véi mic dd nguyén khac nhau, con tdng muc lua
chon bi gi6i han b&i mot rang budc luc lugng. Cach chuyén tif rang budc theo nhém
sang rang budc theo mtic do Iva chon gitp hoan thién mach nghién citu ctia chuong vé
cac bai todn ti uu submodular mé rong dudi rang budc tai nguyén cé ciu tric.

3.2. Bai toan t6i da ham DR-submodular véi rang budc luc lugng
3.2.1. Pinh nghia bai toan

Ham DR-submodular (Pinh nghia la m6t mG rong tu nhién ctia ham sub-
modular truyén thdng sang khong gian lu6i nguyén ZY . Trong chuong [2|va @} ludn dn
da xem xét bai toan t6i uu ham submodular, trong d6 mdi phan ti chi dudc chon mot
1an. Tuy nhién, trong nhiéu dng dung thuc tién, viéc cho phép lua chon lip lai mot phan
t v6i cudng dod khac nhau 12 rat quan trong. Nhitng b6i canh nhu phan bS ngan sach,
hoach dinh san xuét, hoic lan truyén anh hudng da chi dé doi hdi md hinh héa tbi vu
héa véi bién da tri. Do d6, viéc md rong bai toan sang dang t6i da ham DR-submodular
v6i rang budc luc luong 12 mot hudng phat trién tu nhién va can thiét dé€ dap ng céc
yéu cau thuc té phic tap.

Bai to4n t6i da DR-submodular véi rang budc luc luong (ky hiéu 1a DrSMC) dugc
phat bi€u nhu sau:

DPinh nghia 3.2 (Bai to4n t6i da DR-submodular véi rang budc luc lugng — DrSMC).
Cho m¢t ham DR-submodular f : ZY — R, mot ludi nguyén bi chén bdi vecto B € ZY
va mot s6 nguyén duong k& > 0. Bai todn yéu cau tim vectd x < B sao cho tdng kich
thudc ||x||; < k va gid tri f(x) dat cuc dai, tuc la:

max f(x) st [x]1 <k, 0<x<B

1%
XEZY

VOi B =k-1va|x|i = 32, X(e).

Mot vi du cu thé cho bai todn DrSMC Ia bai toan tdi da doanh thu trong chién lugc
phan phdi sdn phadm. Gi sit mot cong ty ¢ thé phan phdi nhiéu san phdm véi s6 lugng
khéc nhau dén cac khu vuc thi trudng, trong khi téng s6 luong phan phdi bi gi6i han bdi
mot ngan sach k. Mdi san phdm mang lai 10i nhuan khic nhau tiy theo sb lugng phan
phdi, tuy nhién, 1¢i ich bién thudng gidm dan khi s6 luong ting 1én — phan dnh hiéu ting
bdo hoa thi trudng. Bai toan yéu cau xac dinh sd lugng tiing san pham can phan phbi
sao cho tdng 10i nhuan 12 16n nhét, dong thdi ddm bao khdng vugt qua ngan sach cho
phép. DPay 1a mot mo hinh dién hinh ciia téi uu DR-submodular véi rang budc luc lugng.

Lu6i nguyén c6 thé dugc biéu dién nhu mot da tap c6 kich thude O(nk), cho phép
viéc st dung truc tiép cdc thuat todn hién c6 cho bai toan Téi da Him submodular véi
rang budc luc luong (SMC). Tuy nhién, thuat todn nhanh nhét dudc biét dén cho SMC,
dudc dé xuit bdi Buchbinder va cong su [[15], yéu cau Q(nk) truy vin ham f, diéu nay
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khong phai 12 da thiic theo kich thuc dau vao. Pic biét, vi & 12 mot s6 nguyén va c6 thé
dudc ma héa chi bang O(log k) bit, nén bat ky thuit toan nao c6 do phiic tap O(poly(k))
cling khong didm bao 12 da thiic theo kich thudc dau vao.

Gan day, Ene va Nguyen [34] da dé xuit mot ky thuit 4nh xa d€ chuyén bai toan
t6i tu DR-submodular thanh bai todn t6i uu submodular tiéu chuén, tit d6 cho phép ap
dung cic két qua hién c6. Cu thé, sau khi 4p dung phép 4nh xa, bai toan DrSMC dudgc
chuyén thanh bai toin SMK (Chuong 2):

S)  véi diéu kién:c(S) < k
ggv%g( ) en:c(S) <k,

trong d6 V' = (J,.p{(e, j) = j € [te]} 1a tp co s6 mG rOng dugc tao bing cach phan
rd mdi bién nguyén x(e) thanh téng céc trong s6 nhd hon a. ; < ek. Ham submodular
g(S) dudc dinh nghia la g(S) = f(x) v6i x(e) = Zj:(e,j)es ae; va ham chi phi la
c(S) = Z(e’j) cg @e,j- DO phép anh xa nay, kich thuéc khéng gian tim kiém méi trd thanh
O(nlogk) thay vi O(n) nhu ban dau. Dbi véi bai toan SMK, nhu da trinh bay trong
Chuong 2 clia luan 4n, trong s6 cac thuat toan c6 do phuc tap truy van tuyén tinh, hai
thuat todn ngau nhién RLA (Thuit todn [1)) va SMKRANACC [53] dat ti 1& x4p xi tot
nhét 1a 1 — e. Tuy ti 1€ x4p xi dugc bdo toan sau dnh xa, nhung do phic tap truy vén ting
dang ké do md rong tap co sd (xem Bang [3.5)). Pidu nay lam suy gidm tinh md rong
thuc té clia cac thuat todn, dic biét khi & 16n hoiic e nho. Dic biét, mot diém yéu cla cic
thuat todn ngau nhién 1a chiing chi ddm bdo ti 1& x4p xi theo ky vong va két qua thuc
nghiém trén tap di liéu thuc té c6 thé khong 6n dinh.

Ngudc lai, cic nghién ctiu gan day cho thiy cac thuit todn xac dinh thudng c6 hiéu
suat thuc nghiém 6n dinh trén nhiéu tap dit liéu, nhd dé trd thanh mdt huéng tiép can
dang quan tam [22, 52, (74, 86]. Hon ntra, khi di liéu ngay cang mé& rong véi quy md
16n, viéc thiét ké c4c thuat todn x4p xi cho DrSMC sao cho gidm thiéu s6 lan truy van
oracle 12 ngay cang quan trong dé ddm bao hiéu qua tinh toan.

Theo hiéu biét clia nghién cifu sinh, dén thdi diém hién tai chua c6 cong trinh nao
giai quyét truc tiép bai todn t6i da ham DR-submodular véi rang budc luc luong. Tt thuc
té d6, hai cau héi nghién ctiu quan trong dudc dit ra: (1) Liéu c6 thé thiét ké cac thuat
toan méi dat ti 1& x4p xi tuong duong nhung cai thién ddng ké do phiic tap truy vin? (2)
Liéu c6 thé xay dung mot thuat todn tt dinh cho bai todn DR-submodular véi rang budc
luc lugng c6 dam bao xAp xi tuong duong véi cac phuong phap ngau nhién hién c6? Cac

thuat todn dugc dé xuit trong phan tiép theo s& nhim giai quyét hai cau hoi nay.
3.2.2. Nghién ciru lién quan

Trong phan nay, luin 4n trinh biy tdng quan cic nghién ciu hién c6 lién quan dén
thuat toan tdi vu ham DR-submodular. C4c cdng trinh trudc diy c6 thé dugc phan loai
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tdng quat dua trén tinh chit don diéu ctia ham muc tiéu, vi hai thiét 1ap nay dit ra cac
thach thic thuit toan khac nhau vé ban chit.

Ham DR-submodular don diéu. Soma va Yoshida [112] 1a nhiing ngudi dau tién
md rong khdi niém ham submodular 1én 1uéi nguyén bang cach gidi thiéu khdi niém
DR-submodularity va dé xuAt mot thut todn xap xi hai tiéu chi, dong thdi xét dén ca
ham muc tiéu va ham chi phi. Sau d6, trong mot cdng trinh tiép theo, Soma va cong
sy [113]] da phat trién hai thudt todn xdc dinh dat dugc ti 1€ xap xi 1 — £ — € cho bai todn
t6i da cac ham DR-submodular don diéu va cdc ham submodular trén ludi tdng quat, véi
do phiic tap thoi gian lan lugt 1a O (2 log klog %) va O (% log klog £ log 7), trong d6 k 1a
ngan sach kich thudc va gidi han tbi da cla tiing toa do va  1a ti s6 gitta gia tri ham 16n
nhét va 1¢i ich bién duong nhé nhét. Lai va cac cong su (2019) [79] da gidi thiéu mot
thuat toan ngiu nhién, tuy nhién thuat toan nay gip vin dé vé tinh khong 6n dinh trong
s6 lugng truy van ham f. Gan day hon, Schiabel va cac cong su (2025) [109] da dé xuat
thuat todn Stochastic Greedy Lattice (SGL), md rdng chién ludc chon ngiu nhién tham
lam cho cac ham DR-submodular don diéu trén lu6i nguyén. Thuat toan SGL dat dudc
dam bdo xap xi 1 — L — fe v6i xdc suét 16n hon 1, trong d6 7 1a mot hang s6 nhd phu
thudc vao sd vong lip.

Ham DR-submodular khong don diéu. Thiét ké cac thuat todn cho ham DR-
submodular khong don diéu 1a mot thach thiic 16n hon dang k€ so véi trudng hop don
diéu do kha ning gidm gi4 tri ham. Gottschalk va Peis (2015) [48] da dé xuAt thuat todn
tham lam kép d€ t6i da cac ham submodular trén 1udi nguyén bi chin, dat dudc ti 1& x4p
xi £, mic du c6 do phic tap gia da thic. Ene va cong su (2020) [33] da phat trién mot
thuat toan song song cho bai to4n tdi da DR-submodular khong don diéu, nhung bi gidi
han trong mién lién tuc. Li va cong su (2023) [87] tiép tuc cai thién hiéu qua thuit toan
bing cach st dung phucng phap song song.

Nhu da dé cép trong phan md dau, bang cach dp dung k¥ thuit rit gon dugc dé
xuat béi Ene va Nguyen [34]], bai todn DrSMC c6 thé dugc chuyén déi thanh mot bai
toan t6i da submodular vé6i rang budc chi phi (SMK). Trong phan tiép theo, luan 4n nhic
lai huéng nghién cifu tap trung vao bai toan SMK. Cong trinh dau tién gidi quyét bai
todn SMK trong truong hop khong don diéu dudc dé xuit bdi Lee va cong su [80], dat
duoc ti 1& xap xi 1 — ¢ v6i d6 phic tap truy van da thifc. Sau d6, nhiéu nghién ctu tiép
theo da hudng dén viéc cai thién hiéu qua thuat toan [14, 50,53} 85, 90, [114]. Trong s
d6, phuong phap ctia Buchbinder va cong su [[14] dat i 1& x4p xi t6t nhit 12 5=, mic du
chi phi truy van oracle rat cao. Ngudc lai, thuat todan RLA (trong Chuong 2) dat do phiic
tap truy van thip nhit — tuyén tinh theo kich thuéc dau vao — trong khi van dat dudc ti 1&

A 21
xap xi 1 — e.
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Bang 3.5: Bang so sanh céc thuat toan cho bai toan DrSMC.

Thuét toan Tilé xdp xi D6 phitc tap Phan loai
RLA+Reduction [34] T O (%log(k)log(%)) Ngiu nhién
SMKRANACC [53]+Reduction [34] ; —e¢ O (%log(k)log(%)) Ngu nhién
FastDrSub 0.044 O(nlogk) Tat dinh
FastDrSub+ ¢ O(%log(1)log(k))  Tatdinh

MBbi thuat toan dugc danh gia dua trén bio dam x4p xi va s6 luong truy vén can thiét. Trong d6 e > 0 1a
tham s6 do chinh xdc, k 1a rang budc luc Iugng va ||b||s = k 12 gi6i han toa do 16n nhét. Pic biét, do
phiic tap ctia RLA va SMKRANACC dugc xéc dinh lai bing cich st dung khung giam ctia Ene va
Nguyen [34], trong d6 kich thudc tap cd sé duge tang 1€n thanh n(2log k + 1).

3.2.3. Thuét toan dé xuit

Trong phan nay, ludn 4n trinh bay hai thuit toan hiéu qua nham gidi bai todn
DrSMC: thuit todn nhanh cho bai toan t6i da hAm DR-submodular vé6i rang budc luc
luong (FastDrSub) va thuat toan nhanh hiéu qué cho bai toan t6i da ham DR-submodular
v6i rang budc Iuc lugng (FastDrSub+). Thuat todn FastDrSub dat dudc ti 1& x4p xi 1a
0.044 (dugc chiing minh trong Dinh ly v6i do phiic tap truy van 1a O(nlog k), véi n
12 kich thudc cla tip co s& va k 1a rang budc vé kich thudc. Dua trén FastDrSub, thuat
toan FastDrSub+ ning cao hiéu qua téi vu thong qua viéc st dung s6 luong hitu han gia
dinh cho gi4 tri t6i vu cling v6i phuong phdp ngudng tham lam [6]. Nho d6, FastDrSub+
céi thién ddng k€ ti 1¢ xap xi 1én gan 1 (theo Pinh 1y ma khong 1am ting do phuc
tap truy van, van giit 8 midc O(nlog k). Hai thuat todn nay déu dugc thiét ké nham dat
dudc su can bang gitta chit lugng nghiém va hiéu suit tinh toan, dic biét trong bdi canh
cdc bai toan submodular phi don diéu véi rang budc luc luong ngay cang phd bién trong
cac ung dung hoc mdy va t6i uu td hop hién dai.

3.2.3.1. Thuat toan FastDrSub

Thuat toan FastDrSub(Thuat toan nhan vao mot ham DR-submodular f, mot
tap co s hitu han V c6 kich thuéc n, mdt ngan sach nguyén ducng k& va mot tham sb
ngudng o € (0,1). Muc tiéu cia thudt todn la tim mot vector nghiém z € ZY sao cho
l|z||1 < k, nham x4p xi t6i da gia tri clia f(z). Y tudng cdt 16i clia thuat toan 1a dong thoi
xdy dung hai vector nghiém rdi nhau, ky hiéu x va y, theo mot quy tac ngudng dong, tir
d6 cho phép phan tich ly thuyét 16 rang dua trén BS dé
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Input: f,V, k,a € (0,1)
Vv

(dmax, emax) < arg MaXecV, deZ, ak<d<k f(dle) Khoi tao
x+—0,y+0 :

... — duyét qua ting ’ phin ti trong V' — ...

e
d(x’e) +— max{d € Z|0 < d < ak, f(le|x+ (d—1)1le) > %} ;
d(y7e) + max{d € Z|0 < d < ak, f(le|ly+ (d—1)1le) > @} i
Vong lip
du sai
<ot el
x%x-‘-d(x’e)le yFerd(y’e)le
£
x AT
Cit liy phan dusi 16n nhit co Cit liy phan dusi l6n nhat co
kich thuoc < k kich thusec <k
v

s

Return arg maxze{X’,y’,dmaxlemax}f(Z)

Hinh 3.8: Luu dd hoat dong clia thuat todn FastDrSub

Cu thé, thuat toan khdéi dau bﬁng viéc thuc hién tim kiém nhi phan trén mién
d € (ak, k] d€ xac dinh cip (dimax, €max) $20 cho f(d1.) 12 16n nhét; Iya chon nay dudc
gitr lai nhu mot tng vién don 1é doc 1ap (Dong . Tiép theo, v6i khéitaox =y = 0,
thuét toan 1an lugt duyét qua titng phan tif e € V. V6i mbi phan ti, thuat toan xac dinh
s6 nguyén 16n nhit d < ok sao cho do 10i bién thod man f(1, | x + (d — 1)1,) > @
(tuong tu dbi v6i y) va chi cap nhat vector c6 do 1di bién 16n hon.

Nho dé, hai vector x va y phat trién theo ciac quy dao rdi nhau, dugc diéu hudng
bdi cling mot ngudng phu thudc gid tri. Sau khi xi 1y toan bo phan ti, thuat toan cit bd
cc don vi dugc thém gan nhét tif mdi vector dé thu dudc x’ va y’, sao cho ||X/||; < k va
ly'|[1 < k. Cubi cung, thuat toan tra vé nghiém t6t nhit trong s ba lua chon: X/, y’ va

dmaxLey... Cu thé, cac budce dugc trinh bay trong Thuét toan (1 1{va dudc minh hoa trong
Hinh

D& phan tich bao ddm ly thuyét ctia thuat toan FastDrSub, trudc tién luan 4n dinh
nghia hodc nhic lai cdc ky hiéu can thiét trong Bang
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Algorithm 11 Thuat toan FastDrSub

Input: f:ZY — RV, k ae€(0,1)

Output: A solution s of DrSMC

1 (dmazs €maz) < argMaXeev, aez, ak<d<kt f(d1l.) by using the binary search
2x+0,y<0

foreach e € V do

search

search

else

dixey «— max{d € Z | 0 < d < ak, f(1lc | x+ (d—1)1.) > %X)} by using the binary
diyey — max{d € Z | 0 < d < ak, f(1.|y+ (d—1)1.) > @} by using the binary

if f(d(x,e)]-e | X) Z f(d(y,e)le |y) then
‘ X < X+ d(xﬁ)le

L y<y + d(y,e)]-e

Define {e1, es, . .., e} as the set of last ¢ elements added into x, i.e., x; = >, x(e;)1,
X' ¢ argmaxy,.|x,|<k t

Define {¢}, €, ..., ¢;} as the set of last ¢ elements added into y, i.e., y, = >._, y(er)le
yl —arg ma‘XYt:b’t‘Skt

s <— arg maXZE{X,>yI7dmafElEma.r}f(z)

return s

Bang 3.6: Bang cac ky tu toan hoc dung trong phan tich thuat toan FastDrSub

Ky hiéu | Y nghia
0 o 12 vector nghiém t6i uu va opt = f(0)
0] La mot vector con clia 0, sao cho 0(e) = o(e) néu o(e) < ak va 0(e) = 0
néu ngudc lai véi moi e € V
02 La mot vector con khic ciia 0, sao cho 0y(e) = o(e) néu o(e) > ak va
01(e) = 0 néu ngudc lai véi moi e € V
Vi Vi ={ee€V:X(e) >0,0(e) =0}, Vxno = {e € V : X(e) > 0(e) > 0}
Viro | Vano ={e €V :X(e) > 0(e) > 0}
Vy Vy={ecV:y(e) >0,0(e) =0}, Vypno ={e € V:y(e) > 0(e) > 0}
Vyno | Vsno={e €V :y(e) > 0(e) > 0}
Vo Vo={ec€V:0(e) >0,0(e) >x(e),0(e) >y(e)}
te Véi e € VxUVy, ky hiéu ¢, = 01(e) —z(e), trong d6 z € {x,y} (luu y xAy = 0)
Xe X, Gid tri cia x ngay truée khi e dude thém vao x tai dong |7
Y. y. Gid tri cua y ngay trudc khi e dugc thém vao y tai dong 9

Phic thao chitng minh. Phan tich ctia FastDrSub chia nghiém t6i wu o thanh hai
phan theo s6 1an chon ctia titng phan ti: phan o; gdm céc toa dd khong vuct qua ngudng

ok va phan 0, gdm cdc toa do 16n. V6i o1, thuat todn x4y dung hai vectd x va y theo quy

tac tham lam, tf d6 chiing minh ring gia tri ctia 0; khi ghép vdi x, y bi chin bdi tong gid

tri ctia hai vecto ndy. Véi 02, vi mdi toa do 16n chiém mot phan dang ké ngan sach luc
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lugng, sb luong phan ti nhu vay bi gidi han va c6 thé dudc chiin thong qua budc chon
phan ti don 16n. K&t hop hai cin nay cho ra hé s xap xi ctia FastDrSub.
Tu cac dinh nghia trong Bang ta thiét 1ap mbi quan hé giita x, y va o, nhu sau:

BG dé 3.4. Tu co: f(o1 vV x)+ flo1 Vy) < 4(f(x) + f(y)).

Chitng minh. Xét cdc phan ti e € V,, theo quy tic chon d(x,e) (dOng @, trong moi
vong 1ap, ta cd f(1e | Xe + X(e)1e) < @ Do do,

J(tede | Xe +X(e)1e) < tef (LelXe +X(e)1e) (Theo BS dé[1.2)
< tef(xe) < 01(6)f(X6)'
- kK~ k
Ma&i phan tif e € Vi, thda mén quy tic chon trong dong 6-10. Ta xét hai trudng
hop. Néu dix,e) = dy,e)» ta €O:

dix,e) = diy,e)
fldoleX) < fldyole®) + Y fLeX +dyele + (i — 1)1 (3.5)
i=1
< f(dx,e)elX) (3.6)
< f(dy,e)lely) (3.7)

trong d6 bt dang thic (3:3) 1a do quy tic chon dx ), tic 12 f(1e | X+ (d — 1)1c) >
@ > 0; bat dang thiic (3.5) ciing do quy tac chon phan tif e.
Néu d(x,e) < d(y,e)’ dét le = d(y,e) — d(x,e) thi ta co:

f(d(y,e)le|x) = f(d(x,e)le|x) + f(lele|x + d(x,e)le)

< gyt + 2000

Tong hop lai, ta co:

flo1VX) — f(x) < me %)+ ) fldyelelx) (3.8)
e€Vo, e€Vynoy
<y e 01(e)f (%) | 3 ( +y(e),f(x)) (3.9)
e€Vo, e€Vynoy
+ 2 (f<d<y,e>1e|ye)+y(€)lf (X)) (3.10)
e€Vyno;
< 2f(x) + f(y). G.11)

V6i 1ap luan tuong tu, ta cling c6:

flo1vy) = f(y) < f(x) +2/(y).
Két hop véi (3.11), ta dugc:

f(01VX) + f(o1 V) < 4(f(X) + f(¥))
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diéu nay hoan tit chiing minh. [l

Tiép theo, ludn 4n trinh bay két qué 1y thuyét chinh ctia thuat toan FastDrSub trong
Dinh 1y [3.3|duéi day:

Dinh ly 3.3. V5i mot hang s6 o € (0,1), Thudt todn |1 1|dat t 1¢ xdp xi la W va
T Ta
c6 do phiic tap truy vin la O(nlog(k)). Thudt todn dat ti Ié xdp xi 17+14 7~ 0.044 khi
o= 2v/2-1
= V2=l

Chitng minh. Trudc tién, ta ching minh ti 1& xip xi. Theo quy tic chon lya cta thuat

toan, X’ 12 mot nghiém kha thi. Néu ||x||; < k thi X’ = x. Néu ||x||; > &, ta co:

fxp) = f(xXi1) = f(X(er)1e | X3_1)
X f((x - X) v )
- k
X'(er) f(x — X')
3 .
Do quy tic chon X’ va x théa man k — ok < ||X||; < k, ta co:

>

> ”Xl;Hl Fx—x)>(1—a)f(x —x).

Tir d6 suy ra f(x — x') < L& Nho tinh chit submodular, ta c6:

—a°

1 —
FX) < P+ fx=X) = f(X) 2 f(xX) = (X =X) > T—f(x).
Tuong tu véi y, ta thu dugde f(y') > @ Ap dung B§ dé[3.4] ta co:
f(o1) < f(01VX)+ f(01VY)
<A(f(x) + f(y))
2—« , ,
<A () + 1Y)
< 8? — < f(s).
M:iit khéc, theo dinh nghia clia 0 va quy tic chon (dpay, emax) tai dong |1} ta c6:
F(02) = F( > 0a(e)1e) < Y f(0a(e)1) (3.12)
ec{oa} ec{o2}
< L f et < 22, (3.13)
(67 «
trong d6 bat dang thiic (3.12) 1a do tinh chat DR-submodular ctia f. Tong hop lai, ta cé:
2 — 1
£(0) < flo) + f(02) < (87— + ) f(5).
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Cudi cling, ta chiing minh do phic tap truy van cda thuat toan. D& tim (emax, dmax )
v6i moi phan ti e, thuat todn st dung phuong phdp tim kiém nhi phan trén doan [0, [ak]]
dé€ x4c dinh d,, véi chi phi nlog(ak) truy van.

Thuat toan gdbm mot vong 1ip chinh, xi 1y tiing phan tif e. V6i mbi e, ta ap dung
tim kiém nhi phan d€ xac dinh d(y . va d(y ), do d6 m6i phan ti yéu cau 2log(ak) truy
van. Tong cong sb truy van 1a:

nlog(k) + 2nlog(ak) = O(nlogk).
Diéu nay hoan tit chiing minh. O
3.2.3.2. Thuat toan FastDrSub+

Thuat toan FastDrSub+(Thuat toan nhan dau vao 12 mot ham DR-submodular
f, mot tap co s6 V va cac tham sd k € Z,, a € (0,1), B € (0,1) vae € (0,1). Thuat
todn trd vé mot vector s € ZY sao cho ||s|; < k, v6i gid tri f(s) xap xi gid trj t6i vu cla
bai toan.

Input: f,V,k,a € (0,1),e € (0,1)
v

s’ < FastDrSub(f,V, k, )

_ e (g2=9) 1) ,_ T - Khoi tao
P=f(6) (8= *a 0= 4% 5 3
x+— 0,y 0,z<0

el sai
0> 16x

dung
... — duyét qua tirng \l/ phan tir trong V' — ...
e |

dx + max{d € Z|0 < d < k— |x||1, f(lelx+ (d—1)1¢) > 6}
dy < max{d € Z|0 <d < k—[lyl1, f(Lely + (d — 1)1e) > 6}
dg « max{d € Z|0 <d < k- |z]{, f(lelz + (d - 1)1¢) > 6}

Vong lip

F((dx + x(e))Lelx — x(e)1e) >

ding F((dy +y(e))Lely — y(e)le) sai
x +— x+dxle y<y+dyle
y < y—y(e)le x « x — x(e)le
| < (1—€b |
]

Return arg MaXge o/ x vz} f(t)

Hinh 3.9: Luu d6 hoat dong ciia thuit to4n FastDrSub+
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N

Y tudng cbt 16i cia thuét todn 1a khai thac nghiém so bo s’ thu dudc tir thudt
toan FastDrSub dé udc Iuong mot can trén cho gid tri tbi uu, ky hiéu 1a I (Dong [2)) va
khdi tao mot ngudng chon loc # = ﬁ.

Tiép theo, thuit todn xay dung ba vector ting vién X, y va z dua trén chién lugc
ngudng gidm dan véi hé sd giam boi (1 — €). Trong qud trinh ndy, hai vector x va y dudc
cap nhat luan phién nham dam bao cac phan ti dudc chon thudc hai tap roi nhau, trong
khi vector z dudc xdy dung mot cach doc lap theo hudng tham lam. O mbi vong lip, véi
moi phan ti e € V, thuét todn xdc dinh s6 don vi 16n nhit d ¢ thé dugce thém vao tiing
vector sao cho do 1di bién van khong nhd hon 6 va cip nhat cic vector tuong dng.

Qua trinh 1ip tiép tuc cho dén khi ngudng 6 giam xubng dudi %, khi d6 thuat
toan danh gia ham muc tiéu f trén bbn ung vién: §/, X, y, Z va tra vé vector ung vién co
gia tri hAm muc tiéu 16n nhéit. Cu thé, cac budc dudc trinh bay trong Thuit toan|12]va
dudc minh hoa trong Hinh

Algorithm 12 Thuat toan FastDrSub+
Input: f:ZY - R,V k,a,ee (0,1)
Output: A solution s of DrSMC

. 8’ < FastDrSub(f,V, k, a)

r=/(s) (342 +1), 0= %
x+— 0,y 0z<+0
while § > < do
foreache € V do
dy «—max{d € Z |0<d<k—|x|1, f(1e |x+ (d—1)1.) > 0} by using the binary
search
dy < max{d € Z|0<d<k—|yli, f(1c|y+ (d—1)1.) > 6} by using the binary
search
dy < max{d€Z |0<d<k—|z|, f(1c |2+ (d —1)1.) > 6} by using the binary
search
Z+ 72+ d,1,
if f((de +x(e))1, | ¥ —x(e)1) > £((dy +$(e))1. |y — y(€)1.) then
X < X + dx1,
y < y-—y(e)l
else
y <y +dyle
X+ x—x(e)l,

| 0« (1—¢)f

;S <—arg math{st,y,z} f(t)
. return s

Luan 4n tién hanh phan tich va trinh by dam bao ly thuyét ctia thuat todn FastDr-
Sub+ trong Dinh ly Tru6e hét, ta dinh nghia hodc nhac lai mot sd ky hiéu phuc vu
cho viéc phén tich trong Bang
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Bang 3.7: Bang cac ky tu toan hoc dung trong phan tich thuat toan FastDrSub+

Ky hiéu | Y nghia
0 Nghiém tdi uu ctia bai toan DrSMC va opt = f(0)

0, Gia tri cua 0 tai thoi diém phan ti e dudc thém vao vector x hoiic y
Vx| Va={eeV:x(e) >0,0(c) =0}
Varo VxAO:{eGV:X() o(e) > 0}
Vy Vy={ee€V:y(e) >0,0(c) =0}
Vyno Vy/\OZ{BGVZY(e) o(e) > 0}
) >

Vo Vo={e€V:o(e ,0(e) > x(e),0(e) > y(e)}
X, X, la gia tri cua x ngay truéc khi e dudgc thém vao x
Y. y. la gid tri cua y ngay trudc khi e dugc thém vao y

Phac thao chitng minh. FastDrSub+ cai thién FastDrSub bing cich dung nghiém
khdi tao dé udc luong mot can trén I' clia gia tri tdi uu va sau d6 quét cic phan ti theo
ddy ngudng giam dan. Ba vecto X, y, z dong cic vai trd khdc nhau: X va y tao hai nghiém
ting vién dugc cip nhat theo so sanh 10i ich bién, con z thu nhan céc phan tif vudt ngudng
dé bao dam khong bo sét phan 16i ich 16n. Ching minh xét hai trudng hop sau vong lip:
hoic z da di 16n d€ tao nghiém tdt, hoiic cac phan tii t6i vu con lai déu c6 10i ich bién bi
chiin b&i ngudng hién tai. Khi d6, cic tdng 1di ich bién dudgc quy vé gid tri clia X, y, z va
nghiém khdi tao, tit d6 suy ra ti 1& 1 —e.

Dinh Iy 3.4. Vi € > 0 va hdng s6 o € (0,1), Thudt toanndat duoc ty 1¢é xdp xi la 7€
va c6 do phiic tap truy van la O (2 log (1) log(k)).

Chitng minh. Sau khi vong lip while ddu tién hoan tat, ta c6 hai trudng hop:

>
4k — 4
Do dé, ty 1& xAp xi dugc ddm bao. Trudng hop ||y||1 = k ciing tuong tu.

12 6 tai thdi diém cudi cing mot phan ti e
dugc thém vao vector x. Xét vector X tai thoi diém két thic vong ldp while, ta phan tich
hai truong hop phu:
- Néu ||x||; = k. Gia st 01y 12 6 tai thoi diém phan ti cudi ciing dudc thém vao x.

Khi do6 ta co:

Z f(X(e)1e[xe) > k0.

ec{x}
Moi e € V, khong dudc thém vao x déu c6 1di ich bién nho hon 6 tai vong lip trudc do,
tuc 1a f(1.]xe) < %. Do |[x||1 = k > ||0]]1, ta cO:

dox(e)+ Yo x(e)+ Y x()=k>D x()+ > o)+ Y t

ecVx e€Vino eV, ecVo e€Vxno ecVo
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diéu nay dan dén e X(€) = 3 oy te Két hop lai, ta c6:

37 ftelel®) < Y tef(Lefxe) (Theo BS d&[12)

eeVo c€Vo
< —_
- Z 1 — € 1 — € Z te
ecVy ecVy
9(1) X(e)e(l)
- ]_—EZX(e)_Z 1—¢€
ecVx ecVx
x(e)0.
<D T,
eeVx
S E(:) F(Lefxe + (d - 1)1,)
- 1—c¢
ecVx d=1
Jf(x(e)Le[xe)
<y SO,
e€Vx

- Néu ||x||; < k. Trong trudng hop nay, moi e € V, khong duge thém vao x déu c6
lgi ich bién nho hon ¢ tai vong 1dp cudi. Do d6 f(1.|x.) < < va suy ra:
eM
D fltelelx) < ZtET < eM < copt.
eV, ecV,
Két hop hai truong hop, ta cé:
f(X(e)1e|xe)
D Fltelefx) < eopt+ y St 1_6 .
e€Vo ecVk
Tuong tu, ta cling c¢6 thudc tinh tucong tu véi y:
f 6|y6
> fteLely) <eopt+z 1_6
ecVs ecVy
VGi e € Vopy, gid st dy 1. duge thém vao y tai vong 1dp j va khong dugc thém
vao y 6 vong trude do, ta co f(1.]x) < 19_66. Do d¢,

d e Oe f(d e 16|ye) f(y(e)le Y.
FY L) = F(dy o Lelx) < e < Lo Tel¥e) _ JVOLelY.),

Két hop lai, ta phan tich mdi quan hé gitta f(o Vv x) va f(x) nhu sau:

f(ovx)— <thel|x+Zf )1e | X)

ecVy ecVony

<eopt+zf 1_€|Xe + > Fye1e ]y, (3.14)

ecVi e€Vony

Tuong tu, ta c6 thudc tinh tuong tu véi y:

€X6
flovy)— <eopt+zf 1_6‘ + ) fx(e)1e | Xe). (3.15)
ecVy e€Vonx
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Két hop (3.14) va (3.13)), ta suy ra:
f0) = f(x) = f(y) < floVvX) — f(X)+ f(oVYy) — f(¥)

< Y LR e x)

e€Vx e€Vonx

+Zf 1_16|Xe + Y fy(e1e]y.)
ecVy ecVony

S+ )

- 1—e€

Do do,
fX)+f(y) o 1—ce _ ] € 1
f(s) = 5 > /0 =(3 - m)opt > (7 — €)opt.

Veé d6 phuc tap truy vén, vong lip while c6 do phic tap 1a O( log( )). Vong lap
for 16ng trong c6 do phic tap 1a O(nlog(k)). Do d6, do phic tap tdng thé clia thuit toan
1a O(2log(1)log(k)). Ching minh hoan tat. [l

3.2.4. Thuc nghiém

Trong muc nay, luin 4n trinh bay céc thuc nghiém nham danh gid hiéu qua clia cac
thuét toan dudc dé xut trong viéc giai bai toan DrSMC. Do hién chua cé nghién ciiu
nao truc tiép xi 1y bai toan nay, ludn 4n 4p dung k¥ thuat anh xa theo dé xuét ctia Ene va
Nguyen [34] d€ chuyén bai toan DrSMC vé dang bai toan SMK. Cach tiép can nay cho
phép tién hanh so sanh véi hai thut todn hién dai tiéu biéu trong bai toan SMK, bao
gdm RLA va SMKRANACC. Céc thuit todn dudc so sanh dua trén ba tiéu chi chinh:
(1) gia tri ham muc tiéu dat dudgc, (2) s6 luong truy van dén ham muc tiéu f va (3) thoi
gian thuc thi. Thuc nghiém dudgc tién hanh véi ting dung t6i da doanh thu trén cic bod
dit liéu chudn da dudc cong bd rong rii nham bao dam tinh khach quan va kha ning tai
lap. Viéc thiét 1ap nhu vay cho phép diit cac phuong phéap dé xuat trong mbi tuong quan
truc tiép véi cac chuin hién hanh. Két qua téng hop cho thiy FastDrSub+ dat chét lugng
nghiém cuing nhém véi RLA va SMKRANACC, trong khi FastDrSub c6 1di thé 16 vé s6
lugng truy van va thdi gian chay.

3.2.4.1. Ung dung va bd dit liéu

Dua trén ting dung Toi da doanh thu (Pinh nghia st dung ham submodular,
luan an xay dung mot mo hinh tuong tu 4p dung ham DR-submodular nhu sau: Xét mot
mang x4 hdi vd huéng dugc biéu dién dudi dang dd thi G = (V, E), trong d6 V 1a tap
ngudi dung (c4c dinh) va F 1a tap cac két ndi (cac canh) giita ho. Mdi canh (u,v) € E
dugc gan mot trong s6 khong Am wy, € [0,1] bi€u thi miic do 4nh hudng tif ngudi dung
u t6i ngudi dung v. Gia dinh ngan sach quang cdo c6 gidi han va can dudc phan b sao
cho tdi da kha niing tiép cin sdn phim trong mang.
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V6i mbi ngudi diing u, mot khoan dau tu x(u) bi€u thi mic do nd luc quang ba
san pham thong qua ngudi dung dé. Tap ngudi dung nhan dudc dau tu 1a {x} = {u €
V | x(u) > 0}. Muc tiéu la t6i da doanh thu ky vong, tiic 1a s6 lugng ngudi dung sé tiép
nhan san phdm dua trén 4nh hudng tif cdc ngudi dung trong tap {x} dén phan con lai
clia mang.

Ham doanh thu f(x) dudc dinh nghia nhu sau:

FR) = Y ful D wax(v)),

ueV\{x} ve{x}
trong do:

- fu(t) = log(1 + t**) 12 mot ham 16m, khong am, biéu dién xac suit ngudi dung «
tiép nhan san phdm dudi dnh hudng tich lay t = > _ (x} WurX(v). Tham s a, € (0,1) 1a
hé sb c4 nhan héa cho mdi ngudi dung, phan dnh hién tuong bio hoa trong tic dong tit
tap {x} dén w.

- Wy, biéu thi midc do anh hudng tit dinh « dén dinh v.

Ham doanh thu f(x) 12 mdt ham DR-submodular. Diéu nay dugc chiing minh dua
trén tinh 10m cua f,(¢), theo d6 muc tang thém trong f,(¢) s€ giam khi ¢ ting. Khi thém
mot phan ti vao tap ngudi dung dude dau tu {x}, tic dong dén doanh thu s& 16n hon néu
vector X ¢6 it phan t hon (tidc it ngudi dung da dudc dau tu). Diéu nay phan dnh hién
tuong 10i ich bién giam dan trong anh hudng va thda man bat dang thiic DR-submodular:

f(X+1e)_f(X)Zf(Y+1e)_f(Y)

v6i moi x <y. Do do, ham f(x) 1a DR-submodular.

D€ ddnh gia hiéu ning cla céic thuat toan, luin 4n st dung ba bd dit liéu thuc
nghiém: Facebook, AstroPh va Enron. Cac bd du liéu nay c6 quy mo6 khac nhau:
Facebook 12 nhd nhit véi 4,039 dinh; Enron 12 16n nhét vé6i 36,692 dinh; trong khi
AstroPh c6 18, 772 dinh, naim & mufc trung binh. Cac bd dit lidéu chuin nay dudc thu thap
tit SNAP)| (xem Bang [3.8).

Bang 3.8: Bang thong ké cac bd dit liéu st dung cho thuc nghiém trong bai toan DrSMC

Bodirlitcu Pinh  Canh  Phanloai Nguon

Facebook 4,039 88,234 Vo6 huéng SNAP
AstroPh 18,772 198,110 V6 huéng SNAP

Enron 36,692 183,831 VO hudéng SNAP

3.2.4.2. Thuat toan so sanh

Nhu da trinh bay & trén, hién chua cé cong trinh nao nghién ciu truc tiép bai
todn DrSMC. Do d6, luan 4n tién hanh danh gia hiéu qué ciia cac thuat toan dé xuit
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https://snap.stanford.edu/data/email-Enron.html
https://snap.stanford.edu/data/ego-Facebook.html
https://snap.stanford.edu/data/ca-AstroPh.html
https://snap.stanford.edu/data/email-Enron.html

bing céach so sanh véi cic phuong phdp tién tién trong bai toan SMK, cu thé 1a RLA va
SMKRANACC. Thong tin chi tiét vé cc thuit todn dudc so sanh nhu sau:
- FastDrSub: Ty 1& x4p xi 0.044 v6i do phtc tap truy van O(nlog(k)).
- FastDrSub+: Ty 1¢ xap xi 1 — ¢ vi d0 phic tap truy van O ( log ))
- RLA: Ty 1& x4p xi 1 — ¢ v6i do phic tap truy vAn O(=2"< log ki ) 1og 1
- SMKRANACC [53]: Ty 1& x4p xi 1 — ¢ v6i do phuic tap truy van O(2logkte) o) log &).
Dé mé rong kha niang dp dung ctia RLA va SMKRANACC sang ba1 toan DR-
submodular, lun 4n thuc hién diéu chinh can thiét theo k¥ thuat anh xa dugc dé xuat

:ﬂ‘\
A\—/’ N

bdi Ene [34]. C4c diéu chinh niy van bio toan nguyén ly hoat dong cbt 16i va cic bao
dam ly thuyét ctia cac thuat todn goc.

Thiét 1ap tham s6. Thuit todn FastDrSub dudgc thuc thi véi nhiéu gia tri khdc nhau
clia tham sb o thude tap {0.1,0.3,0.5,0.7, 0.9}, dudc ky hiéu trong céac biéu do tuong ting
12 FastDrSub-0.1, . . ., FastDrSub-0.9. D6i v6i thuit todn FastDrSub+, cac tham b dudc
c6dinhlaa = 2\[% ~ 0.2612 va 3 = 0.2. Tt ca céc thuat todn déu st dung gid tri tham
s6 chung 12 ¢ = 0.1. Cac thuc nghiém dudc trién khai trén cum mdy chii hiéu ning cao
(HPC) véi ciu hinh nhu sau: phan ving = large, s6 luong CPU = 16, s6 nit xi ly = 2 va
bd nhd tdi da = 3,073 GB.

Bang 3.9: Thiét 14p thuc nghiém cho bai todn DrSMC

Nhom  thuat | Thuat toan Vai tro so sanh Tham sb Tiéu chi
toan
Dé xuét FastDrSub, FastDr- | Panh gid truc tiép | FastDrSub: o € | Gid tri, truy van,
Sub+ trén bai toan DrSMC | {0.1,0.3,0.5,0.7,0.9};thdi gian
FastDrSub+:
@ ~ 0.2612,
8=0.2
Péi sanh qua 4nh | RLA, Ciéc thuat toan SMK | € = 0.1 Gi4 tri, truy vén,
xa SMKRANACC dudc 4p dung thong thdi gian
qua ky thuat ruat
gon/anh xa

3.2.4.3. Két qua thuc nghiém

Két qua vé gid tri ham muc tiéu dudc trinh bay trong Hinh[3.10k, [3.11a va[3.12h.
Céc thuat toan dudc chia thanh hai nhom dua trén gia tri ham muc ti€u. Nhom co6 gia tri
ham muc tiéu cao bao gdm FastDrSub+, RLA va SMKRANACC, trong khi nhém c6
gia tri thip hon bao gdm FastDrSub vdi cac tham s « khic nhau.

Gia tri ham muc tiéu cia nhém hiéu ning cao 16n hon nhém hiéu ning thip khoang
1.2 dén 1.4 1an. Trong nhém hiéu niing cao, cac thuit toan dat gia tri hAm muc tiéu
tuong duong nhau, v6i sai khac nhdé khong mang y nghia thong ké trén ca ba bo di liéu.
Cu thé, véi bo dit liéu Facebook, thuat todn RLA c6 két qui thip hon so vé6i FastDrSub+
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\/Fastorsub-01 (Fastdrsub-03  |FastDrsub-05 X FastDrsub-0.7 +-Fastdrsub-09 [ Jrastorsub+  /\RLA < SMKRANACC

Facebook(n=4039) Facebook(n=4039) Facebook(n=4039)

Objective value
Number of queries
Running time (s)

0.05 0.10 015 0.20 0.25 0.05 0.10 015 0.20 0.25 0.05 0.10 0.15 0.20 0.25
K/n K/n Kin
(a) Gia tri ham muc tiéu (b) SO lugng truy van (c) Thoi gian chay

Hinh 3.10: Két qua thuc nghiém trén ting dung tdi da doanh thu cho bai toan DrSMC
véi tap dit liéu Facebook.

\/rastorsub-01 (Fastorsub-03  |Fastdrsub-05 M Fastdrsub-0.7 - Fastdrsub-09 [ Jrastorsub+  /\RLA < >SMKRANACC

AstroPh(n=18772) AstroPh(n=18772) AstroPh(n=18772)

o
=
<

o
@
<

Objective value
Number of queries
Running time (s)

o
i
<

X
0.05 0.10 0.15 0.20 0.25
Kin

(a) Gia tri ham muc tiéu (b) S6 luong truy van (c) Thoi gian chay

Hinh 3.11: Két qua thuc nghiém trén ing dung tdi da doanh thu cho bai toan DrSMC
véi tap dit liéu Astro.

\/rastorsub-01 (Fastorsub-03  |Fastdrsub-05 M FastDrsub-07 - Fastdrsub-09 [ Jrastorsub+  /\RLA < >SMKRANACC

Enron(n=36692) Enron(n=36692) Enron(n=36692)

o
@
<
N
S 3
s S

o

=

<
3
S

o
@
<
PRV -Y
3
=3

Number of queries
Running time (s)
8
3

Objective value

o

]

<
w
<3
=3

N
>
3

°
3

0.05 0.10 0.15 0.20 0.25

Kin

K/n

(a) Gia tri ham muc tiéu (b) S6 lugng truy van (c) Thoi gian chay

Hinh 3.12: Két qua thuc nghiém trén ting dung tdi da doanh thu cho bai toan DrSMC
véi tap di liéu Enron.

va SMKRANACC tai c4c diém 0.2 va 0.25. Pdi véi nhém hiéu ning thip, bao gom
FastDrSub véi cdc gia tri o khac nhau, gia tri hAm muc tiéu gin nhu tuong duong
nhau trén hai bd du li€u 16n 1a AstroPh va Enron. Tuy nhié€n, v6i bo du liéu Facebook,

FastDrSub v6i o = 0.3 dat gid tri ham muc tiéu cao nhit, cao hon céc gia tri o khéc
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khoang 1.1 dén 1.2 1an trong thiét 1ap nay. Ngudgc lai, « = 0.9 cho két qua thip nhat, tuy
nhién muc chénh 1éch 1a khong dang ké.

Két qua vé s6 lugng truy van dugc thé hién trong Hinh [3.10p, va[3.12b.
Tuong tu nhu gid tri ham muc tiéu, s6 truy van clia cac thuit toan ciing dudc chia
thanh hai nhém. Nhém ¢6 sb lugng truy van cao hon bao gdom FastDrSub+, RLA va
SMKRANACC; nhém c¢6 s Iuong truy vin thap hon bao gdm FastDrSub véi cic gia tri
o khdc nhau. Trén c ba bo dit liéu, sd luong truy van ctia FastDrSub kha 6n dinh, véi
chénh léch nhd gitta céc thiét 1ap . Dang chu y, FastDrSub+ tao ra s6 lugng truy van it
nhét trén bo dit liéu Facebook so véi RLA va SMKRANACC, thap hon RLA khoang
1.2 1an. Xu huéng tuong tu ciing dudc quan sat trén bo dit liéu Enron.

Cudi cung, Hinh (3.10c, [3.11c va[3.12¢ trinh bay két qui vé thai gian thuc thi. Thoi
gian thuc thi ctia cdc thudt todn c6 xu huéng tuong tu véi sd lugng truy vin do mbi quan

hé truc tiép giita hai dai lugng nay. Thuat todn nao thuc hién nhiéu truy vin hon sé c6
thoi gian chay dai hon. Nhin chung, FastDrSub véi cac gia tri o khac nhau c6 thoi gian
thuc thi ngan nhét trén ca ba bo dif liéu, vé6i sai khac nhd va khong dang k€ gitta céac
thiét 1ap a. Thuat todn FastDrSub+ c6 thdi gian chay cao hon FastDrSub nhung thap
hon so v6i RLA va SMKRANACC trong tit ca cdc trudng hop. Cu thé, trén hai bd dix
liéu AstroPh va Enron, thdi gian chay ctia FastDrSub+ nhanh hon ti 1.5 dén 2 1an so véi
RLA va SMKRANACC.

Béng 3.10: Tong hgp nhan xét chinh tif thuc nghiém cho bai todan DrSMC

Nhom thuét toan | Gia tri ham muc tiéu S6 truy vAn Thoi gian chay

FastDrSub+, RLA, | Thudc nhém gid tri cao va | FastDrSub+ thudng can | FastDrSub+ c6 thdi gian

SMKRANACC khéc biét nhd trén ba bo | it truy vAn hon RLA va | chay thip hon RLA
du liéu. SMKRANACC & mot s6 | va SMKRANACC trong

bo dit liéu. cac thiét 1ap dudc khao
sat.

FastDrSub Gia tri thip hon | S6 truy van thip va 6n | Nhanh nhét trong cic
nhém FastDr- | dinh nhit. thuat toan so sanh, phu
Sub+/RLA/SMKRANACC, hop khi uvu tién chi phi
phu thudc vao a. tinh toan.

Bang cho thiy hai thuat toan dé xuét c6 vai trdo bd sung cho nhau. FastDrSub+
pht hop khi muc tiéu chinh 1a dat chit lugng nghiém cao trong khi van gidm thdi gian
chay so véi cac thuat toan SMK dudc anh xa. Ngudc lai, FastDrSub phu hgp véi cac
tinh hudng can giam manh sb luong truy van va thdi gian thuc thi, chip nhan ddnh ddi
mdt phan chat lugng nghiém. Do céc thuit toan RLA va SMKRANACC khong dudgc
thiét ké truc tiép cho DrSMC ma dudc st dung thong qua k§ thuat anh xa, két qua thuc
nghiém cin dugc hi€u nhu mot d6i sanh tham khao véi cac chudn gan nhat hién c6, thay
vi so sanh tryc tiép v6i mot thudt todn chuyén biét cho ciing bai todn.
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3.3. Két luan chuong

Chuong nay trinh bay hai huéng nghién cttu chinh trong t6i tu haim submodular
md rong: (i) tdi uu ham k-submodular v6i rang budc chi phi nhém va (ii) tdi vu ham
DR-submodular véi rang budc Iuc lugng. Cac bai todn nay phan dnh nhu cau thuc té
trong nhiéu tng dung nhu phan phdi cdm bién, t6i da anh hudng da chii dé va phan b
tai nguyén trong hé thdng hoc mdy. Cac thuat toan dudc dé xuit déu c6 kha ning xii ly
dit liéu 16n v6i ddm bao vé hiéu qua x4p xi va chi phi tinh toan thap.

Déi vé6i bai toan tdi da ham k-submodular v6i rang budc chi phi nhém, luin 4n dé
xuét thuat todn ludng STR, chi cﬁn hai lugt quét qua du li€u va su dung bd nhé giGi han.
Thuét todn nay dat hé sb xap xi (k +1) trong trUOng hgp don di€u va 5 Jfg trong truong
hop khong don diéu, véi dd phiic tap truy van 1a O(”?’“ log(B)) va bd nhé O(% log(n))
(xem Hinh . Trong céc thuc nghiém da khao sat, STR thudng dat chit lugng nghiém
canh tranh v6i phuong phap tham lam va gidm dang k€ s6 1an truy van ham muc tiéu,

phu hgp v6i moi truong dit liéu 16n.

Tinh chat ham submodular Thuit toan luéng STR Cong bd
N pondien = gy O(%log(B)), O(Zlog(B))  —>
A SOICT 2023 (SCOPUS),
kSMIK APJOR (SCIE Q3)

M e bl e otig(), o21gB) >

Hinh 3.13: Tong hop cac két qua chinh ctia luan 4n cho bai toan kSMIK.

Vi bai todn t6i da ham DR-submodular véi rang budc luc luong, luan 4n dé xuét
hai thuét todn méi 12 FastDrSubva FastDrSub+, 1an ludt dat hé sd x4p xi 0.044 va i —€
véi do phiic tap truy van O(nlog(k)) (xem Hinh . Theo dbi sdnh trong chuong, cic
thuét toan nay dat hé s6 xap xi hang s véi chi phi truy vén thap cho bai toan DrSMC
khong don diéu. Cac thuc nghiém dudc trién khai trén bai todn t6i da doanh thu v6i ham
muc tiéu dang DR-submodular cho thdy FastDrSub+ dat chét luong nghiém canh tranh
v6i RLA vi SMKRANACC, trong khi FastDrSub c6 10i thé vé sb lugng truy van va thoi
gian chay.

Loai thuat toan Thuat toan Cong bo
/ \ Nhanh —>  FastDrSub(0.044, O(nlog(k))) —>
JOCO (SCIE Q2)
DI'SMC (Accepted)

\\ / Hiéu qua }—»ﬁF‘astDrSubH% — €,0(Zlog(1) log(k)))}—>

Hinh 3.14: Téng hop céc két qua chinh ctia luan 4n cho bai todn DrSMC.

Nhin tong th€, Chuong 3 dong vai trd mé rong hudng nghién citu ti bai toan
SMK nén tdng & Chuong 2 sang cdc md hinh c6 ciu triic phong phii hon: rang budc
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chi phi nhom trong khong gian k-submodular va rang budc luc lugng trong khong gian
DR-submodular. Mach nay chuén bi cho chuong cudi, ndi luan 4n tiép tuc xét bai toan
MSC nhu mét hudng ddi ngdu/md rong khac clia bai todan nén. Céc két qua ly thuyét
va thuc nghiém trong chuong nay khong chi gép phan mé rong hiéu biét vé tdi uu
submodular mé rong ma con tao tién dé cho viéc d4p dung cac thuét toan hiéu qua vao
cac hé théng hoc mdy va ra quyét dinh tu dong. Dic biét, cac két qua trong chuong da
dugc cong bd tai cac hoi nghi va tap chi qudc t& uy tin, qua d6 thé hién gia tri hoc thuat
va kha niing ing dung thuc tién clia cac hudng tiép can dudc phat trién trong luan 4n:

1. Tan D. Tran, Canh V. Pham, Dung K.T Ha, Maximizing a k-submodular Max-
imization Function under an Individual Knapsack Constraint, 2023, In Proceedings
of the 12th International Symposium on Information and Communication Technology
(SOICT 2023), 56-62 (SCOPUS);

2. Tan D. Tran, Canh V. Pham, Dung K.T Ha, k-submodular Maximization Under
Individual Knapsack Constraints: Applications and Streaming Algorithm, 2025, Asia-
Pacific Journal of Operational Research (SCIE, Q3).

3. Tan D. Tran, Canh V. Pham, Fast Approximation Algorithm for Non-Monotone
DR-submodular Maximization under Size Constraint, 2025, Journal of Combinatorial
Optimization (SCIE, Q2).
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CHUONG 4 )
BAI TOAN PHU SUBMODULAR VOI CHI PHI TOI THIEU

Chuong nay, lun 4n tap trung vao bai todn phi submodular véi chi phi tdi thi€u
(Minimum cost submodular Cover — viét tit 1a MSC) — Bai toan nghién cifu 4. Bai todn
MSC la dbi ngiu ctia bai toan t6i da ham submodular v6i rang budc chi phi, 1a mot trong
nhiing bai toan cd ban trong tdi vu ham submodular, c6 nhiéu ting dung trong thuc té.
Néu Chuong [2| nghién ctiu cach tdi da héa gid tri ham muc tiéu khi ngan sach bi gi6i
han, thi chuong nay xét chiéu ngugc lai: tim chi phi nhé nhat d€ dat mot ngudng gia tri
cho truge. Vi vay, MSC khép lai mach nghién citu ciia luan 4n bang cach chuyén tir bai
todn tdi da dudi rang budc chi phi sang bai toan tbi thi€u chi phi dudi rang budc bao
phui. Péng gép chinh clia chuong 1a dé xuit va phan tich ba thut toan ludng x4p xi hai
tiéu chi cho bai toan MSC, dong thdi d6i sanh chuing véi cac thuit todn hién c6 trong
cung 16p bai toan:

- SingStr: Thuat todn mot ludt quét dat hé sd xap xi (%6(2_6)
truy vin O (2 log (£)) va do phtic tap bd nhé O (£ log (2%)), trong d6 n 1a kich thude
dit liéu dau vao, k 1a kich thudc 10i gidi, e 12 tham s6 chinh xéc, p = nax biéu thi ti 1&

1= e), do phtic tap

gitta chi phi phan ti 16n nhét (¢max) va chi phi phan t nho nhét (Crmin)-

- ThreeStr: Thuat to4n ba ludt quét dat cung hé sd xap xi nhu SingStr nhung cai
thién do phtc tap truy van va bd nhé xuong O (Zlog (2)) va O (£log (2)). Theo doi
sanh trong Bang day 12 mot phuong an ludng ba lugt quét c6 do phic tap da thiic va
khong phu thudc truc tiép vao cac tham s bat 1di nhut ¢, trong do phtic tap truy van.

- MultiStr: Thudt toan nhiu lugt quét hing s6 O (Llog (1)), dat hé s& xap xi
((1+1n (L)) 42,1 — ). Thuat todn nay hudng t6i su danh doi gitia s lugt quét va

chit luong nghiém, trong d6 hé sd xAp xi tiém cin gan hon véi phuong phap tham lam

so v6i cc thudt toan ludng mot lucst/quy md 16n dang dugc dbi sanh.

Ba thuit toan dudc thiét ké phu hop véi cac kich ban xi 1y dit liéu 16n theo ludng.
Cac két qua nghién ciu tuong ing da dugc cong bd tai The 12th International Conference
on Computational Data and Social Networks (CSoNet 2023), ky yéu hdi nghi dudc 1ap
chi muc trong SCOPUS. Céu tric ctia chuong dudgc t§ chiic nhu sau. Trudce tién, luin an
trinh bay c4c khai niém, ky hiéu lién quan dén bai todn va tdng quan cic nghién citu
lién quan dén MSC. Tiép theo, ba thuit todn dé xuit dudc gidi thiéu chi tiét, bao gdom
phan tich ly thuyét vé hé sd x4p xi, do phiic tap truy van va bo nhé. Phan danh gia thuc
nghiém trinh bay hiéu qua cac thuat toan trén hai tng dung thuc nghiém, so sanh véi
cac phuong phap hién c6. Cubi ciing 13 phan két luan chuong.
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4.1. Mo ta bai toan
4.1.1. Pinh nghia bai toan

Trong Chuong [2| ludn 4n da trinh bay bai toan tdi da ham submodular v6i rang
budc chi phi, trong d6 muc tiéu 1a chon tap con sao cho tdng chi phi khong vuct qua
ngin sach cho trudc, dong thoi gia tri ham muc tiéu dat dudc 1a 16n nhét. Tuy nhién,
trong nhiéu dng dung thuc té, yéu cau tbi da trong nhiéu trudng hop 1a khong can thiét
hoic khong kha thi, ma gid tri ham muc tiéu chi can dat dén mot ngudng cho truée. Khi
d6, muc tiéu phit hop hon 1a tdi thiéu chi phi d€ dat dudc hiéu qua tdi thiéu yéu cau. Bai
toan phii submodular md ta chinh x4c tinh hubéng nay: cho mot ngudng 7" > 0, bai toan
yéu cau tim mot tdp S C V sao cho f(S) > T. Trong mo hinh phti submodular véi chi
phi t6i thi€u, mdi phan ti e € V gan vdi chi phi ¢(e) va muc tiéu 12 tim tip S c6 chi phi
nhd nhét thda man f(S) > 7. Bai todn phii submodular véi chi phi t6i thi€u c6 thé dugc
xem nhu “d6i ngAu” tu nhién cla bai todn tdi da ham submodular véi rang budc chi phi:
thay vi tbi da gid tri ham muc tiéu thu dugc dudi mot gi6i han chi phi, ta tim chi phi nhd
nhat dé€ dat dugc mot gia tri ham muc tiéu cho truée. Liic nay, muc tiéu clia bai toan 13
t6i thi€u téng chi phi, ham submodular tré thanh rang budc cla bai toan.

Mot vi du tiéu biu clia bai toan phii submodular véi chi phi ti thi€u 12 trong cac
chién dich tiép thi trén mang xa hoi. Gia st muc tiéu ctia chién dich 1a lan tda thong tin
dén it nhat mot ty 1é ngudi dung nhit dinh trong mang. Khi d6, thay vi tim tip ngudi
4nh hudng t6i da téng 4nh hudng (c6 thé tén kém va khong can thiét), bai todn dit ra
1a tim tAp ngudi 4nh hudng c6 chi phi thAp nhit ma vin bdo didm lan tda thong tin dén
mot ngudng yéu cau. Md hinh nay thé hién ro tinh tiét kiém tai nguyén, phu hop véi cac
chién lugc hoat dong “du tot” trong diéu kién ngan siach han ché.

Cu thé, bai toan phii submodular véi chi phi tdi thiéu dudc phat bi€u nhu sau:

Dinh nghia 4.1 (Bai toan phti submodular véi chi phi t6i thiéu — MSC). Cho mdt tap
c6 sG V = {eq,...,e,}, mOt ham submodular don diéu f : 2V — R, véi f(0) = 0 va
mdi phan ti e € V ¢6 chi phi ¢(e) > 0. Chi phi ctia mot tdp con S C V 1a ¢(S) =
Y ees c(e). V6i mot ngudng T' > 0, muyc ti€u cua bai todn la tim tdp S C V sao cho:
f(S)>T va ¢(S)lanhd nhit. Hodc bai todn dugc phat biéu nhu sau:

arg nglzr}i(g)ZT c(9).

Mot bai toan thudc 16p MSC ¢6 thé dudc biéu dién dudi dang bd ba (V, f,T). B&
sung vao bd ba nay mdt ham chi phi ¢(S) = Zee ¢ ¢(e), cac dai luong lién quan dudc
dinh nghia nhu sau: cmin = mineey c(e), cmax = maxeey c(e), p = 2= va O la nghiém
t6i uu véi chi phi tdi uu opt = ¢(0). Khac vé6i bai toan SMK (trong chuong , trong bai
toan MSC ham muc tiéu cua bai toan la ham chi phi ¢(-), khi d6 ham submodular f(-)
trd thanh rang budc cua bai toan.
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Bai toan MSC c6 nhiéu ting dung thuc tién trong cdc hé thong can dat mot miic
hiéu qua nhat dinh nhung véi chi phi trién khai t6i thiéu. Trong linh vuc tiép thi trén
mang x4 hdi, MSC dudgc st dung dé chon ra tip nhd nhit nhiing ngudi anh hudng sao
cho thong tin lan tda dén mot ty 1& ngudi ding muc tiéu, tir d6 t6i vu héa chi phi quang
b4. Trong hé thdng gidm sat méi trudng hodc mang cdm bién khong day, bai todn dit ra
13 Iua chon vi tri 13p dit t6i thi€u sb cam bién sao cho viing phii thong tin dat mic yéu
cau, qua do tiét kiém ngan sach dau tu thiét bi. Trong hé thong khuyén nghi, MSC hd
trd Iva chon mot tip dai dién san phdm hoic ndi dung sao cho ddm béo do phu thong tin
hoic da dang chii dé nhung van gidi han chi phi gdi y hodic hién thi. Ngoai ra, bai todn
ciing dugc ting dung trong viéc chon dac trung (feature selection) trong hoc may, noi
muc tiéu 12 chon ra tip nhd nhét cac dic trung dé dat dudc mot ngudng dd chinh xéc
nhét dinh trong mo hinh, dong thai giam thi€u chi phi tinh todn hodc thu thap dit liéu.
Nhiing ting dung nay cho thiy bai toan MSC phit hdp véi cdc hé théng yéu cau hiéu suit
“dui t6t” trong diéu kién tai nguyén han ché, thay vi t6i da toan phan.

4.1.2. Nghién citu lién quan

Bai toan MSC da dugc chitng minh 1a N P-khé va khong thé xép xi trong bat ky
ti 16 nao nhd hon 1 — o(1) trit khi NP ¢ DTIM E(nCUeglegn)y [42]], trong d6 DTIME
12 16p céc bai toan c6 thé gii trong thdi gian don dinh siéu da thli Thuat toan tham
lam 12 mot trong nhitng cach tiép can sém va tiém ning dé€ gidi bai toan nay. Phién ban
tham lam dau tién dudc Wolsey [1235] dé xuit vao nim 1982. Thuat todn cia ho dua
trén hai dai luong o va 3 > 0, 1an lugt biéu thi gia tri muc tiéu 16n nhit trén mot phan
tit va 1gi ich bién nho nhét khac khong. Thudt toan nay dat dudgc ti 18 xap xi 1 + In(%).
Vao nam 2010, Wan va cong su [121]] da cai thién ti 1& xap xi 1én 1 + In(3); tuy nhién,
thuét toan nay chi 4p dung dudc cho mot trudng hop dic biét ctia bai toan. D€ nang cao
hiéu qua, mot s6 tac gia d nghién ciu tiép can bai todn bang cach xap xi ca ham muc
tiéu va ham chi phi — goi 1a thuat toan xap xi hai tiéu chi (Pinh nghia . Cu thé, Amit
Goyal va cong su [49] da dé xuit mot phién ban tham lam c6 bdo dam xAp xi hai tiéu
chi 1a (log(2), 1 — ) dui mot diéu kién diing cu thé. Ngoai ra, Crawford va cic cong
su [27] cho thiy thuat to4n tham lam ciing c6 thé cung cAp mdt gidi han thay thé trong
mdi trudng c6 nhiéu, khi ma ham muc tiéu chi c¢6 thé dude udc lugng véi mot sai sb
nhét dinh.

Bén canh phuong phap tham lam truyén thdng, mot sd nghién citu khic da gii
quyét bai toan MSC bang cac phucng phap thay thé nhu thuit toan tién hod [28] va thuat
todn song song [106]. Nhin chung, cic nghién ciu trudc ddy chi yéu dua vao phuong
phap tham lam. Tuy nhién, phuong phap nay gip phai han ché 16n vé do phiic tap truy

Mot ham dudc goi 1a siéu da thiic néu né ting nhanh hon bét ky ham da thiic nao, tic 1a khong bi
chin trén bsi n* véi moi hang sé k& > 0. Vi du dién hinh 1a n'°8™ hogc 2vioe ™,
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van, thuong 12 O(n?) va doi hdi phai quét qua tap dit liéu O(n) 1an, 1am cho thuit todn
khong kha thi véi cac bd dit liéu quy md 16n. Cac phuong phdp thay thé, bao gdm thuat
todn song song va tién hod, vin cé dd phiic tap tinh todn cao véi sb 1an quét dit lidu
c6 bac da thiic; thém vao do, phuong phap cua Yingli Ran va cac cong su [[106] chi ap
dung cho cac ham muc ti€u nguyén.

Gan day, md hinh thuat toan ludng (Pinh nghia da n6i 1én nhu mot cach tiép
cin mdi d€ gidi quyét cac bai todn tdi uu hod, bao gom ca tdi da cac ham submodular.
Mb hinh nay di dudc 4p dung dé thiét ké cic thuét toan cho bai todn t6i da ham
submodular dui nhiéu rang budc khac nhau nhu rang budc luc luong [, 47, 74, 97,
rang budc cAu tric [[18} [77]], rang budc chi phi [60] va thim chi dudc mé rong cho ham
k-submodular [37,103], ...

Lién quan dén viéc 4p dung mo hinh thuat toan ludng dé gidi bai toan MSC.
Mot truong hgp dac biét cua bai toan MSC la bai toan phu submodular (SC) da dudc
Norouzi-Fard va céc cong su [97] nghién ciu trudc. Nhém tdc gia ndy da cung cap
mdt thuit toan bao ddm xAp xi hai tiéu chi (2 In(1), 1- @), trong khi chi st dung
bd nhd gidi han § mic M, véi M la kich thuéc bd nhé dudce chi dinh trude. Dac biét,
nghién ctiu ndy ciing chi ra bat ky thuit toan ludng nao chi quét qua dit liéu mot 1an ma
dat dugc hé s6 xap xi tot hon 2 déu phai st dung it nhit O(n) bd nhé ddi véi bai todn
MSC. Gan day hon, Crawford va cong su [26] da gidi thiéu hai thuat toan, SINGLE
va MULTI, cho bai toan MSC. Thuat toan MULTI cung cip ti 1& x4p xi hai tiéu chi

opt

(14€) (14 %), 15%) v6i d6 phiic tap truy vin 1a O (2 log (22~)) va quét qua ludng dit

Cmin

liéu O(*2P) 13n. Trong khi d6, thut todn SINGLE chi quét qua di liéu mot lan va dat
cling ti 1& x4p xi, nhung c6 do phiic tap truy vin cao hon nhiéu & miic Q(%). Can nhin
manh do phiic tap ctia thuit toan MULTI phu thudc VA0 cyin, von khong phai 12 hing s6
va c6 thé rat 16n khi ¢,,;, nho. Chi tiét so sanh cac thudt toan cho bai toan MSC c6 thé
xem G Bang

Mo hinh thuit toan ludng thé hién wu thé o rét trong viéc xi ly dit liéu quy mo 16n
nhd kha niing chi truy cip va xi Iy mot phan nho cla tap dit liéu tai mdi thoi diém. Tuy
nhién, di véi bai todn MSC, cac thuat todn ludng hién c6 nhu SINGLE va MULTI du
dat dugc ti 1& x4p xi tbt, van ton tai nhiing han ché dang ké. Cu thé, SINGLE yéu cau
do phtc tap truy van cao, trong khi do phiic tap truy vAn cia MULTI lai phu thudc vao
tham s0 ¢y, khién né kém thuan 10i trong cac truong hop cpin rat nhod. Tu thuc té nay,
mot cau hoi nghién citu tu nhién dugc dit ra 1a: Liéu ¢ thé' xdy dung mot thudt todn
luéng vdi ti 1¢é xdp xi tiéu chi kép tét hon MULTI va dong thoi dat do phikc tap truy vin
thdp hon?
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Bang 4.1: Bang so sanh cac thuat toan cho bai toan MSC

Thuét toan Lugt quét Ti 1é xAp xi D6 phiic tap truy vin B0 nhé st dung
singStr 1 (=2 1 ) O(% log(%2)) O( log(%2))
ThreeStr 3 (“*‘“2 ) O(Z log(2)) O(% 1og(2))
MultiStr Llog(1)) ( (14 1In(2))2t2,1 — e> O(Zlog(2)) O(log(1) % log(2)) Cic
MULTI [26] % (1+e)(4 +1), 176) O(%(n«k%)) (1+€)(% + Lopt
nBlog (ﬁ) B(1+e)(4+1) log (ﬁ)
SINGLE [26] 1 ((1 O +1),1— 6) o( BEEIES G ) ey 7
Greedy [49] O(n) (1 +In(%),1 - e) O(n?) O(k)

gia tri in ddm thé hién két qua t6t nhét trong ting tiéu chi. B ddi (o, 3) trong cot “Ti 1& xip xi” tuong
ting véi thuat todn xép xi hai tiéu chi (c, 3). Céc thuat toan dugc dé xuit trong luan an (SingStr, ThreeStr
va MultiStr) st dung do phuc tap bo nhé dé do ludng miic sit dung bd nhd, trong d6 k 1a kich thudc 16n
nhét ctia mot nghiém théa man trong bai todn MSC:

k=max{|S|: SCV, f(S)>Tvadee S, f(S\{e}) < T}

Céc thuat toan MULTI va SINGLE [26] déanh gia bd nhé dua trén tong chi phi cla cdc nghiém ting vién,
do d6 do phiic tap bd nhé cia chiing ¢6 thé khong phai 12 mot ham da thiic.

4.2. Thuit toan dé xuat

Phan nay, luin 4n dé xuit ba thuit toan ludng nham giai bai toan MSC. Céc thuat
toan nay dugc thiét ké nham dat dudc ty 18 xAp xi hai tiéu chi v6i cac miic ddnh ddi khic
nhau gitta s6 lugt quét, dd phuc tap truy van va bd nhé. Cu thé:

SingStr 1a thuat toan mot lugt quét dat ty 1& xap xi hai tiéu chi (%6(2*6), 1—e),
v6i do phiic tap truy van O (21log(pn)) va bd nhé O (£1log(pn)). Thuat todn phit hop véi
bdi canh chi cho phép doc dii liéu mot 1an, chip nhan danh ddi bang viéc duy tri nhiéu
nghiém ting vién theo cac udc lugng chi phi khac nhau.

ThreeStr md rong tir SingStr bang cach thuc hién ba ludt quét dit liéu. Hai ludt
quét dau gidp xac dinh khoang chi phi cin xét va riit gon tip phan td, ludt cudi 4p dung
co ché chon phan tit tuong tu SingStr trén bai todn di dudc diéu chinh. Thuat todn dat
cung ty 1& xap xi v6i SingStr, nhung gidm do phiic tap truy van xudng O (Zlog (2)) va
b6 nhé xudng O (£1og (2)).

MultiStr 13 thuét toan nhiéu lugt quét, dat ty 1¢ xp xi hai tiéu chi

((1 +1n (1)) Lze ) _ e)
€ 1—c¢
v6i 56 lugt quét O (L 1log 1). Do phiic tap truy van 1a O (log (1) % log (2)) va bd nhd la

O (£log (2)). Thuét toan nay phui hgp khi c6 thé quét dit liéu nhiéu luct dé€ déi 14y hé
s6 xAp xi gan hon vé6i phuong phap tham lam.

Viéc dé xuit c4c thuat toan 1, 3 va nhiéu luct quét xuét phat tir dic thu cia md
hinh di liéu dang ludng, trong d6 s 1an truy cap dif liéu thudng bi gi6i han bdi diéu
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kién luu tri hodc chi phi tinh todn. Do d6, cac thuat toan dudc thiét ké véi s ludt quét
khéc nhau nhim bio dam tinh linh hoat trong cic bdi canh thuc té. V& ciu triic, chiing
khong chi khéc & s6 1an quét ma con & co ché cip nhat va mic do tinh chinh nghiém qua
ting lugt. Khi s6 lugt quét ting, thuit todn c6 thém thong tin d€ cai thién chét luong 10i
giai, thé hién su danh d6i gitta chi phi truy cap dif liéu va chit lugng nghiém thu dugc.

Nhiam thudn tién cho viéc trinh bay va phan tich cac thudt toan, dic biét 1a phin
chitng minh bao dam ly thuyét, luan 4n nhic lai mot s6 ky hiéu sé st dung trong céc
muc tiép theo tai Bing

Béng 4.2: Bang céc ky tu toan hoc ding trong phan tich céc thuat toan ludng cho bai
toan MSC

Ky hiéu | Y nghia
O Nghiém tbi uu ctia bai toan MSC va opt = ¢(0O)

Cmin Cmin = NMleeV C(e)
Cmax Cmax = MaXecy c(e)
_ Cmax

P p= Cmin

4.2.1. Thuét toan ludong mot luot quét SingStr

Thuat toan SingStr (Thuat toan dugc thiét k& d€ gidi bai toan MSC trong mo
hinh ludng véi chi mot ludt quét qua tap co sé V. Thuat toan nhan dau vao 1a mot bo
(f,V,T), trong d6 f 1a ham muc ti€u submodular don diéu, V' la tdp cd s6, T' la ngudng
bao pht; cuing véi d6 1a cdc tham $6 ciin, cmax bi€u thi chi phi nhd nhét va 16n nhat
trong V' va tham s6 chinh xdc € > 0.

O budc khdi tao, thuit toan xic dinh tap U gdm céc udc luong kha di clia nghiém
t6i uu, tuong ing v6i mdi u € U 1a mot nghiém dng vién S, va mot phan tif e,,. Hai tham
s6 a va 3 dugc thiét 1ap 14n lugt bang 1 — e va 8 = 1+€) nham diéu chinh ngudng chon
phan ti (dong 1-2). Trong qua trinh quét duy nhit qua tap V, thuit todn ki€m tra mdi
phan tif e € V d€ quyét dinh xem c6 nén thém vao mdi nghiém ng vién S, hay khong.
Phan ti e dudc chon dua vao S, néu thoa man dong thdi hai diéu kién (dong 6-7):

1) f(S) < T(1—¢)
2) L c('efu > 9L vac(S, U{e}) < Bu

Diéu kién thit nhit dugc st dung dé€ ki€ém tra ngudng bao phi clia nghiém ting
vién, con diéu kién thi hai yéu cau phan tif e c6 mat do 16i ich bién di 16n va tdng chi
phi khong vugt qua Su. Ngoai ra, néu phan tii e thod c(e) < (1 + €)u, thuat toan cip nhat
e, 12 phan tf c6 gia tri 16n nhét thoa man diéu kién chi phi (dong 9—10). Sau khi quét
hét tap V, mdi nghiém ng vién S, dudc cip nhat biang cach chon nghiém tdt nhit gitia
S, va {e,} (dong 11). Cubi cliing, thuit toan trd vé nghiém tot nhét trong sb cic S/ ing
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v6i moi u € U (dong 12—13). Cu thé, cdc budce dudgc trinh bay trong Thuit todn |13 va
dudc minh hoa trong Hinh

/fnput: V,f, T, Cmins Cmax, € € (0, 1/)/
v

_ Coi _
U= {cmin(1+ )71 : JBL < cpin (14 )71 < nemaz, v € N}

Su 0, ey — null,Yu € U,a + 2(1 —¢€), 8 (H—Te)a

i--- Khai tao

... — du lieu dévn\l/theo ludng — ...
e

Véimbdiu e U
ug ‘ u|y|

@ i--- Trong ludng

| l

Thém e vao Sy, . néu:
felsu) o
ce) = Puy

Cap nhat lai e, . néu:
cle) < (1+eu;j&

e(Su; U{e}) < Puy fle) > fleu;)
A v v
{Suy g ... | Su i Suy) Pag) |
| \%argmaxf(-) | i
v
s |
vj -- Ngoai luéng
| i
i :

Return arg minXE{S,{tlf(S{t)Z(lfe)T,ueU} C(X)
Hinh 4.1: Luu dd hoat dong ctia thuat todn mot luct quét SingStr

Tiép theo, luan 4n trinh bay phan tich ly thuyét va bdo ddm xp xi ctia thudt todn
SingStr thong qua Pinh ly

Phac thao chitng minh. Y tudng chiing minh ctia thuét todn SingStr 12 duy tri
dong thdi nhiéu nghiém dng vién ting véi cac udc luong khac nhau cia chi phi t6i uu.
Vi tap céc ude luong U phi toan bd khoang chi phi kha di theo cip s6 nhén, ludn ton tai
mot gia tri v gan vé6i opt. Vi gia tri ndy, chiing minh tach thanh hai tinh hudng: hoic
mot phan tif t6i uu khong thé duge thém vi rang budc chi phi ting vién da gan day, hoic
moi phan ti tdi uu con lai khong dat ngudng mat do 10i ich bién. Trong ca hai tinh
hudng, tinh don diéu va submodular cta f cho phép chin phan gia tri chua bao phi va
suy ra nghiém cudi cuing dat ngudng (1 — €)T véi chi phi bi chin theo opt.

Pinh ly 4.1. Thudt todn la mot thudt todn luéng mot lugt quét, cé do phiic tap
truy vdn O (% log(pn)), do phiic tap bo nho O (% log(pn)) va trd vé nghiém S sao cho
£(S) > (1= )T va ¢(S) < LCgpt
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Algorithm 13 Thuat toan mot lugt quét SingStr
Input: An instance (V, f,T), Cmin; Cmax» € € (0,1)
Output: A solution .S of MSC
U = {emin(1+ €)1 : 22 < cpin(1 4 €) < ez, v € N}
: Sy —0,ey —null,YueU
a<—2(1—e),6<—@
. foreach incoming element e € V do

N =

o

5: foreach v € U do

6: if f(Su) < (1 —€)T then

7: if f(ce(‘f)“) > %—Z and c(S, U{e}) < fu then
8: | Su+ SuU{e}

o: if c(e) < (1 + €)u then

10: | eu < argmax,eqee,y f(2)

1: Sy, ¢ argmaxxe((e,},5.) f(X),Yu € U

122 S < argminxe(sr.r(s1)>(1-0)Tuet} ¢(X)
13: return S

Chiing minh. Phan tich ty 1 xap xi. Do cyin < opt < ¢(V), ton tai mot s6 nguyén v va
mot gia tri u € U sao cho:
opt
1+e
V6i gia tri v nhu vay, ta phan tich nghi€ém tng vién S;, va xét hai truong hop sau:
Truong hep 1. Ton tai phan ti o € O\ S, sao cho ¢(S,,)+c(0) > Bu va % > oL

Theo quy tic chon phan ti vao S, ta cé: f(S,) > C(Sgi‘)‘T. Do tinh submodular cua f:

f(Su U {O}) = f(Su) + f(O | Su)
S c(Sy)aT N ac(o)T

< U= cpin(1+ €)1 < opt.

— pu Bu

ol
= (c(Su) + C(O))%
> o

Theo cach cap nhit e, Vi c(e,) < (14 €)u > opt, suy ra f(e,) > maxyeo f(0). Két
hop véi tinh submodular:
Sy U {o ol
F(51) > max{ £(5,). Flen)} > max{(5,). f(o)} > 1O IAH - L,
Dong thdi, ta co:

c(S),) < max{c(Sy), c(ey)} = max{Bu, (1 + ¢)u} < Bu < Bopt.
Truong hgp 2. Khong ton tai phan ti ndo thod diéu kién trén, tic 12 v6i moi

0€ 0\ Sy, tacde(S,) +clo) < Buva il <g('0§u> > 9L Khi d6: c(S,) < Bopt. Sit dung tinh
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opt
1+e?

> flolSy)

oT
< Z Opt%
OGO\SU
< all+ E)T'
B
Do d6: f(S,) > f(0)—-20dL > (1 (+da ) T > (1—e)T.Suyra f(S.) > (1—)T
vac(S)) < (lLe(z)opt.
Theo quy tic chon nghiém cubi cuing, thuit toan chon S sao cho f(S) > (1 — )T

don diéu va submodular cia f, dong thdi v6i u > ta co:

va ¢(S) < ¢(S), do d6 bao ddm xap xi nhu da néu.
Phan tich dé phiic tap. Thuat todn quét qua tp V' ding mot 1an. C6 |U| nghiém
ting vién S,,. Mdi S, va e, dudc cap nhat tdi da O(n) truy van, nén tdng s6 truy van la:

v
2n|U| = 2n 1og1+e<‘;fm2> < 2nlogyo ()
aCeni) o, o)
log(l +e€) log( )

< 4—nl (ncma:c

€ Cmin

) = O(%log(pn).

Cudi ciing, theo diéu kién tai dong [6|ctia thuét todn, kich thuéc mdi S, 1a tdi da ,
(k+1)=0 (% log(pn)). [l

4.2.2. Thuit toan ludng ba luot quét ThreeStr

Thuéat toan ThreeStr (Thuat toan dudc phat trién nham cai thién hiéu ning cta
SingStr bang cach giam dang ké do phiic tap truy vén trong khi van giit nguyén ty 1é xap
xi. Cu thé, ThreeStr chi yéu cau O(nlogn) truy van trong khi ddm bao ty 1& xap xi hai
ti€u chi tuong ty SingStr, tic la (%, 1— e). Thuat toan thuc hién ba lugt quét
dit liéu va st dung khung thuét toan méi gom hai thanh phan chinh: (1) chia tp co sé V
thanh cac tap con hop ly va (2) diéu chinh cdc bude clia SingStr dé€ xay dung nghiém
chit lugng cao vdi chi phi truy vin thap hon.

Luot quét thit nhét (Dong 1-7) nhim xdy dung tap L = {uy, ug, ..., u;} C V gdm
cdc phan tii c6 chi phi ting dan sao cho f(L) > T. Thuat todn khdi tao tap L rdng, sau d6
thém tliing phan ti e vao L theo thi ty ting dan chi phi va diing khi diéu kién f(L) > T
dudc thod man. Giai doan nay chi yéu cau bo nhd t6i da k don vi dé luu trii tip L. Sau
khi két thic, hai ngudng chi phi méi duge xac dinh: ¢/, = ec( ) va Crnax = J - c(uj),
dung trong cc budc tiép theo.
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Lugt quét thar hai (Dong 8—17) xdc dinh hai tdp con Vy = {e € V : ¢(e) < .}
vaV'={eecV:d . <cle) <axt Viéc xdc dinh ro ranh gidi chi phi nay giip giam
kich thuéc khong gian tim kiém 10i giai & ludt quét thi ba.

Luot quét cudi cung (Dong 18-25) 1 qua trinh tim nghiém cho bai todn méi
(V' 1,17, trong d6 T =T — f(Vp) va f'(-) = f(-| Vo). Thuat todn khdi tao cac nghiém
ting vién S, phan t e, v6i mdi v € U cung véi cac tham sb ngudng o va 5. Sau do,
ThreeStr diéu chinh thao tic ctia SingStr d& xay dung cac nghiém S/, dua trén V' va cudi
ciing chon nghiém t6t nhit tir {S’} (Dong 27). Nghiém cudi ciing dudc tra vé 1a S U V.
Cu thé, quy trinh ctia thuat to4an dudc néu trong Thut toan {14/ va minh hoa & Hinh

Input: V, f,T,e € (0,1)

e —di liéudén¢ theo ludng — ...
e

chéne véllo L theo
tht tu khong giam

\n
Y

L up - € U - Luot 1

dun,

Tim j < min{i : f({u1,us,...,u;}) > T}
Cap nhat: L < {u1,...,u;}

! C(“j) / .
Cmin € n ) Crmaz <~ jC(Uj)

... — dit liéu dén theo luéng — ...
e

dungsai E-"Luqt 2
v v g

C «+ C+c(e)

néu c(e) € [Chins Cmax)

VQ(—VE)U{e}

T' «+ T — f(Vp), Define f'(-) + f(-|Vb) ;
/ H e
U= {chm(l+e: mn <o (146" <C,veN | Khoitwo
. _ (49a |:
Sue(l),eu<—null,Vu€[\IJ/',a—2(1—e),ﬂ— T |
Tim nghi¢ém S cho bai toan méi: (V', f/, T")
bang thuat toan SingStr
]
Return SU 1,

E"'Lu’qt 3

Hinh 4.2: Luu d6 hoat dong ctia thut toan ba lIudt quét ThreeStr
Céch tiép can nay cho phép ThreeStr ké thita bao dam ly thuyét ctia SingStr nhung
giam dang k& s6 luong truy van. Ngoai ra, do kich thudc ctia V/ dudc gidi han béi L nén

bd nhé va chi phi tinh toan thuc té clia ThreeStr ciing thap hon so véi SingStr. So sanh
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22:

23:

24:
25:

26:
27:
28:

v6i thuat toan SINGLE [26], ThreeStr duy tri ty 1& x4p xi tuong tu nhung chi yéu cau
O(nlogn) truy van thay vi Q(n?) va khong phu thudc vao cac tham s bat 16i nhut ¢yy.

Algorithm 14 Thuat toan ba lugt quét ThreeStr
Input: An instance (V, f,T), e € (0,1)

Output: A solution .S of MSC

foreach incoming element e do

Insert e into L in non-decreasing cost order
Let L = {Ul,UQ, R ,ul}
if f(L) > T then

Find j < min{i : f({ui,ue,...,u;}) > T}
L Update: L < {u1,...,u;}

c(uy)

n’maw

Crnin € A jc(uj)
foreach i mcommg element e € V do
if c(e) < ¢,,;,, then

| Vo + Voud{e}
else

if c(e) € [¢,ins Cinaz) then
L | C«C+cle)

T T— f(V). Define f/(-)  f(-[Vi)

U= {clmin(l + e)v : Clinf < C,/mm(l + f)v <C,ve N}

: Sy 0,ey < null,Yu e U
: azQ(l—e),B:%
. foreach incoming element e € V do

if c(e) € [],in» Crmae) then
foreach v € U do
if f/(Sy) < (1 — €)T” then
if £ (c(g”) > %T and c¢(S, U{e}) < pu then
| Su+ SuU{e}

if c(e) < (1 + €)u then
L €y < ATgMaAXzele e, } f/(l’)

SIIL < argmaxxe({e,},S.} f,(X),V’LL eU

S argminyeqgr . (s1)>(1—o)1 uev} (X)
return SU Vj .

Phan tich sau ddy chiing minh cdc ddm bao ly thuyét ctia thut toan ThreeStr, bao
gdm gidi han vé chi phi nghiém t6i vu, ty 1& xAp xi, do phiic tap truy vn va do phic tap
bd nhd.

Phac thao chitng minh. Phan tich ctia ThreeStr dua trén viéc dung hai ludt quét
dau dé thu hep khong gian tim kiém ma khong 1am mét nghiém tdi uu quan trong. Luot
tht nhit tao danh sich L nham xac dinh mot khoang chi phi chita nghiém ti wu; luot
thi hai tach cac phan ti rit nhd vao Vj va chi giff lai cdc phan ti ¢6 chi phi nim trong

137



khodng can xét. Sau budc rit gon nay, bai toan con lai trén V' c6 thé dudc xi ly tuong
tu SingStr, nhung s6 lugng uéc luong ng vién va chi phi truy van dudc kiém soat tot
hon. Do Vj; ¢6 téng chi phi nhé va nghiém tdi uu van c6 dai dién trong Vp U V', nghiém
cudi cling gilt dugc bao ddm bao phu va chi phi.

B& dé 4.1. Sau khi két thiic luot quét ddu tién cua Thudt todn danh sdch L =
{ui,ug, ..., u;} thod man:

- c(uj) < c(0) < c({ut, ..., u}) < j-c(ug),

- |LI < F,

- opt < Cpax-

Chiing minh. Dé dang thiy L chifa tAt cd cdc phan t trong V c6 chi phi khong vuot qua
c(vj), tic1a L = {e € V : ¢(e) < ¢(vj)}. Gid st V = {v1,v9,...,v,} dudc sap xép theo
thi tu chi phi khong gidm va v; = max.co c(e) v6i mot s6 ¢t < n. Néu c(v;) < ¢(v;), khi d6
O = {v1,v9,...,v:} C L. Theo tinh don diéu cua f, tacod f(O) = f({v1,ve,...,v}) > T,
diéu nay mau thuln vé6i quy tic Iua chon ctia j vathuc té L = {e € V : ¢(e) < ¢(vj)}. Do
do, c(vj) < c(v) < ¢(O). Mat khac, vi tap {vq, v, ..., v;} 1a mot nghiém kha thi cua bai
toan (V, f,T), ta co:

c(vj) < e(0) < c({vr,va,...,v5}) < je(vf) = Cmag-
Theo quy tic Iya chon cda L, néu loai bd v; khoi L thi tap nay sé khong con 1a nghiém
kha thi nita, do d6 |L| < k. ]
DPinh ly 4.2. Thudt todn thuc hién ba luot quét trén tdp co sd, co do phiic tap
bo nhé O (% log (%)), do phiic tap truy vdn O (% log (%)) va trd vé nghiém S sao cho
f(S) > (1—e)T va c(S) < .
Chitng minh. Theo céach Iya chon ctia Vp, V/ va B& dé 4.1 ta c6

C(V()) S |‘/()|C/ S nEC(Uj)

min

< ec(vj) < eopt

va O C Vo UV'. Ky hiéu O’ 1a mot nghiém t6i vu ctia bai toan (V' f/,T") va opt’ = ¢(0'),
trong d6 f'(-) = f(-[Vo) = f(VoU-) = f(Vo) > T'vaT' =T — f(Vp). DE dang thay f'(-)
la mot ham don diéu va submodular. Vi

fonv)=fonvhuw) - f(V)
= f(OUW) — f(Vo) 2T — f(Vo)

nén O N V' la moét nghiém kha thi cia bai toan ung véi (V/, f/,T7"). Do dé opt’ <
c(0ONV") < opt.

Hon nua, vi ¢

man

< u = (1+€? < ¢(V'), ton tai mot sd nguyén v sao cho
‘1’%:; < u = (14 ¢€)" < opt’. X4c dinh can ly thuyét clia S’ bang cach xét hai trudng

hop sau:
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Truong hgp 1. Ton tai mot phan tii o € O'\ Sy, sao cho ¢(S,)+c(0) > fu va ?Igu) > Oéﬁ/

Theo quy tic lya chon ctia Sy, ta cé f/(S,) > M Do do:

ac(o)T" _ c(Sy)aT"  aclo)T" . clo oT’
T T T A O

Theo quy tic Iya chon clia e, ta ¢6 c(ey) < (1 + €)u > opt’, nén f(e,) > max,eor f(0).

> aT’.

f'(SuU{o}) = f(Su) +

Két hop véi tinh submodular ctia f/, ta c6:

£1(8,) = max{f'(Su), f(eu)} = max{f'(Su), f'(0)} =

va ¢(S]) < max{c(Sy), c(ey)} = max{fu, (1 + e)u} < fu < Popt’.
Truong hgp 2. Khong ton tai phan tif nhu vy o € O\ S,,, tic 1a ¢(S,) + ¢(o) < fu va

/ (C(Eg“) > ‘E—IJ v6i moi o € O’ \ S,,. Theo quy tac Iua chon ctia S, va ey, ta cling co:

f(Syu{o}) T’
2 = 2

c(S)) < max{c(Sy), c(ey)} = max{Bu, (1 + €)u} < Bu < Bopt’.

opt’

T ta co:

Theo tinh don di€u va submodular cua f' véiluu y u = (1 +¢€)? >
f(O") = f(Su) < F(O"USy) — f'(Su)

<Zfo|S<Z 1+€

0€0\Sy 0€O0'\ Sy
/ /
< opt’aT _ a(l+e€)T
Bu g

suy ra:
, Lo« ! , a(l+eT (14 e\,
F1(80) 2 £1(0) - TP > 1 -SR0S = (12 20T
Két hop hai trudng hop véi cach thiét 14p a, § trong thuat todn, ta ¢6 f/(S%) > (1 — €)T"
va c(S)) < %opt’ . Do d6, thuit toan ludn tim dudc nghiém cudi cung S véi mot sd
u € U tai Dong 27 sao cho f/(S) > (1 — )T" va ¢(S) < ¢(S/,). Nhic lai ¢(Vp) < eopt va
opt’ < opt, ta co:

t
(S UVp) < (S U Vo) < (8 + €)opt < %

Mat khac,
f(SUV) = fF(SUW) — f(Vo) + f(Vb)
= f'(S) + f(Vo) = (1 = )T + f(Vo)
=(1—=e)(T - f(W)) + f(Vo)
=1 —-eT+ef(Vo) > (1—¢€T.

Nhu vay, bdo dam x4p xi dudc ching minh.
Ludt quét thif nhét can O(n) truy van. Ludt quét thit hai can O(n) truy van dé€ tim
Vo va C. Trong luct quét thi ba, thuit toan xi Iy mdi phan ti dén trong ludng vdi nhiéu
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nhét
C/
) +1<logy,(n %) +1

min
3

n
+1 < logl-i-e( ) +1

S Q

U] < 10g1+e(

:O

g

< log1+e< 6

log(—) n? 1 n
10g(1+e)+1_elog(e)+1 O(Elog(e))

Do d6 do phic tap truy van 1a

O(n) +0(n) + O(% log(%)) = O (g 1og(ﬁ)).

€
Luot quét dau tién can k bd nhé d€ luu L. Ludt quét thd hai can |Vy| < k bod
nhé vi V; khong phai 1a nghiém kha thi. Trong Iudt quét cudi, thuit todn st dung |S,,|
bd nhé d€ Iuu S,. V6i mbi u € U, thuat todn cip nhat S, cho dén khi dat diéu kién
£'(Su) > (1 — €)T" hodc khi két thiic Iugt quét cudi. Do d6 ton tai mot phan ti e € S, sao
cho f'(Sy, \{e}) < (1 —e)T". Suy ra:

fSu\Ae}) < F((Su\ {e}) U WD)
= f(Su\{e} UV) — f(Vo) + f(Vo)
= ['(Su\A{e}) + f(Vo) < (1 =T + f(Vo)
=T —el'<T
tif d6 suy ra |S,| < k v6i moi u € U. Do d6, miic st dung bo nhé trong ludt quét cubi
nhiéu nhit 13 k|U| va do phtc tap bd nhé 1a
k
k+k+kU| = k+k+0( log(*)) = O<glog(%)).

Chuing minh dugc hoan thanh. []

4.2.3. Thuét toan ludng nhiéu lugt quét MultiStr

MultiStr (Thuat toan [13)), dugc thiét ké d€ cai thién dang ké ty 1& xAp xi hai tiéu
chi trong khi vin duy tri do phtc tap truy van tuong duong vé6i thuat toan ThreeStr.
Cu thé, MultiStr thyc hién O (Llog (1)) lugt quét qua toan bo dit liéu, gilt nguyén do
phtic tap truy vin ctia ThreeStr 1a O (Zlog (2)), nhung dat dudc ty 1& xap xi céi tién

(4 (2)) 555 1=

Y tudng chlnh dé€ nang cao ty 1& xAp xi 12 cAp nhat c4c nghiém dng vién bing

cach diéu chinh ngudng tham lam, theo hudng tiép cin ctia Badanidiyuru va cong su
[6]], nham loc ra cac phan tif c6 mat do 1oi ich bién cao phii hop véi trang thai hién tai
clia nghiém. Hai lugt quét dau tién clia thuat toan MultiStr tuong tu nhu ThreeStr: luot
; lugt thu hai xac dinh tap 1,

va xac lap phién ban ham muc tiéu méi f'(-) cung ngudng muc ti€u 77 = T — f(Vp).

dau nhiam xac dinh tap L va cic ngudng chi phi ¢/

min’ maX ’

Sau hai lugt quét dau, thuit toan tién hanh mot vong lip chinh gdm log ( ) lan lip. Goi
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g = min{T”, f'(-)}. Trong mbi lan lip, cic nghiém ting vién S,, v6i u € U, dugc cip nhat
bang cach thém cac phin ti e néu dong thdi thda méan hai diéu kién sau:

D) g(Su) <T'(1 ),

2) #el8) > () ). TostSe)

Su khac biét then chdt giita ThreeStr va MultiStr nam & diéu kién thi hai trong
Dong 22 ctia Thuét toan (15| Piéu kién nay cho phép thém céac phan ti ¢6 mat do 1gi
ich bién khac nhau vao cac 15i gidi tng vién. Nhd do, thuit todn c6 thé nang cao chit
lugng nghiém ma van dam bao tong chi phi khong vugt ngudng da dinh. Cu thé, cac
budc dudc trinh bay trong Thuat toan [15|va dudc minh hoa trong Hinh

Input: V, f,T e€(0,1)

St dung luot 1 va 2 nhu trong thuat toan ThreeStr ”3"-Lu'0t 12
dé khoi tao bo dir li¢u cho bai toan méi (V', g(-),T') | — 7

v
T' + T — f(Vo), Define: /(")  f(:[Vb), g(-) ¢ min{T", f'(-)}
={cmin(L+€)": "”" < chin(l+€)" < Cyv e N}

— “min

S, — 0, eq,<—null YueU,1=0

i< 1imn(L

dung
.. — di litudén | theoludng — ...

------ Véimdiu e U - Luot i
Yol

[ [ |
e dugc thém vao Sy, khi thoa man:
g(Suj) <(1-eoT1,

g(elSu;) T'—g(Su,)
c(e)J = (1-¢) u; d

1

i=it1
]

S« argminyc(s,..1/(5,)>(1-1" werr} €(X)
Return SU V)

Hinh 4.3: Luu dd hoat dong cta thuat todn nhiéu ludt quét MultiStr

Tiép theo, Luan an trinh bay két qua ly thuyét cho thuat toan MultiStr trong hai
budc: (i) thiét 1ap gi6i han trén cho chi phi va bao dam xp xi thong qua BS dé 4.2 va
(i) tdng hop két qua vé do chinh x4c va do phiic tap trong Dinh Iy

Phic thdo chitng minh. Thuit todn MultiStr k& thira hai ludt tién xd 1y clia
ThreeStr, sau d6 cai thién chit lugng nghiém bang nhiéu lugt cip nhat v6i ngudng phu
thudc vao phan gi4 tri con thiéu so véi 7. Mdi ludt quét 1am gidm phan chua bao phu
theo mot ti 1€ nhan, nén sau O(2 log 1) lugt, nghiém dat it nhat (1 — €)7”. Dong thdi, tong
chi phi cdc phan tif dugc thém vao dudgc chin bang cach cong don cac muc giam gia tri
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Algorithm 15 Thuit todn ludng nhiéu ludt quét MultiStr
Input: An instance (V, f,T), e € (0,1)

Output: A solution S of MSC

foreach incoming element e do

Insert e into L in non-decreasing cost order
Let L = {ul,ug, o ,ul}
if f(L) > T then

Find j < min{i : f({ui,ue,...,u;}) > T}
L Update: L < {uq,...,u;}

/ c(uy))

Cmin<_6 n ° maxkjc(uj)

foreach incommg elemente € V do
if c(e) < ¢,;,, then

| Vo Vou{e}
else

L if c(e) € [¢ins Chnaz) then

| €« C+cle)

T e f(Vo), define f'() < f(:[Vo)
U = {C
. Define g(-) «+ min{T' ( )}
. fori=110 1lm( ) do

1+6)'U . mzn < C (1—'—6)” S C7’U EN} Su %@,eu <—null,Vu€ U

mzn( — “min

foreach incoming element e € V do
if c(e) € [c],;n» Crmae) then
foreach v € U do
if g(Sy) < (1 — €)T" then
L if% > (1-— )T —9(54) then

| Su SuU{e}

S« argminye(s, . 1/(S,)> (1)1 uecv} «(X)
return S U Vj.

qua ting ludt, tao ra hé s6 dang logarit gan véi phan tich ctia thuit toan tham lam. Két
hop v6i can chi phi ctia 1 cho ra bdo dam cubi cling cho nghiém S U Vj.

B& dé 4.2. Vii thé'hién (V', g, T') ciia bai todn MSC sau dong 16 ciia Thudt todn
trong do T' :=T — f(Vp), g(-) == min{f'(-), T} vaV' ={e eV : . <cle) < cpach
gid sit ton tai u € U sao cho 11z < opt’ < u. Gid su thudt todn thu dugc S, sau dong 23,
thi ta c6: f'(Sy) > T'(1 — €) va c(Sy) < (1+1n (1)) Fopt”.

Chiing minh. Ky hiéu S 1a S, sau khi két thic vong 1dp thii,1 <i <1 = lIn(L). Vi f/
la mot ham don diéu va submodular, nén g = min{7”, f’(-)} cling 1a mot ham don diéu
va submodular. Moi phﬁn ti khong dudc thém vao tai vong lap ¢ c6 mat do Igi ich bién
nhé hon (1 — ) =L do do:

T' —g(S}) < 9(0) — g(S})
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< g(OUSY) —g(S%) (theo tinh don diéu clia g)
< Z g(e|SY) (theo tinh submodular cta g)

e€O\S;,
T' — g(Sy)

< ) I\
< D dol-9—,

ecO\S},

! 7
S opt/(l — €>T—M
Uu

< (=T~ g(Sy))
suy ra:
T —g(SY) < (1—e)T' < ece (O < 7,
Do d6 f/(SL) > g(SL) > (1 — €)T". Piéu nay ciing suy ra ton tai mot vong lip 4, 1 <i <1
sao cho g(Si) > (1 — )T va g(Si~1) < (1 —)T".
Ky hiéu S=¢ 1a S, tru6c khi thém e vao S,. Theo quy tic lua chon phan tif méi vio
S¢, ta co:

g(S) —g(Si = D 9(S5le)

AV

> Y o @i
ecSi\Sit
—e(sin ST gsity), @.1)

N

Bién ddi lai bat dang thic (@.1) thu dugc

7 g(sp) < (1- LS (7 gispn)

u
(1—e)e(Si\Si )

<eT (T —g(S5™h).

Bing cach 4p dung lién tiép bat dang thiic trén, ta cé

_ (—oe(sinsih

T <T —g(Si") <e (T" = £(S)

(1—ae(SiNSiTY)  (d—ae(sim\sim?)

- e e (e
EEESEEAT o] i~
. (T — f(SEY)
(s (1—9e(sy )
< ¢ R

Do d6 ¢(Si71) < 1E£In(1)opt’. T @I) va dinh nghia cta f(-), ta c6 cén trén cla

¢(SE\ Si71), cu thé la:

oS~ g(ST) u _1+e
T —g(S5h) 1—€e ™ 1—c¢

opt’.

c(SL\ S <
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Do diéu kién tai dong 21, tif vong lip i tré di, khong c6 phan ti mdi nao dugc thém vio
S,, diéu nay dan dén S! = 5. Do d6 f(S.) > g(S.) = g(S}) > (1 — €)T" va

(8L) = ef81) = (57 (S 5 < (14 ()

opt’.
—€

Diéu nay hoan tit chiing minh. O

Dinh ly 4.3. Thudt todn (15| cdn O ( ( )) luot quét, s dung O (% log (%)) bo nhd,
c6 do phitc tap truy vin la O( g( ) o (—)) va trd vé mot nghiém S sao cho:
f(S) > (1 —¢)T va c(S) (1—|—ln( )) H2op

Chiing minh. Chitng minh dé phite tap. Ludt quét dau tién can O(n) truy van va k bd
nhé dé€ tim L. Ludt quét thi hai st dung |Vj| bd nhé va O(n) truy vn dé€ tim V; va C. Vi
Vo khong phai 1a mdt nghiém kha thi nén |V0\ < k. Thuat todn sau d6 quét L log(2) lan
trén V' (tu Dong 17-23 trong Thuat toan . V6i mbi phan tif dau vao, thuat todn thuc
hién nhiéu nhat
J+1< logHe(nZ%"#) +1

3

n
< logy,c(n p )+1 <10g1+e( )+ 1

10%(_) 1 n® 1 n
= — €7 < = — - _ —
10g(1—|—€)+1_610g<6)+1 O(elog(e))

truy van. Do d6, tong sb truy vin ma thuit toan thuc hién nhiéu nhét 1a:
1 1 1
O(n) + O(n) + - log( )-n- O( log(— )> = O(log(z)g2 log(g)).

V6i mdi phan tif u € U, theo 1ap luan tuong tu nhu trong chitng minh Dinh 1y
thuét toan can nhiéu nhét k& bd nhé dé luu trit S,. Do d6, do phiic tap bd nhé ciia thuat
toan la:

S Q

U] < logy (-

3@

k k
O(k) + O(k) + k- |U| = O(k) + O (E log(g)) _0 (E 1og(§)).
Chitng minh bao dam x4p xi. Thuit todn [15|va Thuat toan 14| c6 cliing lugt quét
thi nhét va thi hai. Theo lua chon Vj va B6 dé ta co:
ec(uj)

(Vo) < Val€ppin < TLT < ec(v;) < eopt.

Theo B6 dé ton tai mot sd nguyén u € U sao cho f/(S,) > T'(1 — €) va ¢(S,) <

(1 + ln(%)) 1Jreopt Theo quy tac lua chon S tai Dong 24 trong Thuét toan (15| ludn ton
tai S sao cho f/(S) > (1 —€)T" va¢(S) < ¢(Sy). Do do:

f(S) = f(SuU Vo) = f(Vo) + (Vo)
= f'(Su) + f(Vo) = (1 = T + f (Vo)
=1 =T = f(W)) + f(V)
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— (1= T +¢f(Vo) > (1— T

Vi opt’ < opt, ta thu dudc

c(S)=C(VopUS,) < eopt + (1 + ln(%)> 1 i eopt' < (1 +1In (1>) Lt 2€opt,

— € € 1—c¢

tif d6 hoan tt chiing minh. O
4.3. Thuc nghiém
4.3.1. Ung dung va bo dit liéu

Ngudng doanh thu (Revenue Threshold - RT) Dua trén khai niém bai toan Toi
da doanh thu (Dinh nghia , bai toan RT dudc phat biéu nhu sau: Cho mot mang
x4 hoi dugc biéu dién bsi do thi G = (V, E), trong d6 tap dinh V dai dién cho ngudi
diing trong mang va tap canh £ mo t cac mdi quan hé gitta ngudi ding. Ham doanh
thu quang cao dudc dinh nghia nhu sau:

JX) =Y (Z wuv> :

ueV \veX
VOi:
- X C V la tap con ngudi dung dugc chon.
- Wy, 12 trong sb cla canh gitta dinh u va v.
- v, 12 hé sb trong khodng (0, 1), dudc gan ngiu nhién cho mdi ngudi dung u.

Theo nghién cttu ciia Kuhnle [74]], ham f(-) Ia mdt ham don diéu va submodular.
Khong gidng nhu muc tiéu trong bai toan Toi da doanh thu, Bai toan RT nham tim
tap ngudi dung X C V sao cho doanh thu vudt ngudng 7', ddng thdi tdi thi€u chi phi
quang cao.

Ung dung nay st dung ba bo dit liéu tix SNA bao gdm: Facebook, GrQc va
Enron. B0 dit liéu Facebook (4, 039 dinh va 88,234 canh) va GrQc (5, 242 dinh va 14, 496
canh) c6 quy md nhd, trong khi Enron ¢6 quy mé 16n hon (36, 692 dinh va 183, 831 canh),
dudc thé hién trong Bang

Ngudng phu (Coverage Threshold - CT) Theo bai toan Toi da do phi (Maximum
Coverage) [74], tng dung CT dudc md ta nhu sau: Cho do thi G = (V, E), véi tap dinh
V va tap canh E. V6i mbi tip con X C V, dinh nghia tdp X' 1 tip céc dinh c6 lién két
v6i it nhat mot dinh trong X . Ham phii dugc dinh nghia nhu sau:

FX) =1x71).

Theo Kuhnle [74], ham f(-) 1a mdt ham don diéu va submodular. Muc tiéu cia CT la
tim tip dinh X C V sao cho kich thudc ctia X! vuot qua ngudng cho trudc 7', dong thoi

t6i thi€u chi phi lién quan.

Zhttps://snap.stanford.edu/data/
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Luan an st dung thém ba bd dir liéu tt SNAP: Stanford, Hept va AstroPh. Trong
d6, bd dit liéu Stanford c6 kich thudc 16n nhat véi 281,903 dinh va 2, 312, 497 canh, dudc
biéu dién dudi dang do thi c6 huéng. Hai bd dit liéu Hept (34, 546 dinh, 421, 578 canh)
va AstroPh (18,772 dinh, 198,110 canh) 12 d6 thi vo huéng. Thong tin chi tiét dudc trinh
bay trong Bang
Bang 4.3: Bang thong ké cic bo dit liéu st dung trong thuc nghiém cho bai toan MSC

Ung dung Bodirlitu Sodinh  Sbcanh  Loai do thi

Ngudng doanh thu  Facebook 4,039 88,234 Vo6 hudng
Ngudng doanh thu GrQc 5,242 14,496 Vo huéng

Ngudng doanh thu Enron 36,692 183,831 V6 hudng

Ngudng phu AstroPh 18,772 198,110 V6 hudng
Ngudng phu Hept 34,546 421,578 Vo huéng
Ngudng phu Stanford 281,903 2,312,497  C6 hudng

Cac bd du liéu trong Bang dudc Iya chon nham bao phii nhiéu quy mé va
cAu tric mang khic nhau: tf mang nhé nhu Facebook va GrQc, mang trung binh nhu
AstroPh, Hept va Enron, dén mang 16n Stanford; dong thoi bao gdm c4 do thi vo hudng
va dd thi c6 huéng. Hai nhém ting dung RT va CT ciing phan 4nh hai cach st dung ham
submodular don diéu trong thuc nghi€ém: mdt nhém dya trén ham doanh thu va mot
nhom dua trén ham phd. Tuy vay, cic bd dif liéu nay van 1a cac benchmark hoc thuat
phd bién tir SNAP, nén két qua thuc nghiém chii yéu cho thdy hanh vi cta thuit todn
trong moi trudng md phdng c6 kiém sodt, chua thay thé cho danh gid trén di liéu trién
khai thuc té cta tiing linh vuc tng dung.

4.3.2. Thuat toan so sanh

Luan 4n so sanh cac thuit todn dé xuit v6i cac thuit toan hién c6 phu hop va cé
thé ap dung cho bai todn MSC, dudc liét ké nhu sau:
- MULTI [26]: Thuat todn gidi bai todan MSC vdi dam béo xap xi hai tiéu chi la

opt )

log(—=
((1+€)(1+4), 1—¢), thyc hién O(*EPY) Jugt quét qua dit liéu, thyc hién o(gffg;—m)(w

O—F’t)) truy van va luu trit cic nghiém tng vién véi tdng chi phi khong vugt qua

€Cmin
(1+ 6)(;% + 1)opt.
- SINGLE [26]: Thuit toan dat cing ddm bao xp xi hai tiéu chi nhu MULTI, yéu
(eT ming, cy/ f((u)) )
€2¢pmin log(1+4€)
log (——*2—7y
(eT ming, cy/ f((u)) )

B(1+ 6)(% +1) log(1+e)
- GREEDY [49]: Thut todn dat ti 1& x4p xi hai tiéu chi 1a (log(1),1 — e).

cau O ( ) truy van, v6i tong chi phi cdc nghiém ting vién bi chin béi
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Ba thuat toan GREEDY, SINGLE va MULTI dudc chon lam thuat toan so sanh
vi chuing dai dién cho cic hudng tiép cin gan nhit vé6i bai toan MSC. GREEDY la
chuin tham chiéu c6 dién, c6 chit lugng nghiém t6t nhung can nhiéu lugt quét dit liéu.
SINGLE va MULTI 1a céc thuit toan ludng gan day cho MSC, phi hop dé danh gid truc
tiép 10i thé clia cdc thuat todn dé xuat vé s6 ludt quét, sb truy van va bd nhé. Do do,
nhom baseline nay cho phép so sanh ca véi phuong phap tham lam truyén théng va vdi
cac thuat toan ludng hién cé.

Nghién ctiu sinh thay doi ngudng 7" trong tap gia tri {0.1,0.2,0.3,0.4,0.5} cta f(V),
tuong tu nhu nghién ciiu trudc d6 [26]. Tham s6 ¢ = 0.1 dudc giti cb dinh cho tit ca
cac thuat toan. Cac thuc nghiém dudc thuc hién trén mdy chu HPC (partition = large
partition, s6 ludng CPU = 32, s6 node = 2, bd nhé tdi da = 3,073 GB). Céc thuat todn
dudc cai dit bang ngdn ngit C++, stt dung thu vién Chrono dé do thdi gian thuc thi va
thu vién malloc d€ do ludng viéc cAp phat bd nhd.

Bang 4.4: Thiét 1ap thuc nghiém cho bai todn MSC

Ung dung B dir liéu Thuit toan so sanh | Tham sb Chi tiéu danh gia
Ngudng doanh thu | Facebook, GrQc, En- | SingStr, ThreeStr, | 5 muic ngudng | Gia tri ham muc tiéu,
(RT) ron MultiStr, GREEDY, | tit 0.1f(V) dén | chi phi nghiém, s6
SINGLE, MULTI 05f(V);e=0.1 truy van, bo nhé
Ngudng pha (CT) | AstroPh, Hept, Stan- | SingStr, ThreeStr, | 5 mic ngudng | Gia tri ham muc tiéu,
ford MultiStr, GREEDY, | tt 0.1f(V) dén | chi phi nghiém, sb
SINGLE, MULTI 0.5f(V);e=0.1 truy vén, b nhd, sb
lugt quét

4.3.3. Két qua thuc nghiém

Két qua thuc nghiém cho ting dung Ngudng Doanh thu (RT) dudc minh hoa trong
Hinh [4.4, 4.5 va 4.6, Két qua cho ting dung Ngudng Phii (CT) dugc thé hién trong
Hinh [4.7] 4.8 va[4.9]

Nguong Doanh thu. Trudc tién, két qua vé gia tri muc tiéu dudc trinh bay trong
cac Hinh 4.4, 4.5a val4.6a, trong d6 céc gid tri f(-) dudc chuan héa theo ngudng 7.
TAt ca cac thuat toan déu cho gid tri ham f(-) 16n hon (1 — €)7'. C4c thuat todn SingStr,
ThreeStr, MultiStr va GREEDY cho thiy gia tri f(-) 6n dinh gan véi (1 — €)T, trong khi
céc thuat toan MULTI va SINGLE cho gid tri cao hon nhung khong 6n dinh.
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Hinh 4.4: Két qua thuc nghiém trén tip di liéu Facebook cho ng dung ngudng
doanh thu.

Tiép theo, xét vé chi phi (Hinh 4.4k, [4.5k va[4.6f), céc thuat toan cho két qué tuong
tu nhau trén cac tap di li€u. SingStr, ThreeStr, MultiStr va GREEDY lu6n cho gia tri chi
phi thip, trong khi MULTI va SINGLE c6 chi phi cao hon. Dic biét, trén tap Facebook,
thuét toan SINGLE c6 chi phi cao gip 5 dén 12 1an so véi cdc thudt todn con lai § cac
muc nguong 7 = 0.1 va 0.2. Trén cac tap GrQc va Enron, MULTT va SINGLE duy tri
chi phi cao hon tir 1.5 dén 7.2 1an so véi cac thuit toan khac. Pang chi y, MultiStr va
GREEDY ludn dat chi phi thip nhét trén tt c cic tap.

Vé tong thé, xét theo gia tri muc tiéu va chi phi, cac thuit toan dé xuat dat chét
luong nghiém canh tranh v6i GREEDY va thuong tiét kiém chi phi hon MULTI, SINGLE
trong cac thiét 1ap dudc khao sat. Két qua nay phu hop véi muc tiéu thiét ké cta cac
thuat todn ludng: duy tri chit lugng bao phi gin ngudng yéu cau trong khi kiém soat s6
truy van va chi phi nghiém.
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Revenue Threshold - GrQc Revenue Threshold - GrQc
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Hinh 4.5: Két qua thuc nghiém trén tip dit liéu GrQc cho tng dung ngudng doanh thu.

Mot tiéu chi quan trong khac 13 s6 lugng truy van, vi né gin lién véi thoi gian thuc
thi. Két qua truy vin dudgc trinh bay trong Hinh [4.4b, [4.5b va|4.6b. Véi tap Facebook,
SingStr va ThreeStr cho s6 luong truy van thap nhét, thap hon 1.9 dén 4.5 1an so vdi cac
thuat todn khic tai 7' = 0.1. MultiStr can khoang gip doi truy van clia SingStr, trong khi
GREEDY, MULTI va SINGLE cao hon tir 3 dén 4.5 1an. Pic biét, khi ngudng 7 ting,
s6 luong truy van ctia GREEDY, MULTI va SINGLE ting nhanh, trong khi SingStr,
ThreeStr va MultiStr gitt 6n dinh. Trén tap GrQc va Enron, xu huéng tuong tu dudc duy
tri; GREEDY can nhiéu truy van nhét, con SingStr, ThreeStr, MultiStr gitt & miic thap
va 6n dinh.

Cubi cling, vé st dung bd nhé (Hinh |4.4d, 4.5d val4.6(d), cac thuit todn dudc chia
1am ba nhém: st dung bd nhé thip, trung binh va cao. GREEDY va MULTI tiéu tén it
bd nhé nhét. SingStr, ThreeStr va MultiStr & miic trung binh, v6i ThreeStr thip nhit va
MultiStr cao nhit trong nhém nay. SINGLE st dung nhiéu bo nhé nhét trén moi tap.
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Hinh 4.6:
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Hinh 4.7: Két qua thuc nghiém trén tap dit liéu AstroPh cho ing dung ngudng phu.
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Két qua thuc nghiém trén tap dit liéu Enron cho ting dung ngudng doanh thu.
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Hinh 4.8: K&t qua thuc nghiém trén tap di liéu Hept cho ting dung ngudng phu.

Objective value /T

|

Objective value /T

Coverage Threshold - Hept

X Greedy “MULTI ®MultiStr “SINGLE ¢ SingStr 4 ThreeStr
140

130

[N
o

o

=3
S

—

o
©
S

o
®
S

o

N

IS]
o

0.2 03

T/USM(V)

04 0.5

(a) Gia tri ham muc tiéu

Coverage Threshold - Hept

X Greedy “MULTI ®MultiStr “SINGLE ¢ SingStr 4 ThreeStr
20

15
10 b
5
0
0.1 0.2 03 04 0.5
T/USM(V)

(c) Gia tri chi phi

Coverage Threshold - Stanford

X Greedy “MULTI ®MultiStr “SINGLE ¢ SingStr 4 ThreeStr
2.00

1.80

o)
S

N
o

[N
o

o
®
S

o
o
)

03
T/USM(V)

=3
S
o
wn

(a) Gia tri ham muc tiéu

Coverage Threshold - Stanford

X Greedy “MULTI ®MultiStr +SINGLE ¢ SingStr 4 ThreeStr

20
15
7
]
10
il
5
0
0.1 02 03 04 05
TIUSM(V)

Hinh 4.9: Két qua thuc nghiém trén tap dif liéu Stanford cho ting dung ngudng phi.

(c) Gia tri chi phi
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Ngudng Phi. Tuong ty nhu RT, céc gid tri muyc tiéu dugc thé hién trong Hinh 4.7,
va . Tht ca thuat todn dat f(-) > (1 — €)T. Cac thuat toan SingStr, ThreeStr,
MultiStr va GREEDY cho két qui dn dinh gan (1 — €)7, trong khi MULTI va SINGLE
bién dong manh hon.

Vé chi phi (Hinh 4.7c, 4.8c, 4.9¢), cac thuat toan SingStr, ThreeStr, MultiStr,
MULTI va GREEDY c6 chi phi tuong duong nhau va thip. SINGLE c6 chi phi cao hon
do thudng chon nghiém c6 gid tri f(-) cao hon miic ngudng can thiét. Cu thé, SINGLE c6
chi phi cao nhit & ca ba tap AstroPh, Hept va Stanford, trong khi MultiStr va GREEDY
thudng xuyén dat chi phi thap nhat.

Xét 56 lugng truy van (Hinh 4.7p, va4.9b), GREEDY cén nhiéu truy van nhit
trén tap AstroPh. MULTI va SINGLE chi ¢6 truy van thap hon SingStr, ThreeStr va
MultiStr v6i 7 nhd, nhung ting nhanh khi 7" 16n. Két qua nay cho thiy SingStr, ThreeStr
va MultiStr ¢6 xu huéng &n dinh hon khi ngudng ting dan trong cac bo dit liéu dudc
khao sat.

Trén tap Hept, xu huéng van git nguyén: GREEDY cao nhit, SingStr v MULTI
thAp nhAt. MULTI va SINGLE ting nhanh hon so véi SingStr, ThreeStr va MultiStr khi
T ting. V6i tap Stanford, SINGLE c6 s6 truy vén thap nhit, nhung chi & cdc mic 7 nhd;
khi T ting, c4c thuat toan SingStr, ThreeStr va MultiStr thé hién uu thé vé su &n dinh.

Cubi cung, vé bo nhé (Hinh 4.7d, 4.8d, 4.9d), GREEDY va MULTI tiéu t6n bd
nhé théip, SingStr, ThreeStr va MultiStr § miic trung binh. SINGLE tiép tuc 1a thuat
todn ngdn bo nhé nhiéu nhit. Khi 7 ting, bd nhé cia SINGLE ting nhanh, trong khi
céc thuét toan con lai gitt mic 6n dinh.

Bang 4.5: Bang so sanh sd lugdt quét clia cic thuat todn trén tap Stanford

T GREEDY SINGLE MULTI SingStr ThreeStr MultiStr

0.1 6 1 58 1 3 5
0.2 42 1 66 1 3 6
0.3 59 1 80 1 3 7
04 164 1 90 1 3 7
0.5 282 1 96 1 3 8

Ngoai ra, Bang trinh bay s6 luct quét ma cic thuat toan thuc hién trén tap dif
liéu Stanford. Ca vé 1y thuyét va thuc nghiém, SINGLE, SingStr va ThreeStr giif s6 luot
quét &n dinh (1 va 3 ludt tuong tGng). GREEDY ting dan theo kich thudc nghiém va
tdng nhanh khi 7' 16n. MULTI lu6n can sd lugt quét cao (tlf 58 dén 96), cao hon nhiéu
so v4i MultiStr (chi 5 dén 8 ludt). S6 ludt quét ctia MultiStr ting chim hon nhiéu so vé6i
toc do ting ctia T trong thiét 1ap nay.
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Béng 4.6: Tong hop nhan xét chinh tif thuc nghiém cho bai toan MSC

Nhom
toan

thuat

Chét lugng pht

Chi phi nghiém

S6 truy van/luet
quét

B§ nhé va pham vi
phu hop

SingStr

Dat ngudng yéu cau
va 6n dinh gén (1 —
e)T.

Canh tranh  Vvéi
GREEDY va thutng
thip hon SINGLE,
MULTI trong RT.

Mot lugt quét; sb
truy vn 6n dinh khi
T tang.

Phu hop khi dit liéu
chi c6 thé quét mot
lan; bo nhé & mic
trung binh.

ThreeStr

Tuong tu SingStr
trong cac thiét lap
khao sat.

Canh tranh  véi
GREEDY va
MultiStr.

Ba lugt quét; truy
van thip va 6n dinh
rén nhidu bé dit lidu,

Phu hgp khi c6 thé
dung thém lugt quét
dé giam chi phi truy
van.

MultiStr

bat ngudng yéu
ciu, huéng t6i
chit lugng gan
GREEDY.

Thuong thuéc nhém
chi phi thip, dic biét
trong CT.

Nhiéu lugt quét
nhung thip hon
MULTI trén Stan-
ford.

Phu hop khi chip
nhan thém lugt quét
dé cai thién hé sb
Xap xi.

GREEDY, SIN-
GLE, MULTI

DPat ngudng, nhung
SINGLE va MULTI
c6 thé vuodt ngudng
nhiéu hon mifc can
thiét.

GREEDY  thudng
thip; SINGLE va
MULTI c6 thé cao
hon trong mot sb
thiét 1ap.

GREEDY/MULTI
cin nhiéu lugt quét
hoic truy van khi T
tdng.

La baseline quan
trong, nhung c6 han
ché khi xt ly dif liéu
ludng quy mo 16n.

4.4. Két luan chuong

Chuong nay da tap trung nghién ctu bai toan MSC — Bai toan nghién ctu 4, mot
bai toan nén tang trong tdi vu submodular véi nhiéu ting dung thuc tién trong hoc may
va tri tué nhan tao. Péng gép ndi bat ctia chuong 12 viée thiét ké va phan tich ba thuat
to4n ludng hiéu qua: SingStr, ThreeStr v MultiStr, dudgc xiy dung huéng dén cac kich
ban xt 1y dit liéu 16n theo ludng vdi tai nguyén tinh todn va luu tri gi6i han.

Vé mit ly thuyét, cac thuit todn dudc dé xuat dat hé sd xap xi hai tiéu chi canh
tranh véi thuat todn tham lam, dong thdi ki€ém sodt s6 luct quét, do phic tap truy van va
b6 nhé st dung theo cac miic danh ddi khac nhau. Cu thé, thuat toan SingStr chi can
mot lugt quét, ThreeStr dat dO phuc tap da thic v6i ba lugt quét, con MultiStr hudng téi
hé s6 xap xi gan véi thuit todn tham lam hon khi cho phép nhiéu luct quét hon (xem

Hinh 4.10).

Luot Thuat toan luéng Cong bé
> 1 > SingStr((L292=2 1 —¢), O(2log(pn)), O(%log(pn))) —

e N He sé Truy vin Bo nhs

/ \

/ \

| MSC ,H[ 3 H ThreeStr((L92-0 1 — ), O(2log(2)), O(£log(2))) ]—» OB T 2023,
\ //‘

. /

{oezog(%))}—»[MultiStr(a +In(2)) 22,1~ ¢), O(2log(2), o<1og<%)§1og(%>>)]—>

Hinh 4.10: Téng hop céc két qua chinh ctia luan 4n cho bai toan MSC.
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Vé miit thuc nghiém, céc thuat toan dudc kiém ching trén hai ting dung: ngudng
doanh thu va ngudng phd, st dung sdu tip dif liéu benchmark tir SNAP. Két qua trong
Bang 4.6/ cho thiy cic thuit todn dé xuét dat chit lugng nghiém gan ngudng mong
mudn, c6 sb truy van 6n dinh khi ngudng ting va thudng c6 chi phi nghiém canh tranh
v6i céac thuat todn so sanh. Tuy nhién, pham vi danh gia van dua trén cac bd dit liéu
benchmark va hai md hinh ting dung mé phdng, do dé két qua can dudc hiéu nhu bang
chiing thuc nghiém vé tinh hiéu qua trong mdi trudng ki€ém soat, chua thay thé cho danh
gi4 trién khai trén dit liéu nghiép vu thuc té.

Nhiing thuit todn nay gép phan tra 15i cau hoi nghién ciu dudc dit ra & dau chuong:
c6 thé xay dung cac thuit todn ludng cho MSC vdi cic bao dam xAp xi hai tiéu chi va
chi phi tinh toan phu hgp hon cho di li€u 16n.

Céc két qua dat dudc trong chuong nay bd sung mot hudng tiép can cho cic bai
todn tdi uu submodular trong mdi trudng dif liéu 16n. Cac két qua nghién cifu trong
chuong da dugc cong bd tai hoi nghi qudc & CSONET 2023 (SCOPUS), thé hién dong
g6p hoc thuat cua luan an:

1. Tan D. Tran, Canh V. Pham, Dung T. Pham, Uyen T. Nguyen, Improved Streaming
Algorithm for Minimum Cost submodular Cover Problem, 2023, In Proceedings of the
12th International Conference on Computational Data and Social Networks (CSONET
2023), 222-233 (SCOPUS);
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KET LUAN

Lu4n 4n tip trung nghién ctiu chii dé cac thuat toan x4p xi cho bai toan tbi vu ham
submodular va cidc hAm md rong duéi cac rang budc khac nhau. Hudng tiép can cbt 16i
12 khai thic ciu tric todn hoc dic biét ciia ham submodular va cic 16p lién quan nhu
k-submodular va DR-submodular dé thiét ké c4c thut todn c6 dam bao 1y thuyét ro rang
vé hé s xAp xi, d phiic tap truy van va do phtc tap song song. Pong thdi, luan 4n chd
trong dén kha ning trién khai thuc nghiém trén dit liéu thuc, nham d4nh gia hiéu qua
thuat toan trong cac bai toan c6 quy mé 16n, rang budc khat khe va khong gian nghiém
phtc tap. Quan diém xuyén sudt 1a xdy dung cic phuong phap cin bang gitta hiéu ning
ly thuyét va kha ning ting dung trong thuc tién. Dua trén khodng tréng ly thuyét dudc
phan tich, luan 4n da lua chon va nghién cifu bon bai todn tiéu bi€u (xem Hinh :

1. T6i da ham submodular véi rang budc chi phi: luan dn dé phat trién ba thuat
todn DLA, RLA va AST v6i hé s6 xip xilan lugtla § — ¢, 1 — e va 1 — . Cdc thuit todn
nay dat cdc bdo dam 1y thuyét ro rang vé do phic tap truy van va do phc tap song song,
dong thdi cho két qua thuc nghiém tich cuc trong cdc moi trudng tinh toan tuan ty va
song song dugc khao sat. Cac két qua nghién ctiu da dugc cong bd tai hoi nghi qubc té
International Joint Conference on Artificial Intelligence (IJCAI 2023, IJCAI 2024) —
hai hoi nghi dudc xép hang A* theo bang xép hang hdi nghi COR

2. Toi da ham k-submodular véi rang budc chi phi nhém: ludn 4n d& xuét thuat
toan ludng STR, dat hé sb x4p xi ﬁ trong truong hop don diéu va 5=5 trong trudng
hop khong don diéu, véi do phiic tap truy vin va bo nhé nhd. Thuét todn nay phi hop véi
moi trudng dit liéu 16n va bé sung mdt hudng tiép cin c6 bao dam 1y thuyét cho bai toan
t6i uu k-submodular trong bdi canh rang budc chi phi nhém. Két qua nghién ciiu da dudc
trinh bay tai The 12th International Symposium on Information and Communication
Technology (SOICT 2023), ky yéu hdi thdo dudc 1ap chi muc trong SCOPUS va dudc
cong bd trén Asia-Pacific Journal of Operational Research (APJOR), mot tap chi qudc
té thudc danh muc SCIE, dudc xép hang Q3.

3. T6i da ham DR-submodular véi rang budc luc lugng: luan 4n phat trién hai
thuat todn m&i 12 FastDrSub va FastDrSub+, 1an lugt dat hé s6 xAp xi 0.044 va }1 — € VOl
do phiic tap truy vén thip. Céc thuat toan nay cung cap bao dam x4p xi hiang s cho bai
todn dudc xét, dong thdi cho thiy hiéu qua ro rang trong thuc nghiém tbi da doanh thu
v6i ham muc tiéu DR-submodular. K&t qua nghién cifu da dudc cong bd trén Journal of
Combinatorial Optimization (JOCO), mdt tap chi qudc té thuéc danh muc SCIE, dudc
xép hang Q2.

4. Bai toan phii submodular véi chi phi t6i thiéu: luan dn da xay dung ba thuat
toan ludng hiéu qua 1a SingStr, ThreeStr va MultiStr, cho phép xit ly dif liéu 16n theo

Thttps://portal.core.edu.au/conf-ranks/
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ludng. Céc thuat toan dat hé sb6 x4p xi gin bang tham lam nhung st dung it truy van va
bd nhé hon dang k€, dong thdi thé hién tinh hiéu qua trong c4c ting dung nhu ngudng
doanh thu va ngudng phud. Cac két qua nghién citu da dugc cong bd tai International
Conference on Computational Data and Social Networks (CSoNet 2023), ky yéu hoi
nghi dudc 1ap chi muc trong SCOPUS.

Bai toan Cic tiép can Thuat toan Cong bo

Tét dinh DLA(% —¢,0(%log(1)))
1JCAI 2023(A*)
SMK Ngéu nhién RLA(4 — ¢,0(%1og(1)))
Song song AST(L — €, 0(logn), O(nk)) 1JCAI 2024(A*)
> Pon digu > STR (35> O(2log(B)), O(Zlog(B))) g scorus
>N " — . APJOR (SCIE Q3)
> don dicn > STR(5575, O(*% log(B)), O(¢log(B))) >

Téi vu ham

Submodular Nhanh FastDrSub(0.044, O(nlog(k)))
JOCO (SCIE Q2)
ERIE (Accepted)
Hi¢u qua FastDrSub+(4 — €,0(Zlog(L)log(k)))
> 1lugt > SingStr((L192=9 1 —¢), O(Zlog(pn)), O(£log(pn))) >
S MSC| > 3ot | > ThreeS((2229 1 — ), O(2log(2)), O(Elog()) > “lscorus)
> O(Llog(1)) > MultiStr((1 + In(L)) ‘l*f: ,1—¢), O(Zlog(2)), O(log(%)(%log(%))) >

Hinh 5.1: Téng hop cac két qua chinh cta luan 4n.

Bdn bai toan nghién ctiu dai dién cho su da dang vé loai ham muc tiéu, tinh don
diéu va dang rang budc, tit d6 hinh thanh mot bic tranh téng thé vé khong gian bai todn
tdi uu submodular hién dai. Viéc Iua chon vita bao phu cac trudng hop da c6 két qua
nén dé cai tién, vita khai phd cdc bai todn chua tiing dugc nghién citu, ddm bao tinh can
dbi gitta chiéu sau va chiéu rong nghién cttu. V& mit ly thuyét, luan 4an dong gop cac két
qua mdi c6 gid tri hoc thudt rd rang. Cu thé, cac thuit todn dudc dé xuit déu c6 bdo dam
xap xi, trong d6 mot sd trudng hop dat hé sd tot hodic cdi thién céc chi tiéu vé truy van,
bd nhd, s6 ludt quét hay do phiic tap song song so v6i nhitng phuong phép lién quan
trong pham vi bai toan tuong ting. Luan 4n cling dua ra cic phan tich chi tiét vé do phiic
tap song song va sd luong truy van can thiét, hd trg viéc 4p dung cho cac bai toan 16n.
Ciéc két qua nay da dugc cong bd tai nhiéu hoi nghi va tap chi qudc té uy tin ¢6 phan
bién. Piéu nay thé hién tinh méi, do tin ciy hoc thuit va tiém ning md rong ting dung
clia cac thuat todn tdi uu submodular dudc nghién citu trong luin 4n.

Bén canh céc két qua dat dudc, luan 4n van con mot s6 han ché can tiép tuc ducc
nghién ctiu. Thit nhit, mic du cdc thuat toan dé xuét déu cé bao dam ly thuyét ro
rang, hé s6 x4p xi trong mot s6 bai todn, dic biét 1a dbi véi cic 16p ham mé rong nhu
k-submodular va DR-submodular dudi céc rang budc phiic tap, van con khoang cach
dé cai thién. Thi hai, viéc gidm s6 luong truy van, bd nhé hoic s6 ludt duyét dit lidu
trong céc thut toan ludng va thuat todn song song c6 thé dan dén su danh d6i nhét dinh
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v6i chét luong nghiém hodc pham vi 4p dung ctia thuét todn. Thi ba, cic ddnh gia thuc
nghiém trong luin 4n chi yéu tap trung vao mot s6 md hinh ting dung va bo dit liéu tiéu
bi€u, do d6 chua phan 4nh diy di hiéu qua ciia cic phuong phdp trong cic moi truong
dit liéu 16n, phan tan hodic c6 rang budc thuc tién da dang hon. Nhitng han ché nay ciing
chinh 14 co s& dé xdc dinh cac huéng phat trién tiép theo ctia luan 4n.

Tir cdc két qua va han ché néu trén, luan 4n md ra nhiéu hudng nghién ciu tiép
theo c6 tiém ning phat trién ca vé ly thuyét va ting dung. Trude hét, c6 thé tiép tuc cai
thién hé s x4p xi, do phiic tap truy van va do phic tap bd nhé clia cac thuat toan da dé
xuét, dic biét di vdi cac bai todn lién quan dén ham k-submodular va DR-submodular.
Bén canh d6, mot huéng nghién ctiu quan trong la mé rong cac phuong phap cua luan
4n sang nhiing 16p rang budc tong quét hon hodc khéc biét hon so vé6i cac rang budc da
X€t, chezmg han nhu rang budc matroid, giao cua nhiéu matroid, knapsack nhiéu chiéu,
rang budc cong bing, rang budc bao phii, rang budc vé do da dang, rang budc ngan sach
dong hodc cac mo hinh két hop nhiéu loai rang budc. Ngoai ra, cic thuét toan ¢ thé
dugc phat trién tiép cho cdc mo hinh di liéu hién dai nhu dit liéu ludng, dit liéu phan
tan, dit liéu thay d6i theo thdi gian va mdi trudng truc tuyén. Mot huéng khac ¢ nhiéu
tiém ning 1a két hop toi vu submodular véi hoc mdy, chang han nhu hoc ham muc tiéu
tit dit liéu, chon dit liéu huén luyén, tém tat di liéu 16n, hoic thiét ké cac phuong phap
lai gitta hoc mdy va t6i uu t6 hop nhung van duy tri cdc bdo dim Iy thuyét. Nhitng hudng
nghién ctfu nay khong chi mé rong pham vi cta cac két qua trong luin 4n ma con gép
phan thic d4y ting dung ctia t6i uu submodular trong cic hé théng dif liéu 16n va céc bai
todn ra quyét dinh phiic tap.
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